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Introduction

Vision

The goal of this open-source number theory textbook is to gather up all the core subfields of
number theory into one text. By making it open-source, everyone will be able to contribute
in terms of adding new material and improving existing material, and tailor it to their own
learning or teaching.

It is an era of mass collaboration, in mathematics and many other fields. I aim to follow
the example of other successful online textbooks such as CRing and the Stacks Project.
Because we all are good at different subfields, we will be able to achieve much more if each
person writes notes on an area they have studied well. For instance, I have found that one
of the best ways to learn a semi-advanced topic is to find an undergraduate thesis on it:
because the author has spent a long time thinking on the subject, had long conversations
with advisors, and taken time to lay out the big motivations and deeper connections.

The philosophy behind this textbook is the following. If you'd like to contribute to this
work I’d recommend following these guidelines.

1. Take a problem-oriented approach. In other words, give motivation behind abstract
theory by relating them to interesting, concrete problems.

2. Create a user-friendly learning resource: Start each chapter by telling the reader
why the material matters, what problems in number theory it solves, and how it fits
into the big picture.! For instance, class field theory gives a way to understand field
extensions through information intrinsic to the field, it gives framework for reciprocity
laws (among many other things, see chapter 16), and it is part of the larger Langlands
program. Give a summary of the takeaway ideas after the chapter, and exercises that
help the reader conceptually grasp the material. Always motivate proofs, especially
long hard ones, and tell the reader why the big theorems matter. Make connections
between different ways of approaching a particular problems. Highlight recurring tech-
niques.

(These points have not all been implemented in the chapters here, but it is what I'm
shooting for.)

T learned this style from Patrick Winston. You can see it in action in his textbook on Artificial Intelli-
gence.



3. Be a self-contained work: This means that proofs should refer to theorems in the
text itself, possibly from a previous part (for instance, refer to the Algebraic Number
Theory section in the Class Field Theory section.) (I may eventually move some of
the material into appendices, such as the complex analysis background required for
analytic number theory.)

4. Connect up elementary with advanced number theory, and offer a road map of the
subject.

Some more notes:
1. All material is under a creative commons license.
2. The source is available at http://github.com/holdenlee/number—-theory.

3. Please contribute! You will be credited. It doesn’t have to be finished/polished stuff—
it takes much less time to edit material that’s already written than to write it myself.

(a) If you find mistakes, add missing sections, edit the material, etc., then send me a
pull request on github (http://github.com/holdenlee/number—theory).

(b) Alternatively, you email me corrections, suggestions, and contributions at holdenlee@alum.m
and I'll update the document. In either case, I'll list you as a contributor.

4. Much of this is in very rough shape right now.

5. (*) denotes optional material. (f) denotes theorems that will be made obsolete by
stronger theorems later (for example, the p =1 (mod n) case of Dirichlet’s theorem).

This file was last updated August 14, 2017.
Contributors: Holden Lee, Oleg Muskarov, Teo Andrica
Thanks for proofreading: Delong Meng, Timo Keller, Dan Elbert
For a list of references, see refs.bib.
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Chapter 1

Rings of integers

When we have a field extension L of Q, we would like to define a ring of integers for L, with
properties similar to the ring Z C Q. We will define this ring of integers in a slightly more
general context.

1 Integrality

Definition 1.1.1: Let A be an integral domain and L a field containing A. An element of
x € L is integral over A if it is the zero of a monic polynomial with coefficients in A:

24 2"+ gz t+a=0,n>1, ag,...,a,_1 € A.
The integral closure of A in L is the set of elements of L integral over A.

Example 1.1.2: The integral closure of Z in Q is simply Z itself (we see this more generally
in Proposition 1.1.8). Thus, integral closure generalizes the notion of what it means to be
an “integer” in other number fields. As we will see in Example 1.4.7, for d squarefree, the
integral closure of Q(v/d) is Z[v/d] when d = 3 (mod 4) and Z [%} when d =1 (mod 4).
Algebra is much nicer in integral extensions—which is why, for instance, we would study
Z FH‘Q/T} rather than just Z[v/—3].

Theorem 1.1.3. Let L be a field containing the ring A. Then the elements of L integral
over A form a ring.

Proof. We give two proofs. We need to show that if a,b are algebraic over A then so are
a+ b and ab.

Proof 1: Let p, g be the minimal polynomials of a, b, let ay, ..., ax be the conjugates of a and
by, ...,b; be the conjugates of b. The coefficients of

[T @ —(a+by)), II (@ —(aiby))

1<i<m 1<i<m
1<j<n 1<j<n
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are symmetric in the a; and symmetric in the b; so by the Fundamental Theorem of Sym-
metric Polynomials can be written in terms of the elementary symmetric polynomials in the
a; and in the b;, with coefficients in A. By Vieta’s Theorem these are expressible in terms
of the coefficients of p,q, which are in A. Hence these polynomials have coefficients in A.
They have a + b, ab as roots, as desired.

Proof 2: We use the following lemma.

Lemma 1.1.4 (Criterion for integrality). An element o € L is integral over A if and only
if there exists a nonzero finitely generated A-submodule of L such that aM C M. If so, then
we can take M = Ala].

Example 1.1.5: For example, % fails this criterion over Z—multiplying by it has the effect

of making M “finer.” v/2, however, is integral.

In the case A =7Z and B = Q, a € Q is integral over Z iff a € Z. Indeed, a € Z satisfies
x —a, and if a € Z, then powers of a contain arbitrarily large denominators so Z[«] is not
finitely generated.

Proof. =: If a satisfies a monic polynomial of degree n, then A[a] is generated by 1, a, ..., a"!

<: Suppose M is generated by vy,...,v,. Then we can find a matrix 7" with coefficients
in A such that

Un Un

Since vy, ..., v, # 0, ol — T is singular, and det(al —T) = 0. This gives a monic polynomial
equation satisfied by a. O]

Now for o, f € L and let M = Ala] and N = A[f]. Note

1. if M, N are finitely generated by {o;} and {f;}, then M N is finitely generated by
{aif;}-

2. afMN C MN and (a+ B)MN C MN.
Hence aff and « + 3 are integral over A by Lemma 1.1.4 as needed. m

For the rest of this chapter, A is an integral domain, K is its fraction field, L is an
extension of K, and B is the integral closure of A in L.

B (1.1)

L, —
K—A
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Definition 1.1.6: A is integrally closed or normal if its integral closure in K = Frac(A)
is itself.

Proposition 1.1.7: If L is algebraic over K then every element of L can be written as
g where b € B and a € A. Thus L = Frac(B). In particular, for any extension L/Q,
Frac(Op) = L.

Proof. Given a € L, suppose that it satisfies the equation
P(z) = apa" + ap_ 12" '+ -+ ag =0

with ag,...,a, € K and a, # 0. Since Frac(A) = K, by multiplying by an element of A as

necessary we may assume dag, . ..,a, € A. Then
x
-1 -1 -2 ~1
a, P <E> ="+ ap 12"+ apa, "+ ar ag.

Hence a,« is integral over A, i.e. a,a € B. This shows « is in the desired form.
For the last part, take K = Q and A = Z. n

For short we call (1.1) the “AKLB” setup if we further assume A is integrally closed in
K. In the usual case, A is the integral closure of Z in K. in this case, we write A = Og.!

When F = Q, the algebraic closure of Q, a € Q is called an algebraic number and a € Og
is an algebraic integer.

Theorem 1.1.8 (Rational Roots Theorem). A UFD is integrally closed.

Proof. Suppose R is a UFD with field of fractions K. Let z € K be integral over R; suppose
x satisfies
2"+ @y "+ ag =0

where aq,...,a,_1 € R. Write x = g where p,q € R are relatively prime. Then multiplying
the above by ¢" gives

P+ an—lpn_lq 4+ 4 ozﬂoq”_1 + agq" =0

q(an_1p" "+ +apd" ) "

=P
Thus ¢ | p, possible only if ¢ = 1. This shows = € R. n

Note that in the definition of integrality, an element is integral if it is the zero of any
monic polynomial in A[z]. However, it suffices to check that its minimal polynomial is in

Alx].

Proposition 1.1.9: Let L be an algebraic extension of K and A be integrally closed. Then
a € L is integral over A iff its minimal polynomial f over K has coefficients in A.

!Later on, when we take K to be an extension of the p-adic field Q,, we will use O to denote the integral
closure of Z, in K.
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Proof. The reverse direction is clear. For the forward direction, note all zeros of f are integral
over K since they satisfy the same polynomial equation that « satisfies. The coefficients of
f are polynomial expressions in the roots so are integral over A, and hence in A (since they
are already in K). O

Proposition 1.1.10 (Finite generation):

1. Let A C B C C be rings. If B is finitely generated as an A-module and C' is finitely
generated as a B-module, then C' is finitely generated as an A-module.

2. If Bisintegral over A and finitely generated as an A-algebra, then it is finitely generated
as an A-module.

Proof.
1. Take products of generators.
2. Let algebra generators be 3y,..., 8,,. Then
ACA[B] C--- CAB, ..., L
is a chain of integral extensions, so item 2 follows from 1. ]
Combining this proposition with Lemma 1.1.4 we get the following:

Proposition 1.1.11 (Transitivity of integrality): Let A C B C C be integral domains and
K, L, M be their fraction fields.

1. If B is integral over A and C'is integral over B, then C' is integral over A.

2. Let A’ is the integral closure of A over B and A” be the integral closure of A" over C'.
Let A” be the integral closure of A in C. Then A" = A”.

3. The integral closure of A is integrally closed.
Proof.

1. For v € C, let b; be the coefficients of the minimal polynomial of C' over B. Then 7 is
integral over A[by, ..., by], so by Proposition 1.1.10, item 2, Alby,...,bm,7] is finitely
generated over A. Since yA[by, ..., by,y] C Albi,...,by,7], by Lemma 1.1.4, ~ is
integral over A.

2. By item 1 applied to A C A’ C A", A” is integral over A so A” C A”. Conversely, any
element a € A” is integral over A so a fortiori integral over A”; thus A” C A”.

3. Follows from item 2 applied to A = B = C. O

6
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2 Norms and Traces

Let B be a free A-module of rank n. Then any element 3 € B defines an A-linear map mg
(or [8]), multiplication by /3. It is helpful to think of § as a linear map because then we can
apply results from linear algebra.

Definition 1.2.1: The trace, determinant, and characteristic polynomial of mg are called
the trace, norm, and characteristic polynomial of /3.

These are computed by choosing any basis of ey, ..., e, for B over A, and then computing
the action of 8 on this basis.

Proposition 1.2.2 (Elementary properties): The following hold (a € A; B, 5’ € B):
L tr(B+ ) = r(8) + r(9)
2. tr(apf) = atr(f)
3. tr(a) = na

4. Nm(BB') = Nm(8) - Nm(j')
5. Nm(a) = a”

Proposition 1.2.3 (Behavior with respect to field extensions): Suppose L/K is a degree n
field extension, M is a finite extension of L, and 5 € L.

1. (Relationship with roots of minimal polynomial) If f(X) is the minimal polynomial
of p over K and f, ..., (3, are the roots of f(X) = 0 in a Galois closure of K, then
letting r = [L : K(B)] = Z,

(a) chary/(B) = f(X)"
(b) tro/x(B) =7(Bi+ -+ Bum)
(¢) Nmp/x(B) = (81 Bm)"

2. (Relationship with embeddings) Suppose L is separable over K, M is a Galois extension

of K, and oy, ...,0, are the set of distinct embeddings L — M fixing K. Then

(a) trp/x(B) = o1(B) + -+ 0.(B)
(b) Nmy,x(8) = 01(8) - ou(B)

In particular, this is true when L = M is a Galois extension of K, and we can think
of the o, as simply the elements of G(L/K).

3. (Transitivity of trace and norm) Suppose 3 € M and M/K is separable.? Then

2The last condition is not necessary. TODO: Find a proof of the general case.

7
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(a) trayr(B) = trr k(trarn(8))
(b) Nmag/r(8) = Nmp g (Nmp/(8))

4. (Integrality) Assume AKLB. If § € B, then the coefficients of chary/k(/5), and hence
trr/x(8) and Nmp k() are integral over A. In particular, if A is integrally closed in
L then they are in A.

Proof.

1. If r =1, i.e. K[f] = L, then by the Cayley-Hamilton Theorem, f(mg) = 0. Since
f(X) is irreducible, f(X) | chary/k(/3). However, these are monic polynomials of the
same degree so they are equal.

In the general case, take a basis z; of K[f] over K and a basis y; of L over K[3]. Then
x;y; form a basis of L over K, and the matrix of mg with respect to this basis is n
copies of A. This proves (a), which implies the rest of the statements.

2. Let f1,..., By be the conjugates of . There are m distinct imbeddings K (f) — M,
they each take § to a different B;. Each of these imbeddings extend to r := [L :
K(B)] = & imbeddings L — M. Now use item 1.

3. Note that for any finite extensions K C L C N with N Galois, an imbedding L < N
fixing K can be extended to a K-automorphism on /N, and so be considered an element
of the set G(N/K)/G(N/L).?

Let N be a Galois extension containing M. By item 2,

tra i (B) = > o(8)
0€G(N/K)/G(N/M)
tro g (trarn(B)) = tro i ( Z U(ﬁ))
o€G(N/L)/G(N/M)

= > > (0 (B))

T€G(N/K)/G(N/L) 0€G(N/L)/G(N/M)
where in the second sum we take arbitrary representatives 7 € G(N/K) and o €
G(N/L). These are equal because for any choice of these representatives,
{0 € GIN/K)/G(N/M)} ={r0 | 7€ G(N/K)/G(N/L),0c € G(N/L)/G(N/M)}
when considered in G(N/K)/G(N/M) (i.e. as imbeddings M — N fixing K). The

same is true of the norm.

4. The minimal polynomial of a has coefficients in A, by Proposition 1.1.9. Hence the
result follows from item 1.

]

3Using the primitive element theorem, write L = K (). The imbeddings L — N are those taking 3 to a
conjugate; there are [L : K| imbeddings. But we know G(N/K)/G(N/L) = [L : K], so all of the imbeddings
must be extendable. We also use this fact (in addition to a counting argument) in the proof of 2.

8
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3 Discriminant

Definition 1.3.1: If B is a ring and free A-module of rank m, and 54,...,3, € B, then
their discriminant is

D(f1, ..., Bm) = detltrp/a(BiB;)]1<ij<m-

Proposition 1.3.2: If the change of basis matrix from ~; to f; is T, then

D(’Ylv B J’Vm> = det<T)2 ’ D(Bh B 7ﬁm)

Proof. Let M; and M; be the matrices of the bilinear form
(o, @) = trpja(ad)

with respect to the bases (01, ..., Bn) and (71, ..., vm), respectively. Then, using the change
of basis formula for bilinear forms,

D(By, ..., Bm) = det(M)
D(y1,. .., Ym) = det(M,)
My =T'M,T

det(My) = det(T)?* - det(M;)

from which the result follows. O

Consider the discriminant of an arbitrary basis of B over A. By the above fact, this is
well-defined up to multiplication by the square of a unit. The residue in A/(A*)? is called
the discriminant disc(B/A). The discriminant also refers to the ideal of A this element
generates.

Note disc(B/A) can be thought of as the determinant of the matrix of the bilinear form

(B,8") = trpa(BB').

Proposition 1.3.3 (Criterion for integral basis): Let A C B be integral domains and B be
a free A-module of rank m with disc(B/A) # 0. Then ~,...,7, € B form a basis for B as
an A-module iff

(D(y1; -+, 9m)) = (disc(B/A))

as ideals.

Proof. Let (; be a basis. If the change of basis matrix from ~; to §; is T', then by Proposi-
tion 1.3.2,
D1, ..., Ym) = det(T)? - D(By, ..., Bm) = det(T)? disc(B/A)

Now ~; is basis iff T is invertible, iff det(7") is a unit, iff (D(71,...,vm)) = (disc(B/A)). O

Proposition 1.3.4 (Discriminants and Field Extensions):

9



Number Theory, §1./

1. (Relationship with embeddings) Let L be separable finite over K of degree m, and
01, ...,0, be the embeddings of L into a Galois extension M fixing K. Then for any
basis 1, ..., Bm of L over K,

D(ﬂl, R ,Bm) = det(aiﬂj)z 7& 0.

2. (Nondegeneracy of trace pairing) If B is free of rank m over A (with fraction fields
K, L as above), then the pairing

(8,5') = tr(B5")
is a perfect K-bilinear pairing, and disc(B/A) = disc(K/L) # 0.

Here perfect means that the map a — (b + (a,b)) is an isomorphism L — L*, and similarly
for b+ (a + (a,b)). This is equivalent to saying that the bilinear form is nondegenerate.

Proof. (Unfinished) Use Proposition 1.2.3(1b), and that oy, det are both multiplicative. In-
equality follows from independence of characters:

Let G be a group, F' a field. Then the homomorphisms G — F'* are linearly independent.
O

Thus for K of degree m over Q, we can talk of disc(Ok/Z).
A closely related quantity to the discriminant is the different.

Definition 1.3.5: Assume AKLB, and suppose L/K is a finite separable extension. The
codifferent of B with respect to A is

B*={ye L|tr(zy) € A for all x € B}.

The different of B with respect to A is

QB/A = (B*)_l.
In other words, it is the largest B-submodule satisfying tr(F) C A.
Remark 1.3.6: We will define the discriminant in general, when B is not necessarily a
free A-module, in Chapter 9. The relationship between the two definitions is the follow-
ing: Let p be an ideal in A. Then A, is a principal ideal domain (in fact, a DVR). Let
S = A — p; then S7'B is free over S7'A by the structure theorem for modules. We have
(disc(S™1B/S7tA)) = (pA,)™® for some m(p). Then

disc(B/A) = []p™®.
p

10
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4 Integral bases

Proposition 1.4.1 (Finite generation of integral extensions): Let A be integrally closed
and L separable of degree m over K. There are free finite A-submodules M and M’ of L
such that M C B C M’. B is a finitely generated A-module if A is Noetherian, and free of
rank m if A is a PID.%

Proof. Let {B1,...,8m} € B be a basis for L over K. Take a basis 3; so that tr(3;3}) = di;.
Then

ABi 4+ ABn C B C AB +---+ AB,,.
The second inclusion follows because if 3 € B, then writing 8 = >;b;53;, we have that
b; = tr(5p;) € A. (In other words, the ! form a basis for the codifferent B*, which contains
B.)

If A is Noetherian, then M’ is finitely generated, so its submodule B is finitely generated
over A. If A is a PID, then by the Structure Theorem for Modules (over PIDs), M is a direct
sum of cyclic modules and a free module. Since it is contained in a free module of rank m
and contains a free module of rank m, it must be free of rank m. n

The following is immediate:

Theorem 1.4.2. If K is finite over Q (i.e. a number field), then Ok is a finitely generated
Z-module. It is the largest subring that is finitely generated over Z.

Definition 1.4.3: A basis for Ok as a Z-module is called an integral basis.

Proposition 1.4.4: Suppose K has characteristic 0 (so L separable over K), L = K|[f],
and f is the minimal polynomial of 5 over K. Let f(X) = [[(X — f;) in the Galois closure
of L. Then

D, B,....6m Y= T (Bi—B)*=(=1)"""V2 . Nmp k(£ (B)).

1<i<j<m
This is called the discriminant of f.°

Proof. Note the [3; are conjugates of §; assume § = ;.
By Proposition 1.3.4, we have

1 B - 1”—1 2
1 By --- Bt
D(1,8,...,5™ Y = : :2 . 2: = H (@-5;’)27
. . . . 1<i<j<m
UG e G

4Alternative proof: proceed as in 5.8.
5This gives an alternative proof of the perfect pairing.

11
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where the last statement follows by evaluating the Vandermonde determinant.
For the second equality, note by Proposition 1.2.3(1c) that

Ny, (f(8)) = Nmpe((B1 = B2) - (Br = Bm)) = ] II G-5)

1<i<m 1< <m, j#i

S | RCEAY

1<i<j<m

]

Proposition 1.4.5: If K = Q|a], @ € Ok, and D(1,q,...,a™ ') = disc(O/Z) then
{1,a,...,a™ '} is an integral basis.

Proof. Using change-of-basis and the correspondence between index and determinant,
D(1,q,...,a™ ") = disc(Ok/Z) - [Ok : Z]a]*.

Now disc(Ok/Z) € Z so [Ok : Z]a]] = 1. O

Theorem 1.4.6 (Stickelberger’s Theorem).

1. Let s is the number of complex (nonreal) embeddings K — C. Then
sign[disc(K/Q)] = (—1)¥/2.

2. disc(Ok/Z) =0 or 1 (mod 4).

Proof. 1. Write K = @a] by the Primitive Element Theorem and o, ..., a; be the real
conjugates and Sy, (1, ..., Bs, Bs be the complex conjugates. By Proposition 1.4.4,

1<j<s 1<j<s

sign(D(1,a, ..., ™ 1)) = sign < II 3 - BJ)Z> = [[ #= (-1~

2. Let aq,...,q, be an integral basis. Let P and —N be the sum of the terms in the
expansion of det(o;a;) corresponding to even and odd permutations, respectively:

pP= > Iloiq

even mES), i=1
N = Z H O'iOéW(Z').
odd €S, i=1
Then
disc(Ok /Z) = det(o;;)?
— (P - N)?
= (P+ N)*> —4PN.

12
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Take 0 € G(K#'!/Q). Note composition by o permutes the o;, say by v. Then

P= Z H O'iOé,jflw(i)

even TES), i=1

N= > Il

odd €Sy, i=1

and hence o permutes { P, N}. Hence o fixes P + N, PN and they are rational. Since
they are integral over Z they are integers. Thus the above is congruent to 0 or 1 modulo
4.

[

Example 1.4.7 (Quadratic extensions): Any quadratic extension of Q is in the form Q(y/m)
for some squarefree integer m. We find the ring of integers of Q(y/m). Consider two cases.

1. m=2,3 (mod 4): The minimal polynomial of \/m is X% —m, so
disc(1,vm) = (vVm — (—v/m))? = 4m.

Note % must be a square by Proposition 1.3.2 so disc(Q(y/m)/Q) equals m

or 4m. However, by Stickelberger’s Theorem, disc(Q(y/m)/Q) = 0,1 (mod 4). Hence
disc(Q(y/m)/Q) # m and disc(Q(y/m)/Q) = 4m. By Proposition 1.3.3, 1,/m is an
integral basis.

m—1

2. m=1 (mod 4): Note 1+;/m is integral with minimal polynomial X? — X — ™1 so

dise <17 1 +2\/m) _ (1 +2\/m 1 —2\/m>2 .

Since m is squarefree, disc(Q(y/m)/Q) = m and Proposition 1.3.3 says 1, Hﬁ is an

integral basis.

The following tells us about integral bases for products of fields.
Proposition 1.4.8: Suppose that K, L are field extensions of Q such that
[KL:Q]=[K:QlL:Ql
Let d = ged(disc(K/Q), disc(L/Q)). Then
1. Ox Cd OOy,

2. If O, = OxOy, then disc(KL/Q) = disc(K/Q)FU disc(L/Q)H:,

13



Number Theory, §1./

Proof. Let {a,...,a,} be an integral basis for K and {f,...,3,} be an integral basis for
L. By the degree assumption, we know that {«;(;} is a basis for KL over Q. Any element
of KL integral over Q can be written as

;i
1<i<m r
1<j<m

where ged(r, ged(a;;)) = 1.

We need to show that r | d. Let z; = Y7, “ ;. We will turn (1.2) into a system of
equations by considering all embeddings K — C, solve for the x; using Cramer’s rule, and in
this way show that each z; is an algebraic integer in L divided by a bounded denominator.

Note given embeddings ox : K < C and oy, : L — C, there is exactly one embedding
okr - KL — C such that restricts to ox and oy. It is clearly unique if it exists. To
show existence, write K = Q(a) = Q(z)/(f(z)) by PET, and note that the characteristic
polynomial of f does not change upon passing to L because of the degree assumption. Hence
KL = L(a) = L(x)/(f(z)), and in extending o, to ok, we are allowed to send oo = z to
oy, (Oé) .

Fix an embedding ¢ : L. — C, and let oy,...,0,, be all embeddings K — C. Then
applying o to 1.2 we obtain the system of equations

m

> op(ag)z; = op(y), 1<k<m.
i—1

By Cramer’s rule, letting D = det[(ox())k.i| we get Dx; = D; where D; has the ith column
of D replaced by (ox(c;))i,. Note that D and D; are both algebraic integers. Using
disc(Ox/Z) = D?* (Proposition 1.3.4), we get

Hence disc(Ok/Z)x; is an algebraic integer (in Op). Since the (; are an integral basis for
Oy, this forces r | disc(Og/Z). Similarly, r | disc(OL/Z), as needed.
Now we prove the second part. Choose (a, ..., a,,) a basis for K/Q and (f,...,05,) a

=J ML v >

the coordinate of a3 in 7. Then the mn x mn matrix

[tr (v, Bip iy Biy)] = Yo (B ByaB) ik

>J L s >

= Yoo (i ;)i (B Biy Bk

=J Mt s >

=1 > > (e aiay);(BiBy Bk

| 1<j<m 1<k<n

= [tr(e, i )] @ [tr(Bi, B )]

14
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Taking determinants and using
det(A® B) = det(A)" det(B)™, A€ Myxm, B € Myuxn

we get

disc(KL/Q) = disc(K/Q)FY dise(L/Q)MY.

5 Problems

1. Suppose that f € Z[z] is irreducible and has a root of absolute value at least % Prove
that if o is a root of f then f(a® + 1) # 0.

2. Let ay,...,a, be algebraic integers with degrees dy,...,d,. Let a},...,al be the con-
jugates of ai,...,a, with greatest absolute value. Let ci,...,c, be integers. Prove
that if the LHS of the following expression is not zero, then

1 dido-dp—1
cia+...+cpa,l = ( ) .
| 107 n n| |Cla/1|+"'+lcna,ln|

For example,

1 3
’01+02\/§+03\/§|Z ( > .

1| + |2¢2] + [2¢5]

3. Let p be a prime and consider k£ pth roots of unity whose sum is not 0. Prove that the
absolute value of their sum is at least kp%

15
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Chapter 2

Ideal factorization

1 Discrete Valuation Rings

Definition 2.1.1: Let K be a field. A discrete valuation on K is a surjective function
v : K* — Z such that for every z,y € K*,

1. 7 is a group homeomorphism: v(zy) = v(x)v(y).
2. v(z +y) > min(v(x),v(y)).

We set v(0) = oo.

A discrete valuation ring (over Z) is a local integral domain R (not a field), whose
fraction field has a discrete valuation v.

An element ¢ with v(¢) = 1 is a uniformizing parameter.

Proposition 2.1.2: Suppose R is a DVR with fraction field K. Let v be the valuation on
K.

1. The units are exactly the elements with 0 valuation:
R* = v~ 10).
2. Its maximal ideal is the set of elements with positive valuation.
m={z:v(z)>0}.
3. Ris a PID with ideals m" = {z : v(z) > n} = (t") for n € N.
4. R is a UFD; any element can be written uniquely in the form ut™ where v is a unit.

Lemma 2.1.3. Let A be a local domain with maximal ideal m principal and nonzero. If

Nnsom”™ =0 then A is a DVR.

17
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Theorem 2.1.4. Let (A,m) be a Noetherian local domain. The following conditions are
equivalent.

1. As a DVR.

2. A is a normal domain of dimension 1. (Dimension 1 means that the longest chain of
prime ideals is 2: po C py.) (Since A is local this means it has only two prime ideals.)

3. A is a normal domain of depth 1. (There is a nonzero x € A with m € Ass(A/ (x)).)

4. A is a regular local ring of dimension 1. (Regular means its mazimal ideal is generated
by a number of elements equal to its dimension. So here it means m is principal.)

5. m s principal and nonzero.

Proof. Note (5) = (1) uses Krull Intersection Theorem: For R a Noetherian ring, a an
ideal, and M a finitely generated module (esp. when M = R), then there exists x € a such
that

(1+x) ﬁ a"M = 0.

n=0

2 Dedekind Domains

Definition 2.2.1: A Dedekind domain is a normal Noetherian integral domain A such
that every nonzero prime ideal is maximal.

Proposition 2.2.2: A local integral domain is Dedekind iff it is a DVR.

Proposition 2.2.3: For every nonzero prime ideal p in a Dedekind domain A, the localiza-
tion A, is a DVR. (Locally, Dedekind domains are DVR'’s.)

(The converse, i.e. if A, is a DVR for every p, then A is Dedekind, holds using Serre’s
criterion.)

Theorem 2.2.4 (Unique factorization of prime ideals). Let A be a Dedekind domain. Every
proper nonzero ideal of A can be written uniquely as a product of prime ideals.

Proof. Let a be a proper nonzero ideal of A.

1. If A is Noetherian, then every ideal a C A contains a product b = [[p,* of nonzero
prime ideals: Otherwise, choose a maximal counterexample a (possible since A is
Noetherian). Since a is not prime, there exist x,y ¢ a such that zy € a. By the
maximality assumption both a+ (z) and a+ (y) contain a product of prime ideals, and
so does a DO (a+ (z))(a+ (y)).

18
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2. By the Chinese Remainder Theorem
A/ = [ A/ v
k
via the natural map.

3. If p is a maximal ideal in a ring A, and q = pA,, then the natural map A/p™ —
(A/p™), = A,/q™ is an isomorphism. (Indeed, it is injective because p is prime and
surjective because any s € A —p is invertible modulo p™, on account of (s) +p™ = A.)

Thus
[1A/p = I Ap/ai-
k k
(This is where we use the fact that nonzero prime ideals are maximal.)

4. Combining the above, we get a one-to-one correspondence between ideals in A contain-
ing b, and ideals in [] Ap,/q;". All ideals in the last ring are in the form [Tx q;%/q;*,
so a is of the form []; q;*. Moreover, different prime ideals containing b correspond to
different []j q;*/q;", which are different for different si, giving uniqueness. O

Corollary 2.2.5. Let A be a Dedekind domain.
1. Ifa=Tl, p;f and b =[], p;* are ideals in A and p is a nonzero prime ideal then
aDb < ry > s, forall k

< aA, D bA, for all p.

2. If a D b # 0 are ideals in A then a = b+ (a) for some a € A. In particular, if b € a
then there exists a € A such that a = (a,b); i.e. each ideal is generated by at most two
elements.

3. (Inverses) Let a # 0 be an ideal of A. There exists a nonzero ideal a* such that aa* is
principal.

(a) We can choose a* so aa* = (a) for given a € a.

(b) Alternatively we can choose a* to be relatively prime to a given ideal ¢ # 0.

Proof. 1. The forward direction was shown in the course of the theorem. The reverse
directions are easy.

2. Choose any a € a\{0}. By unique factorization, we can write

(@) =pi-p
a =Py By

for primes py,...,p, and u; > v; > 0. Now choose b; € p;’ \p;ﬁl. By the Chinese

remainder theorem we can choose b such that b = b; (mod p;ﬁl) for all 7. Since
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ordy, (b;) = v;, by item 1, the highest power of p; dividing (b) is v;. The highest power
of p; dividing (a) is u; > v;, so the highest power of p; dividing (a,b) is v;. Now for
a prime q & {p1,...,p,}, we have a ¢ q (else q would divide a), so q does not divide
(a,b). We conclude

(CL, b) = p11)1 o 'p;ljr,
as needed.
3. (a) follows from item 1; for (b), use item 2 and 3(a) to write a = ac+ (a) = ac+ aa* =

a(c+ a*).
[

Theorem 2.2.6. Assume AKLB, and K/L is finite separable. If A is a Dedekind domain,
then so is B. In particular, taking A = 7Z and K = Q, every ring of integers in a finite
separable extension of Q is Dedekind.

Proof.

1. B is noetherian: By Proposition 1.4.1, B is a finitely generated A-module, hence a
Noetherian A-module, hence Noetherian as a ring.

2. B is integrally closed by Proposition 1.1.11(2).

3. Every nonzero prime ideal q of B is maximal: Take a nonzero g € q and let its minimal
polynomial be 2" +a,,_12" ' +---+a,. Thena, = =" —---—a;8 € BBNAC qnA.
This shows q N A # 0; since A is Dedekind and q N A is prime, g N A is maximal and
A/q is a field. Since B is integral over A, B/q is integral over A/q.

Lemma 2.2.7. An integral domain B containing a field k and algebraic over k is a
field.

Proof. Let 5 € B be nonzero. Then k[5] is a finite dimensional vector space and the
multiplication-by-8 map mg : k[8] — k[f] is injective, hence surjective. Thus there
exists 8 so B3 =1, i.e. B has an inverse. H

The lemma shows B/q is a field. Hence q is maximal.

Alternatively, this follows directly from “lying-over” and “going up” for integral exten-
sions. [

Theorem 2.2.8. Suppose K is a finite extension of Q. Then unique factorization of ideals
holds in Of.

Proof. Combine Theorem 2.2.4 and Theorem 2.2.6. O
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3 Primary decomposition™

[ADD: Commutative algebra generalization, and a new proof of unique ideal factorization]

4 Ideal class group
Let A be a Dedekind domain with fraction field K.

Definition 2.4.1: A fractional ideal of A is a nonzero A-submodule of K such that da € A
for some d € A.
A principal fractional ideal is one of the form

(b) :==bA := {bala € A}.
The product of two fractional ideals is
ab = {Z aibi\ai € a, b, € b} .

Note that given a nonzero A-submodule of K, it is finitely generated iff it is a fractional
ideal. (Take common denominators of the generators.)

We can extend unique factorization to fractional ideals, in the same way that we can
extend unique factorization from Z to Q.

Theorem 2.4.2. The set Id(A) of fractional ideals is a free abelian group on the set of prime
tdeals. Thus each fraction ideal can be uniquely written in the form

a=]]p".
b

Proof. Freeness follows from unique factorization (Theorem 2.2.4) and existence of inverses
follows from Corollary 2.2.5(3a). O

Now we are ready for the following definition.

Definition 2.4.3: Let P(A) be the group of principal ideals of A. The ideal class group
Cl(A) is Id(A)/P(A). Its order is the class number.

The ideal class group and class number of K are defined as the ideal class group and
class number of O.

Note that we have an exact sequence
0— P(A) - I(A) —» Cl(A) — 0.

The class number is 1 iff all A is a PID. Thus in some sense it measures how far A is
from being a PID.
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Alternatively there is an exact sequence
10 > K" =1 —Clg—1
where the map K* — K is given by a — (a).

Theorem 2.4.4 (Approximation Theorem). Let xq,...,x,, € A, and pq, ..., P, be distinct
prime ideals. There is v € A such that

ordy,(x — z;) > n
for all i.

Proof. Immediate from the Chinese Remainder Theorem. ]

5 Factorization in extensions

Assume AKLB, with A Dedekind and L/K finite separable. A prime ideal p C A will factor
in B:
P =Py

We say e; is the ramification index of ;. For B | p, we write e(J3/p) for the ramification
index and f(3/p) for the residue class degree [B/J : A/p].

1. If ex > 1 for some k, p is ramified in B.

(a) If g =1 and e; > 1, p is totally ramified.
(b) When |A/p| = p", p prime, and p{ [B/ : A/p], then p is tamely ramified.

2. If e; = f; =1 for all 7, p splits completely.
3. If pB stays prime, p is inert.

Lemma 2.5.1. A prime ideal P divides p iff PN K = p.

Theorem 2.5.2 (Degree equation). Let m = [L : K] and suppose pB = 7" ---Pso. Then

g

Z eifi =m.

i=1

If L/K is Galois, then all the e; are equal and all the f; are equal. Letting e and f denote
these common values,

efg=m.
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Proof. We show both sides of the equation equal dim,,(B/pB).
For the LHS, by the Chinese Remainder Theorem B/pB = [[{_, B/B{" so

dim,,(B/pB) = idimA/p(B/‘B?). (2.1)

Consider the filtration

B>, D DP.
There are no ideals between any two consecutive ideals by Corollary 2.2.5 (the first iff), so
there are no proper B/%;-ideals (i.e. subspaces) of 7 /B7'. Hence dimp g, (Pr/Bit!) =1
and dim 4, (P75 /B ) = fi. Thus

dimy/p (B/Bi") = €ifi- (2.2)
Combining (2.1) and (2.2) give
g
i=1

For the RHS, let A’ = (A —p)"'A = A, and B’ = (A — p)~'B. First note that

A/p = Frac(A/p) = (A/p), = A'/pA’

and
B/p Y (A—p)""(B/pB) = B'/pB,

where in (*) we use the fact that all elements of A — p are invertible modulo pB, on account
of A/p being a field. Note A’ is a a DVR and hence a PID. Since B is finitely generated over
A, and localization is exact, B’ is finitely generated over A’. Furthermore, B’ is A’-torsion
free. The previous three statements along with the Structure Theorem for Modules gives
that B’ =2 A™ (as A’-modules) for some n. Perform the following operations:

B/ o~ A/n
o/pe
QK
K=L" B'fpB" = (A'[pA)"

B/pB = (A/p)"

Hence
[L: K] =n=dimyu, B/pB

as needed.
Now suppose L/K is Galois. Then G(L/K) permutes the primes B dividing p. Since

e(P/p) = e(aP/p) and f(B/p) = f(oP/p), it suffices to show G(L/K) acts transitively.
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Suppose by way of contradiction that 8 and Q are not in the same orbit. By the Chinese
Remainder Theorem there exists f € Q — {oB | 0 € G(L/K)}. Now

Nmpx(f)= [ o(@)eQnAd=pc®,

o€G(L/K)

the first because 8 € Q and the second because € B is integral over A (which is integrally
closed in K). But o(f) &€ P so

T B¢,

c€G(L/K)

a contradiction. O

Note that the ramification indices and residue degrees multiply under field extension.

Proposition 2.5.3: Suppose that M/L and L/K are finite separable extensions (with
Dedekind ring of integers), and that Q | P | p are primes in M, L, K respectively. Then

e(Q/p) = e(Q/P)e(B/p)
FQ/p) = F(Q/B)fF(B/p)

Proof. The first comes from substituting the factorization of BOj,; in the factorization of
pOr. The second comes from multiplicativity of degrees of field extensions. O

6 Computing factorizations

Theorem 2.6.1 (Criterion for ramification). Assume AKLB, with L/K finite, A Dedekind,
and B free over A. (The last condition is satisfied when A is a PID.) Then p ramifies in L
iff p | disc(B/A). In particular, only finitely many prime ideals ramify.

Proof.
1. If A is a ring, B is a ring containing A and admitting a finite basis {ej,..., e} as
an A-module, and a is an ideal of A, then {e7,...,€,} is a basis for B/aB as a A/a
module, and D(ey,...,e,) = D(ei,...,en) mod a. Hence

disc(B/A) mod p = disc((B/pB)/(A/p)).

2. Lemma 2.6.2. Let k be a perfect field and B be a k-algebra of finite dimension. Then
B is reduced (has no nilpotent elements) iff disc(B/k) # 0.

Proof. First suppose 8 # 0 is a nilpotent element of B. Choose a basise; = 3,es,..., €,
of B. Then fe; is nilpotent, so has trace 0. The first row of (tr(e;e;)) is zero, so

disc(B/k) = det(tr(e;e;)) = 0.
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Now suppose B is reduced. By the Scheinnullstellensatz, Ny primep = nil(R) = {0}.
Since B/p is integral and algebraic over k, Lemma 2.2.7 shows it is a field. Hence p is
maximal, and different p are relatively prime. Let py,...,p, be prime ideals of B. By
the Chinese Remainder Theorem, B/ N_, p; = [[}_; B/p; so

dim;, B > dimy, (B/ ﬂ pl) = Zdimk(B/pi) >r.
i=1 i=1
Since dimy, B is assumed finite, B has only finitely many prime ideals, say p1,...,p,.

Each B/p; is a finite separable (as k is perfect) extension of k, so by Proposition 1.3.4(2)
(nondegeneracy of trace pairing), disc((B/p;)/k) # 0. Since B = B/ NY_, p; = [17_, pis
by taking the union of the bases for B/p;, we get disc(B/k) # 0. O

3. Let pB =T[;B;". From the lemma, since A/p is perfect (as it is a finite field),

disc((B/pB)/(A/p)) = 0

iff B/pB is not reduced. By the Chinese Remainder Theorem B/pB = [[; B/;", and
this is nonreduced iff some e; > 1, i.e. p ramifies. O]

Theorem 2.6.3 (Computing the factorization of pB). Assume AKLB, A is Dedekind and
L/K is separable. Suppose B = Ala] and f(X) is the minimal polynomial of a over K. Let
p be a prime ideal in A, and suppose f(X) factorizes into irreducible polynomials modulo p
as

fX) =][g(X)% (mod p).
i=1
Then .
pB = [[(p. gi(a)”
i=1
is the prime factorization of pB. Moreover, letting g; = g; mod p,
B/(p, gi(a)) = (A/p)[X]/(4:)
Ji = degg;.
Proof. The map X — « gives an isomorphism
AIX]/(f(X)) = B.

Modding out by p gives -
KIX1/(F(X)) = B/p.
This gives a correspondence between ideals in k[X]/(f(X)) and ideals in B containing p:

Maximal ideals of k[X]/(f(X)) (9:)
+— Maximal ideals of B/p (g:(a))
+— Maximal ideals of B containing p (p, g:(a))
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But the maximal ideals of B containing p are exactly the prime ideals (since B is Dedekind)
dividing p (Lemma 2.5.1).

Now [1(g;)® = 0 but no power with smaller exponents is 0. Hence pB D [[(p, g;)* but
does not contain any power with smaller exponents, and equality holds. O

Note that the condition that p be relatively prime to the conductor is somewhat pesky.
The problem is that the we may have prime ideals dividing p that are in the form (p, g(«))
where g does has coefficients with elements of p in the denominator. So looking at the
polynomial modulo p fails to capture this behavior. We can’t look at them modulo a power
of p either—because then we would not be in a field. The solution is to pass to the completion
with respect to p—we will do this in Chapter 77.

Example 2.6.4 (Quadratic extensions):

Prime p 2° +1mod p (p)
2 (z + 1) Ramifies: (i + 1)?
L p=1 (mod 4) factors since (%) = Splits
p =3 (mod 4) | irreducible since (%) = —1 | Remains prime
Prime p 22 +2mod p (p)
2 z? Ramifies: (v/—2)?
2. p=1,3 (mod 8) factors since (_72) =1 Splits
p=5,7 (mod 8) | irreducible since <_72) = —1| Remains prime
Prime p r? 4+ 2+ 1 mod p (p)
3 (x—1)2 Ramifies: (’3%‘/’;3)2
5 p=1 (mod 3) factors since (%) = () = Splits
p =2 (mod 3) | irreducible since (_—) (%) = — Remains prime

Note we used quadratic reciprocity to translate the “square” condition into a modular condi-
tion on p. This is true in general for any quadratic ring: whether a prime p splits is entirely
determined by a modular condition on p, because of quadratic reciprocity.

7 Decomposition and inertia groups

Let L/K be a finite Galois extension, with residue fields [ and k.
For a prime p of K, we know that there are three kinds of behavior it could express when
we pass to L:

1. It can split into distinct primes B, ..., B,.

2. The primes have some residue degree f =[O/, : Ok /p| over p.
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3. There can be ramification, the primes ‘B; appearing with exponent e.

Moreover, [L : K] = efg. We would like to separate these three kinds of behavior by defining
two intermediate extensions LP®) and LI,

Definition 2.7.1: Let B | p be primes in L and K.
The decomposition group of B is

Drk(PB) ={o € G(L/K) : o(F) = P}
The inertia group of P is
I k(P)={c € G(L/K):0(a) —acPforalla € Or}.

Equivalently, letting [, k be the residue fields of L and K, Iy x(B) is the kernel of the map
e: D(B) = G(I/k).

We drop the subscript when there is no confusion. The main theorem is the following.

Theorem 2.7.2. Let L/K be a finite Galois extension with residue fields 1, k, with [/k
separable.! Let B | p be primes of L and K. Let e, f,g be the ramification index, residue
class degree, and number of prime divisors of p in L.

Let Bp = PNLPH) and P; = PNL'P) (the fived fields of the decomposition and inertia
groups). Then the following hold.

1. [L: L'™] = e and P; totally ramifies in L/L'™.
P10, =P*.
2. [L'® . LP®)] = f and Bp remains inert in the extension L'® /P,

BoOriw =P
f(B:/Bp) = f.

Moreover, L'™®) /K is Galois.
3. [LP® . K] =g, and p splits completely in L°® if LP¥) /K is Galois®:

pOrpe = Pi,p - Pg.p-

£ 1/k is not assumed separable, then [L : L'¥)] = e[l : k], [L'F) : LP)] = [1 : k], and [LPH) : L[] = g.
2This is actually an iff. Exercise!
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We have the following picture. By Galois theory, the groups on the right are the Galois
groups acting on each extension; we set G = G(L/K).

‘B L
total ramification e ey
B L™
inert G fDER)/I(P)
By LD(‘B)
totally split if Galéis gb.} G/D(p) if Galois
! ‘:K .

Remark 2.7.3: To study ramification, we can define subgroups of () called ramification
groups and get fixed fields in between L and L'®™*). See Chapter 9.

The rest of this section is devoted to the proof of Theorem 2.7.2. We keep the notations
and assumptions in the theorem.

7.1 Decomposition group

Proposition 2.7.4: The decomposition group D(*B) has order ef, and for o € G(L/K),

D(o()) = oD
Moreover, the following are equivalent:
1. D(*B) is normal in G.
2. The groups D(£) are equal for all Q | p.
3. LP®/L is Galois.

Proof. Since D() is the stabilizer of 9B under the action of G := G(L/K), |G/D(B)| is
simply the size of the orbit of G. This equals g since G acts transitively on the primes

P, ..., P, above p. Hence

G| n
DB = =77 = - = ¢/
G/D(B)] g
The second part follows from the fact that if G acts on S and G is the stabilizer of s € S,
then tGt~! is the stabilizer of ts.
For the equivalences, use the second part and the fundamental theorem of Galois the-
ory 5.4.1. O
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We first show that p is non-split in L and prove item 3 of Theorem 2.7.2.
By the Fixed Field Theorem, D() = G(L/LP™®), and

(L LP) = |D(P)] = ef. (2.3)

Since L/LP®) is Galois, D(B) acts transitively on the primes of L above §3p. However,
D() stabilizes B; thus P is the only prime above Bp.
By the degree equation,

ef =[L: LP®)] = e(B/Bp)f(Bn/p).

By Proposition 2.5.3,

e = e(B/Bp)e(PBp/p)
f=FEB/Bp)f(Bp/p).

All equations are satisfied only when e = e(B/PBp), f = f(B/Pp), and e(Pp/p) =

f(Bp/p) =1.
If LP® is Galois, then e(Pp/p) = f(Bp/p) = 1 are the same as the e and f values for

all primes in LP® over L. Thus p is totally split over L.

7.2 Inertia group
First we study the homomorphism
e: D(B) — G(I/k).

Proposition 2.7.5: Suppose B | p are primes in L and K, and let k& and [ be the residue
fields of L and K with respect to 3 and p.

1. I/k is normal (and hence Galois if separable).
2. Let € be the map D(*B) — G(I/k). Then ¢ is surjective.
Proof. Let G = G(L/K).

1. We need to show that for @ € [, its minimal polynomial over k splits completely. Let
a be a lift to O, and let

f(X) = [1(X = o(a)) € Ox[X].

oeG

Taking this modulo B gives a polynomial in k[X] containing @ as a root and splitting
completely.

Thus [/k is normal, and hence Galois if it is separable.
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2. First note we may assume [/k is separable. Indeed, we have G(I/k) = G(I*?/k)3.

It suffices to show that e(D()) acts transitively on the conjugates of @ over k (as
then the image has at least [l : k] = |G(I/k)| elements). By the Chinese Remainder
Theorem, choose a € Oy, such that

a:{a (mod B)
|0 (mod ), P # PP | p.

Define f asinitem 1. Then, noting that for ¢ € G\D(*B), we have a = 0 (mod o~ (%))
and hence o(a) =0 (mod P),

fX)= ]I X-o() ] =

ceD(P) aZD(B)
= H (X —e(o)(a)) H x € k[x]
ceD(P) aZD(B)

(%)

Now (%) is in k[x], so is divisible by the minimal polynomial of « over k. Given a
conjugate o of @, it divides (*), so equals (¢(c))(@) for some o. O

Corollary 2.7.6. There is a short exact sequence
1= I(B) - D(P) — G(l/k) — 1,

i.e. D(P)/I(P) = G(l/k).
Note I(*B) is normal in D(B) as it is a kernel, so L!* /K is Galois.
Now we finish the proof of Theorem 2.7.2. The above corollary gives
[DEB)/TR)| = |GU/K)| =1 k] = f.

Since G(L!™ /LP®)) = |D(R)/I(B)| = f, we get [LIF) . LPP] = f. From (2.3) we get
[L:LI¥)] =e.
We will apply Corollary 2.7.6 to L/L'™) . Note

DL/LI(‘D) (‘B) = ]L/LICB) (‘43) = G(L/Ll(m)) = ](cp)

since the fact that I(%B3) operates trivially on {/k implies that it operates trivially on I/ (*B;).
Hence the corollary gives

G(I/k(B1)) = 1,
ie. I =r(P;) and f(P/P;) = 1. We know that Bp is non-split in L, so
e = [L: L] = (/%) f(B/%)
—_———

J = (L1 - [P0 — o, /) (/B

3From the Fixed Field Theorem [/ [GU/P) i Galois. But ! /1P is purely inseparable and normal. Thus
we must have | = [GW/™) 'ie. every automorphism of [/k is trivial on [/I5°P.
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Now

e = e(B/Bp) = e(B/PBr)e(F:1/Fbp)
f=f(B/Bp) = f(B/Br)f(P:1/Fp),

so we must have

e(B/P1) =e, fOB/Br) =1
e(Pr/p) =1, f(Br/p) = 1.

This finishes the proof.

7.3 Further properties and applications
Theorem 2.7.7. Let M /K be a Galois extension and L/K a subextension. Then

1.

DM/L(‘B) = DM/K((‘B) n G(M/L)
Iy (B) = Iy (P) NG(M/L).

2. If L/K 1is Galois, the following commutes and has exact rows and columns.

1 1 1
1 IM/L IM/K4>[L/K4>1
1 DM/L DM/K4>DL/K—>1

11— GM/L) — GM/K)—— G(L/K) ——1

Theorem 2.7.8. Let L/K and L'/ K be finite extensions. Then p unramified in L, L' if and
only if p is unramified in LL'.

Proof. First we prove the result for L, L’ Galois. Note that for any Galois extension M /K,
with B | p primes in M and K,

Iy =1 <= p unramified in M. (2.4)
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Now there is a injective homomorphism

®:G(LL/K) < G(L/K) x G(L'/K)
®(0) = (0|1, 0l).

Take Q | p with Q a prime in LL’, and let B = QN O and P’ = QN Oy Suppose o € Iq.
Then ¢(£Q) = Q and hence, taking the intersections with O, O, (which are fixed by o since
L, L' are Galois)

olL(P) =P
olu () =P
This shows o|;, € Iy, 0| € Iw; by assumption and (2.4), we get (0|, 0l) = (1,1). By
injectivity of ®, 0 = 1. This shows Iq = 1, by (2.4) again, we get £ is unramified over p, as
needed.
Now consider the general case. Given B | p in L and K, let Q be a prime above 38 in

the Galois closure L&, Now (L#)72(F*"/1) is a Galois extension containing L; since L& is
the Galois closure of L, we get

el ( Lgal)ID(Lg‘"“ /L)’

But [Lg! : (L&) /a5 /D)] ig the ramification degree of 9/9; we see that it is 1, i.e. 9 is
not ramified over B and hence not ramified over p. Thus L& /K is unramified. Similarly,
L'*1/ K is unramified. By the above, L8 L[/s?! / K is unramified, so LL'/K is unramified. [J

8 Problems

1. A half-factorial domain (HFD) A is an integral domain where any given factorization
of a has the same length. Prove Carlitz’s Theorem:

Theorem 2.8.1 (Carlitz). The ring of integers Ok is a HFD iff the class group has
order at most 2.

See AMM, 12/2011, for related results.

2. Show that if p splits completely in LP®) then LP®) /L is Galois.

Conclude that if p splits completely in L, then p splits completely in the Galois closure
L&,
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Chapter 3

The class group

1 Norms of ideals

Assume AKLB, A is Dedekind, and L/K is separable. We generalize the definition of norm
to ideals, not just elements, so that it is a map Id(B) — Id(A) that is consistent with our
old condition, i.e.

Consider a principal ideal p = (p) C A, and suppose it factors in B as pB = [[7_, P. We
want the norm to satisfy

Nmp,x(p) = Nmp/x(pB) = 1:[ Nmy, ke (B)“, (3.1)

since we want it to be multiplicative. But Nm(p) = p" where n = [L : K]. By the degree
equation, if Nm(*B) = B/ where f; = [B/B; : A/p], then (3.1) will be satisfied. Hence we
make the following definition.

Definition 3.1.1: For 8 is a prime of B, let p = PN A and f(P/p) = [B/B : A/p|. Define
the norm of 3 to be
N (5B) = p /9.

This extends uniquely to a homomorphism Id(A) — Id(B), since the ideal group is free.
Proposition 3.1.2 (Behavior with respect to field extensions):

1. For an ideal a C A,
NHlL/K(ClB) = Clm,

where m = [L : K.
2. If L/K is Galois and p # 0 is a prime ideal of A, and B | p, then

Nmp k()= [] o8

o€G(L/K)
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3. For any nonzero 8 € B, Nmy,x(8B) = Nmp,x(8)A. (Le. this is consistent with our
previous definition.)

Compare the first two items to Chapter 1, Proposition 1.2.2(5) and Proposition 1.2.3(2b),
respectively.

Proof.

1. By the degree equation (Theorem 2.5.2), for p prime

NmL/K(pB) = Nmy,/x <Hmfz> _ pzieifi _—

The general statement follows by multiplicativity of Nmyp, /.

2. G(L/K) acts transitively on {1, ..., B4}, so each P; occurs 2 = ef times in {oP |
o€ G(L/K)}.

3. First suppose L/K is Galois. We use the description in terms of Galois conjugates
to relate the norms of elements with the norms of ideals. By part 2 and Proposi-
tion 1.2.3(2b), we have

Nm,x(3B)-BZ ] U(BB):< I1 aw))B%gNmL/K(@-B-
c€G(L/K) c€G(L/K)

Hence, Nmy,/x(83) - A and Nmp,, i (8- B) determine the same ideal in B. Since Id(A) —
Id(B) is injective, they are equal in A.

Now consider the general case. Let M be the Galois closure of L over K, let C' = Oy,
and let d = [M : L]. Then the above, together with part 1 and Proposition 1.2.2(5),
give

1.2.2(5

Since Id(B) is torsion-free, Nmp, /g (3 - B) = Nmy/x(5) - A. O

Definition 3.1.3: The numerical norm of a in Oy is its index in the lattice of integers:
Na = [OK . a].
Note the following comparisons between the ideal and numerical norms.

1. The ideal norm is defined for a field extension K /F while the numerical norm is defined
for any number field K/Q.

2. The ideal norm returns an ideal while the numerical norm returns an integer.
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3. However, if we take the base field F' to be QQ, and identify integers with the ideals they
generate, the two norms are equivalent. This is the content of the following proposition.

Proposition 3.1.4 (Relationship between ideal and numerical norm):

1. For any ideal a C Ok,
Nmgg(a) = (9a)).
Therefore, 9(ab) = N(a)MN(b).

2. Let b C a C K be fractional ideals. Then

[a:b] =MN(a"'b).

In other words, the norm of an ideal is its index in the ring of integers.
Proof.

1. Write a = [[p;* and let (p;) = ZNpy, fi = f(p;/(pi)). By the Chinese remainder

theorem,

Ok /a2 ] Ok/pi.
Since Ok /p;’ is a vector space over [, of dimension e; f;, we find

Ma = |Ox /o] = [[ 5" = Nmgg(a).

Multiplicativity follows from the same property for the ideal norm.

2. We can multiply by an integer d so that a and b are integral ideals. Then

o
2

=Y
=
3
—~
.
o
SN—
=

[a:b] = [da: db] = 20— Y 5(a'b). O

2 Minkowski’s Theorem

Theorem 3.2.1 (Minkowski). Let V' be a subset of R™ that is convex and symmetric around
the origin (“centrally symmetric”). Let L be a full lattice with fundamental paralleopiped D.
If

u(T) > 2"u(D)

then T contains a point of L other than the origin. If furthermore D is compact, we can
weaken the hypothesis to
u(T) > 2" u(D).
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Proof. First note that if S is a measurable set such that u(S) > w(D), then S contains
two points a, b such that a — b € L. Indeed, we can tile the space with fundamental paral-
lelopipeds, and translate each of them to the origin. We consider the intersections of these
parallelopipeds with S. Since the sum of these volumes is p(S) > u(D), and they are all
packed in D, there must be overlap, i.e. unequal a,b € S that were translated to the same
point. This implies a — b € L.

The set S = 1T has volume 5-7" > p(D). Hence by the above, there exist ja # 1b € S
(a,b € T) such that %a — 3b € L. Since T is symmetric, —b € T} since T is convex,
(a —b) € T. This is the desired lattice point.

Now suppose instead T is convex and p(7T') > 2"u(D). Let L, be the set of lattice points
in (1 + %) T other than the origin. By the first part, L,, is nonempty; since 7" is bounded it
must be finite. We have that L,, C L,, when n > m. Hence

1
2

TﬂLzﬂ(l—l—i)TﬂL:ﬂLn%gb. O
n=1 n=1

Theorem 3.2.2 (Sums of four squares). (A digression, but nice to talk about)

3 Finiteness of the class number

We now show that the class number is finite (Theorem 3.3.6). The idea of the proof is as
follows.

1. Embed K as a Q-vector space in R” x C®. Under the R-vector space isomorphism K ®q
R — R" x C?, the ideal a is realized as a lattice L in V' = R" x C* (Proposition 3.3.1).
The norm on K translates into a “norm” on V.

2. Find an element in a of small norm (Theorem 3.3.2): Find a compact, symmetric
convex set in V' consisting of elements of norm at most R. Choosing R large enough,
we can make sure V' has large volume. By Minkowski’s Theorem, V' contains an element
of L.

3. Using step 2, show that every ideal class contains an representative of norm at most a
constant (Theorem 3.3.5).

4. Show that there are a finite number of ideals with bounded norm (Lemma 3.3.7).

We first embed a as a full lattice using the embeddings of K, and find the volume of the
fundamental parallelopiped in terms of the discriminant (the discriminant is related to the
embeddings by Proposition 1.3.4).

36



Number Theory, §5.3

Let {o1,...,0,} be the real embeddings and {0,,1,5,41,-..,0:15,0r1s} be the complex
embeddings of K. This gives an embedding?

oc: K =R xC°
ola) = (1a,...,05).

Identify V' = R" x C* with R™ using the basis {1,i} for C.

Proposition 3.3.1: Let a be an ideal in Ok. Then o(a) is a full lattice in V' and the volume
of its parallelopiped is 2% - Na - \AK|%.

Proof. Let ay,...,a, be a basis for a as a Z-module. To prove that o(a) is a lattice,
we need to show o(ay),...,0(a,) are linearly independent, i.e. the following has nonzero
determinant:
o1(ar) - op(an) Rlorpa(en)) S(or(a))
S(or1(a2))

A= | oilaz) - op(a2) Rlori(az))

To do this we relate this to the matrix

oi(ar) - op(ar) orpa(ar) orpa(an)
B=| oilaz) - o) orpi(ae) opa(an)

1

Note det(B) = +disc(ay, ..., ay)2 # 0. Let J = 2

21

N[ =0 | =

) . Then

Lo o M/

I,
0
0

o Qo

A=B

Using
disc(ay, ..., an) = [O : a]? - | disc(Ok /Z)|

we get that the volume of a fundamental parallelopiped for D is

=2"°.Na- |AK|%

N

u(D) =|det(A)| = 27% det(B)| = 27| disc(ay, . . ., )|

(In particular, this is nonzero.) [l

!This is the canonical embedding K < K ®g R: Indeed, by Chinese Remainder

K ©g R = Qla]/(f(x) ©g R = [ [Rlal/(x — 0:0) x [[(Rlal/(z — 074;0)(x — 57570)) = R x C".
i=1 j=1
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Theorem 3.3.2. Let a be a nonzero ideal in Og. Then a contains a nonzero element o of

K with AN g
| Nm(a)| < () " NalAg]E
T nn

Proof. The norm on K translates into the “norm”

NI(T1, .o Ty Zgs - s Zrgs) = 21| 20| [2eg1 [P - - [20ss |

However, Nx < r is by no means a compact convex set. Fortunately, however, we note by
the AM-GM inequality that

(3.2)

Sher TR 2370 |Zr+k|>n
n

INm)| = 1] - [z 2rsal? < (

Defining the norm ||| on V' =R" x C* by

T S
(21, @ Zogts s zeps) | = D |l 2 ) 24,
k=1 k=r+1

and letting B(t) = {z € V : ||z|| < t}, B(Nm,t) = {z € V : | Nm(z)| < t}, we see from (3.2)
that i
B(t)C B (Nm, ) . (3.3)
/rLTL

To apply Minkowski we need some computations.

Lemma 3.3.3. The volume of B(t) ={x € V : ||z| <t} is

n

W(B(t)) = zrsws;!.

Proof. We write the complex variables as z, = xp + yit. Let

B,(t) - {(1’1, ey Ty T s Yrg 1y - 7$T+Sayr+s) € B(t) XLy Ty Z 0} .

Write dV = dxy - - - dz,,. Using symmetry and a polar change of coordinates, we compute

uBt) =2 [

av de+1 derrl e de+S derrs (34)
B/(1)

- 2T/ (pr—i—l T pr—l—s) av dpr+1 d‘gr—l-l T dpr—l—s der—l—s (35)
zl,...,x,«ZO,ka+22pk§t

2r—252ﬁ8/ it Pras) AV dppiq - dpya
( ) TLyeeey xTzoyzwaerkSt(p +1 p + ) p +1 p +
1
— 2r—sﬂst(r+s)+s— »
((r+s)+s)! (3.6)
n
=2
n!

Note (3.4) follows by symmetry, (3.5) follows from polar change of coordinates, and (3.6)
follows from the lemma below. O]
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Lemma 3.3.4.

I(a; +1)--T(am+1)

xal ...xam dx ...dxm :tm"‘Z;iﬂli .
! ! C(a;+ -+ am +m—+1)

m

/Ii>0,z z; <t

Proof. Making the substitution x; = ta}, dx; = t dx), we find that the integral equals

m .
gD iy i / T day - day,.
;20,3 2;<1

Hence it suffices to prove the lemma for ¢t = 1.

For m = 1, note
1 1 I'(a+1)
ad pum pu— .
/0 T YL T T+

For m = 2, let B(a,3) = 3 v* (1 —v)? ' dv. We need to show B(a, ) = LD - By
Fubini,

D(a)'(B) = / / s e st0 e ds dt = / / s@ 1P Lo+ gs dt.
o Jo o Jo
Note F : (0,00) x (0,1) — (0,00)? with F(u,v) = (uv,u(1—v)) is a diffeomorphism. Indeed,

it has an inverse F~!(s,t) = (t + s, His) hence is bijective and its Jacobian is det (1%, %, ) =
u # 0. Using the change of variables (s,t) = F(u,v) gives

1 roo 1 roo
/ / (uv)* Hu(1 — v)) P te =Dy gy dy = / / u* P e (1 — 0)P du do
0 Jo 0 Jo

— /0 W du) < /0 Ll (1 = ) dv)

=D(a+p)B(a, p),

as needed.
Now we use induction; suppose the theorem proved for m — 1. We have

1
ar ., pom ...dm:/ am/ 9t dey e da da,
/xz-zoaz:"lm B i
1 -
e / x?nm(l - xm)m71+2i=11ai F(al + 1) F(am_l + 1) dxm
0 C(ag + -+ am_1 +m)
_ T(an +D)0(EE as +m) T(ar+1)--T(am 1 +1)
Llay+---+am+m+1) Tlar+-+an1+m)
(e +1)---T(am +1)
T(a1+ -+ am+m+1)
using the induction hypothesis and the m = 2 case. O
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Taking

2nfr
t= \/n' -Na|Ag|2

7-‘-8
we find by Lemma 3.3.3 that

t 1
u(B(t)) =2 n = 2" (27*NajAg () = 2"u(D)

where D is the fundamental parallelopiped. Note that B(t) is a closed ball, and it is convex
by the triangle inequality. Hence by Minkowski’s Theorem, B(t) contains an element of o(a).
For this element, we have by (3.3) that

t" 4 5 n' 1
N < —=1[—] —Na|Aglz. ]
mija(a) < = () TeNelax!

Theorem 3.3.5. Suppose K/Q is an extension of degree n, and let A = disc(K/Q). Let 2s
be the number of nonreal complex embeddings of K. Then there exists a set of representatives
for the ideal class group CI(K) consisting of integral ideals a with

77,' 4 5 1
N < 5 () 18alh
n" \m
—_————
Ck

Proof. Given a fractional ideal ¢, there exists b such that
be = (d)

is principal. By Theorem 3.3.2, there is an element 8 € b of norm at most (%)S %Nb]AK\%.
Since () € b we have

ab = (5)

for some a. Note a ~ b~! ~ ¢, and taking norms of the above equation gives

4 2 77,' 1
Nadtb = N(B) < (ﬂ) —Nb| Ak

Canceling 91b gives that a is the desired representative. O]
Theorem 3.3.6. The class number of K 1is finite.

Proof. By Theorem 3.3.5, every ideal class has a representative with norm at most Cx | Ax]| 3.
Thus it suffices show the following (take €' = Ci|Ax|2).

Lemma 3.3.7. There are only a finite number of integral ideals a with Na < C (take
C =Cgl|Ak|?).
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Proof. Suppose a is an integral ideal. Write a = [ p;*. Let (p;) = p;, NZ and f; = [O /p; :
Z/(p;)]. Then

Na = ][]p/"".
Given Na < (| there are a finite possibilities for the p; and hence p;, as well as for the r;. [
O
The bound in Theorem 3.3.5 also gives the following corollaries.
Theorem 3.3.8. Fvery algebraic extension of Q ramifies over Q.

Proof. 1t suffices to prove this statement for finite extensions. Let K/Q be a finite extension.
By Theorem 3.3.2, every ideal contains a representative o with

4\° n!
1 < [Nm(a)| < () ey
T) n"
Hence we have )
n (w2
|AK12W(Z> > 1. (3.7)

The last inequality comes from the fact that defining a, = @ (g)%, we have that ay > 1

n!
1 n
and%:(g)z(l—k%) > 1 forn > 2.
Since Ag > 1 and every prime dividing the discriminant ramifies (Theorem 2.6.1), K/Q
is ramified. O

Corollary 3.3.9. There does not exist an irreducible monic polynomial f(X) € Z[X] of
degree greater than 1 with discriminant +1.

Proof. Let f be an irreducible monic polynomial of degree greater than 1. Let a be a root
of f. By Theorem 3.3.8, Q[a] is ramified over Q. By (3.7), |[Ax| > 1. Then

disc(f) = disc(Z[a]/Z) = |Ak| - [Ok : Z[a]]* > 1. O

4 Example: Quadratic extensions

To compute the class group in quadratic extensions, note the following two facts.

1. The complete description of prime ideals is given by Example ?? (actually put this
in!).

2. By Theorem 3.3.2, each ideal class has a representative of norm at most %\A K|%.

In fact, Minkowski’s bound can be improved in the quadratic case.
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Theorem 3.4.1. (*) Let K = Q(\/d) where d is a negative squarefree integer. Let

,u:{\/@’ d=1 (mod 4)

2/ d=2,3 (mod 4).

FEvery ideal class in Ok has a representative a with
MNa < p.

Proof. First we show that every ideal a has an element a # 0 with Nmg g(a) < p9(a). For
a lattice L let A(L) be the area of a fundamental parallelogram.
Note that Nmy/g(z) = |2[>. An ideal a of K forms a lattice in C. Let a be the element
of minimal nonzero norm in a and b be the element of minimal nonzero norm that is not a
integer multiple of a. By the minimality assumption, since b —a cannot be a integer multiple
of a, we have
|b—a| = [b] = [a]

Let A, B denote the points a,b and O the origin. Using the fact that in a triangle the side
lengths are in the same order least-to-greatest as the opposite angles, we get that in the
triangle AOB, the angle at O is largest, in particular at least 60°. Let O" be so that OAO’B
is a parallelogram. The minimality assumption similarly forces OO’ > AO, AO’, so we get
ZOAO" > 60°. Thus

60° < LZAOB < 120°. (3.8)

Furthermore, the parallelogram with sides OA and OB is a fundamental parallelogram:
Suppose C' is the point ¢ € a, and is in the triangle OAB but not any of the vertices. Let
OC intersect AB at C'. We have ZOC'B > ZOAB > ZABO = ZC’'BO, where the middle
inequality is from OB > OA. Hence looking at AOC'B, OB > OC' > OC, contradicting
minimality of b. Similarly, if C'is in ABO’, then we have |a+b—c| < ||, also a contradiction.

By (3.8), the area of the fundamental parallelogram is

A(Og)Na = A(a) = |ab|sin LZAOB > \a]2\g§ = \gg Nmg/g(a).
Solving gives

NmK/Q(a) < %A(OK)WC(

Finally note that for d =1 (mod 4), a basis for O is (1, 1+2‘/‘§) while for d = 2,3 (mod 4)

the basis is (1, \/E) The fundamental parallelograms have areas @ and v/d, respectively,
giving
Nmg g(a) < pMa.
Given a fractional ideal ¢, there exists b such that

bc = (d)

42



Number Theory, §3.4

is principal. By the above, there is an element b € b of norm at most p9tb. Since (b) C b
we have

ab = (b)

for some a. Note a ~ b™! ~ ¢, and taking norms of the above equation gives

NaNb = N(b) < uNb.

Canceling 91b gives that a is the desired representative. O]

We give an example of computing the class group. The general procedure to compute
the class group of A = Ok where K = @(\/E) and d is negative and squarefree is as follows.

1.

2.

List the primes p < |p].

For each p, determine whether p splits in A by checking whether

-+ d
f(l’) T {.IZ—d, d

1 (mod 4)
2,3 (mod 4)

is irreducible.
If p = aa splits in A, include it in the list of generators.

Compute the norm of some small elements (with prime divisors in the list found above),
like k + 6 for k € Ny, § = /d or % depending on d (mod 4). Factor Nmg/g(a) to
factor

(a)(@) = (Nmg/q(a));

match factors using unique factorization. Note (a) ~ (@) ~ 1. Repeat until there are
enough relations to determine the group.

For the prime 2, if d = 2,3 (mod 4), 2 ramifies, (2) = p?, and p has order 2 for
d# —1,—2. (Note p = (2,0) and (2,1 + ) in these two cases, respectively.)

We first consider the cases when the class group is trivial.

Theorem 3.4.2. The rings

1+ vd
ZIV=1), ZV=2], Z [ * \q d=—3,-7,-19, —43, —67, 163

are unique factorization domains.

In fact, they are the only ones (part of Gauss’s class number problem).
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Proof. Note Z[\/—1], Z[\/—2], and Z [HT‘/&} are Euclidean domains and hence unique fac-
torization domain.

The class group of Z {HT*/&}

is generated by the classes of prime ideals whose norms are
prime integers p < p, which are the factors of (p) when it splits. When d =1 (mod 4) as in
all the remaining cases, an integer prime p remains prime in 7Z [L‘Q/Td} iff 22 — 2z — i(l —d)
is irreducible modulo p, iff 22 — z — i(l — d) has no zero modulo p. We show that for
d= —T7,-11,-19, 43, 67, —163, 2> — x — i(l — d) is irreducible modulo all primes less
than p. Then no prime ideals have norms that are prime integers p < u, and the only ideal
class is that of the principal ideals. Tt follows that Z[v/d] is a principal ideal domain and
hence a unique factorization domain.

d L], p = \;’i\ 2> —z+3(1—d) | Primes p < [u], 22 — z + 3(1 — d) (mod p)
-7 _\/gjzl None
11| [VE] =1 None
-19 || 1—??7:2 22 —x+5 22’ +ar+1=1forz=0,1
43 || 4—??_:3 22 —x+11 22’ +r+1=1forxz=0,1
9 2?1 —1 forxz=0,1
1 for x =2
-67 {\/6%:4 22—+ 17 2224+ 2x+1=1forx=0,1
N —1 forx=0,1
1 for x = 2
-163 L LSSJ:7 22—z +41 2224+ 2x+1=1forx=0,1
g 2 g1 —1 forxz=0,1
1 for x =2
1 forxz=0,1
S:a?—x+1=43 forz=42
2 forx=3
—1 forxz=0,1
M S 1 for x = 2,6
5 for x = 3,5
4 for x =4

]

Example 3.4.3: We compute the class group of Z[v/—41].
For d = —41, |u] = {2\/%J = T7. Modulo 2, 3, 5, and 7, -41 is congruent to 1, 1, 4, and
1, which are all squares. Factor

2) = A4
3) = BB
5) = CC
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Then the class group is generated by (A), (B),(C), (D). (Note that (4) = (A7 ete.) We
have
(14 8)(1+9) = (42) = (2)(3)(7) = AABBDD.

If a prime ideal P divides (1 + §) then P divides (1 + ). Hence the conjugate factors are
divided between (1 + ) and (1 + 0). Without loss of generality, we can suppose

(1+0)=ABD.
The class of a principal ideal is the identity in the class group, so
(A)(B) (D) = 1. (3.9)
Next consider
(24 0)(2+0) = (45) = (3)%(5) = B’B°CC.

Note that 3 does not divide 2+ 6 so BB = (3) doesn’t divide (2 + §). Thus B2, B° divide
(2+94), (2+9) in some order. Since we haven’t distinguished between C and C' yet, we may

assume WLOG that (B)? (C), <§>2 (C) are equal to (24 0) and (2 + 0) in some order, and

or

(C)=(B)*. (3.10)
Similarly, looking at

(3+0)(3+0) = (50) = (2)(5)* = AACC”,
we get that
(A) (C)Y =10r (A)(C)" =1.

Noting that A = A (since (2) = (2,1 +6)(2,1 — ) and (2,1 + ) = (2,1 — §) when d = 3
(mod 4) by [Artin, 13.8.4]),
(A) = (C)*. (3.11)

From (3.10) we may omit (C') from the list of generators for the group, from (3.11) we
may omit (A), and from (3.9) we may omit (D). Thus the class group is the cyclic group
generated by (B). From (3.10) and (3.11), we get

(4) = (B)". (3.12)

Since A is not principal, (B)! # 1. Note (A) = (A) = (A)™" implies (A)* = 1. Combining
this with (3.12) gives that (B)® = 1. Since (B)" # 1 for any proper divisor n of 8 (it sufficed
to check n = 4), the class group is cyclic of order 8, Cs.
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Chapter 4

The algebra of quadratic forms

We follow Cox [Cox89], except for the proof of Gauss composition, when we follow Cassels
(add reference). The last section is based on Bhargava’s paper [Bha04].

1 Quadratic forms

Definition 4.1.1: Let R be an integral domain. A quadratic form on R is a function on
R™, in the form

f(9517-~7$n): Z AijTiTy.

1<i<j<n

Supposing R is a UFD, we say f is primitive iff ged;<;<;<, a;; = 1.

A quadratic form may be represented by a matrix

r aig al,n—1 ai,n T
ail =52 e —5 —n
a2 a . 42,1 a2,n

2 22 2 2
al1n—1 a2 n—1 an—1,n
B D) ot Gp—1n-1 D)
ailn a2 n . an—1,n a
L 2 2 2 nn 4

(working in K = Frac(R) as necessary to allow division by 2); we have
f(x) = xQx".

Definition 4.1.2: We say two forms f and ¢ are equivalent if there are is an invertible
matrix A (i.e. a matrix with determinant a unit) such that

f(x) = g(xA").
We say f and g are properly equivalent if det(A) = 1.
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Note that the matrices corresponding to f and ¢ are related by
Q= ATQ,A.

For the rest of this chapter, we will focus on integral binary quadratic forms, i.e. those
in two variables over Z.

2 Representing integers

Definition 4.2.1: We say that f represents n if there exists x = (x1,...,x,) such that
f(x) =n. Wesay that f properly represents n if we can choose x so that ged(z1, ..., x,) =
1.

Lemma 4.2.2. A form f(x,y) properly represents n if and only if f(z,y) is properly equiv-
alent to the form nz? + b'xy + dy? for some V', € Z.

Proof. 1t f(p,q) = n with (p, q) relatively prime, then by Bézout we can find r, s such that
ps —qr = 1. Let f(z,y) = ax® + bxy + cy®. Then f is equivalent to
f(pz +ry, qx + sy) = f(p, q) x> + (2apr + bps + brq + 2cqs)zy + f(r, s)y>.
——

n

For the converse, note that nz? + bry + cy® properly represents n by taking (z,y) =
(1,0). O

Theorem 4.2.3. Let n # 0 and d be integers. Then the following are equivalent.

1. There exists a binary quadratic form of discriminant d which properly represents n.

2. d 1is square modulo 4n.

Proof. Suppose f is a binary quadratic form of discriminant d properly representing n. Then
by Lemma 4.2.2, f is equivalent to some form nz? + bxy + cy?. Hence the discriminant is
d =b* — 4nc, and d = b* (mod 4n).
Conversely, suppose b*> = d (mod 4n), so b* = d+4nc for some integer n, i.e. d = b*—4nc.
Then
f(z,y) = na® + by + cy?

properly represents n, as f(1,0) = n, and disc(f) = b* — 4nc = d. O
Corollary 4.2.4. Letn be an integer and p an odd prime not representing n. Then (’7”) =1
iff p is represented by a primitive form of discriminant —4n.

Proof. Note (%L) =1iff (%‘") = 1, and this is equivalent to the second statement by the
theorem. O

The results in this section are particularly useful if there are few quadratic forms with
determinant d. There is a method to list all these quadratic forms, as we will show in the
next section.
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3 Reduction of quadratic forms

We would like to have a canonical representative for every equivalence class of binary
quadratic forms. We choose the one with “smallest” coefficients. This is made precise
by the following definition.

Definition 4.3.1: A positive definite binary quadratic form az? + bxy + cy? is reduced if
it is primitive and
b <a<ec
and
b>0if [b| =aora=c.

Theorem 4.3.2. Every equivalence class of primitive binary quadratic forms contains exactly
one reduced form.

Proof. Existence, Step 1: We first show there is a form in the class with |b| < a < c.
Take the form f(z) = ax® + bxry + cy? in the equivalence class such that |b| is smallest.
Note a, ¢ > 0 because the form is positive definite. We claim that a, ¢ > |b]. Indeed, we have

flz+my,y) = ax® + (2am + b)ay + (am® + c)y?,

so —b < 2am +b < b for all m € Z, giving a > |b|. Similarly, ¢ > |b].
Next, if a > ¢, then replacing (z,y) by (—y,x) we get ¢ > a > |b|.

Step 2: The form is reduced unless b < 0 and a = —b or a = ¢. We tackle these cases next.
In these cases ax? — bxy + cy? is reduced, so it suffices to show ax? &by + cy? are equivalent.
In these two cases we make the following substitutions:

f(:v,y):axz—axy+cy2 = f(:v+y,y):ax2+axy+cy2

flz,y) = az? + bry + ay? = f(=y,z) = az? — bxy + ay®.

Uniqueness, Step 1: We claim that for (z,y) € Z* with zy # 0, and f(z,y) = ax?+ bxy + cy?
with a,c > |b|, we have

f(@,y) = (a —[b] + ¢) min(z?, y*).
Indeed, without loss of generality assume x > y. Then
flz,y) > (a— b))y +cy® > (a — o + c)y*.

As a corollary, for xy # 0,
az® +bxy +cy® > a—|b] +c

with equality iff z,y = £1, zy = — sign(b).
Step 2: To distinguish between reduced forms, we examine the smallest nonzero values at-

tained by a them, and the number of primitive solutions to them. Note all solutions (z,y)
with zy = 0 and one of |z|, |y| > 2 are removed from consideration.

49



Number Theory, §4.3

1. If || < a < ¢, then the smallest values attained by f primitively are
a<c<a-lbl+c
with solutions (£1,0), (0 £ 1) and £(—1,sign(b)) respectively.
2. If b> 0 and |b| = a < ¢, then the smallest values attained by f primitively are
a<c=a—|b|+c
the first has 2 solutions and the latter has 4 primitive solutions.
3. If b >0 and |b| < a = ¢, then the smallest values attained by f primitively are
a=c<a-—|b+c
the first has 4 solutions and the latter has 2 primitive solutions.
4. If b > 0 and |b| = a = ¢, then the smallest value attained by f primitively is
a=c=a—1b|+c
which has 6 primitive solutions.

After examining this data, the only reduced forms that could be equivalent are those falling
in the first category with opposite b’s, i.e. ax? £ bwy + cy?. But any change of variables
sending one to the other must preserve the solutions (£1,0) and (0, £1), so must have matrix

(%1 2 ) If this matrix has determinant 1, then it must be £/ and cannot change between
the two forms. 0

Suppose d < 0; note that there is an algorithm to list all reduced quadratic forms with
discriminant d. The conditions |b| < a < ¢ and b* — 4ac = d give

d=101*—4ac < a® — 4a®> = —3d’.

Hence

d
a <\ —-—.
- 3

We simply check for solutions to b* — 4ac = d for all 0 < |b| < a < \/—g.

3.1 Examples

Example 4.3.3: When n = 1,2, 3, the above check gives that the only reduced form of
discriminant —4n is 22 + ny?.

Combining this fact with Theorem 4.2.3, we get that f properly represents m iff d := —4n
is a square modulo 4m, i.e. —1 is a square modulo m. Thus we have the chain of equivalences:
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—_

. [ represents m.

[\

. f properly represents ;3 for some square factor k* | m.

3. d is a square modulo 73 for some m.

. d is a square modulo 75 for the largest square factor k| m.

W

5. d is a square modulo p for every p | m with ord,(m) odd.

By quadratic reciprocity, we have

Hence we have the following.

m represented by | iff every such prime has even exponent in m
x? + y? p=3 (mod 4)
22 + 297 p=5,7 (mod 8)
x? + 3y? p=2 (mod 3)

Compare this with the proof using factorization in Z[y/—d].! In particular, note that
Z[V/—d) is a UFD when d = 1,2, and in these cases, there is exactly one form of discriminant
—4d. This is not a coincidence!

Next we show the following.

Example 4.3.4: A positive integer n is represented by z? + 5y iff
1. Any prime p = 11,13,17,19 (mod 20) appears in n with even exponent.

2. There are an even number of prime divisors that are p = 2,3,7 (mod 20), counting
multiplicity.

3. (No restriction on primes p =1,5,9 (mod 20).)

Note this condition is quite different from the ones before!

'When d = 3 we have to be slightly careful.
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Proof 1. This time we have to check a < \/—% < 3. The reduced forms of discriminant —20
are

f(z) ;= 2* + 5¢°
g(z) = 22° + 2y + 3y°.

We run into trouble already: Theorem 4.2.3 fails to distinguish between these. We still start
with the same argument, though.

Step 1: By Corollary 4.2.3, a prime p is represented by f or g iff (%’) = 1. By quadratic
reciprocity,

(—5) _ <Q) 1, p=1,3,7,9 (mod 20)

p) -1, p=11,13,17,19 (mod 20).

Step 2: Now we distinguish between these two cases. By checking modulo 4, we see that
f only represents primes p = 1,9 (mod 20) (and 5) and g only represents primes p = 3,7
(mod 20) (and 2).2 By Step 1, f, g must represent all of these respective primes.

Step 3: We have the desired result for primes. How to pass to products of primes? First note
that primes p = 11,13,17,19 (mod 20) have to appear with even exponent (if 2 + 5y* = 0

(mod p), since (%) = —1, we must have p | z,y; now divide x,y by p and repeat).
Now consider the magical identity

(227 + 2xy + 3y%)(22° 4 22w + 3w?) = (2zy + 2w + yz + 3yw)? + 5(aw — yz)?, (4.1

which says that a product of numbers represented by ¢ is represented by f! This immediately

gives the sufficiency condition.
For the necessary condition, note we may divide x,y by 2 until they are not both even.
Now take it modulo 8 to see that n = 1,4,5,6 (mod 8). This gives that item 2 is necessary.
m

Wait a minute. Where does the magical identity come from? Historically this was the
way such problems were solved, and in fact the motivation for composing quadratic forms:
for primitive quadratic forms f, g, h, we say f o g = h iff there exist integral bilinear forms
By, B, satisfying certain conditions such that

fx)g(y) = h(Bi(x,y), Ba(x,y))-

We won’t go into the historical details, because the modern way of thinking of composition
is cleaner (see Section 5). We know we had the “composition law”

(a® +b*)(c* + d*) = (ac — bd)* + (ad + be)?.

2These sets are disjoint; we say f, g are unique in their genus.
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We can view this as coming from the identity
Nmg/g(a + bi) Nmg g(c + di) = Nmg/g((a + bi)(c + di)) (4.2)
where K = Q(4), so Nmg/g(z) = |z]2. We now look at a different proof of Example 4.3.4.

Proof 2. This time the complication comes from that Z[v/—5] is not a UFD, nor PID; its
ideal class group has order 2, with representatives

a=1
b=(3,1++v-5H).
Step 1: Let p be prime. As in the proof of Theorem 3.2.1, we factor the equation 2245y = p

in Z[v/—5] to get
(z +V=by)(z — vV=by) = p.

Now we know the ideal (p) splits iff 2 +5 (mod p) splits, i.e. (%’) = 1. We calculated that
this happens when p =1,3,5,7,9 (mod 20).

Step 2: So if p is of the above form, we know that either p is a product of two principal
ideals, or two (conjugate) ideals similar to b. In the two cases, we have respectively

(p) = A(3, 1+ V=B)X(3,1+ v/—b)
for some A € Q(1/—5). Then calculating the norm of the ideal in K = Q(v/—5) gives

p = Nmg/g(A)
b= m((?)v 1+ \/__5>> NmK/Q<)‘>2'

Let A = 2 + yv/—5. In the first case, we must have p = 2% + 532, so p = 1,5,9 (mod 20),
while in the second case, we must have p = 3(22 + 5y?) (z,y € Q, here) so when p is odd,
p=3-1,3-9 (mod 20). (We can check that x,y do not have 2 or 5 in the denominator
by an infinite descent argument, so we may consider =,y € Z/20Z.) p = 2 is possible as
(2,14 +v/=5)% = (2). Thus again we've distinguished between the two cases.

Step 3: A prime p = 1,5,9 (mod 20) splits into two principal ideals, a prime p = 2,3,7
(mod 20) splits into two ideals of type b, and a prime p = 11,13,17,19 (mod 20) remains
prime. In order for (n) to split into two principal ideals, we must be able to write

(n) =cc

where ¢ is a product of ideals, containing an even number of prime ideals of type b, and ¢
contains the conjugates of those ideals. (Two ideals of type b multiply to a principal ideal.)
The result follows. O
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It seems like the quadratic forms in the first proof are related to the ideals in the second
proof. This is indeed the case: we can explain (4.1) similarly to (4.2) by

Nmg (22 + (1 ++/=5)y) Nmgyg(2z + (1 + V—=5)w)
N(2,1+v/-5) N(2,1+v-5)
N2+ (14 V) 2z + (14 VHw)
N((2))

The two forms on the LHS are exactly those on the LHS of (4.1) while that on the RHS
can be written in the form B? + 5B3 because 1 (2z + (1 + v/=5)y)(2z + (1 + v/=5)w) is an
integral ideal. We will see that in this way the group law on ideal classes translates into a
group law on quadratic forms.

After we establish Gauss composition, we will show the equivalence between a quadratic
form () representing a prime p, and (p) splitting into ideals of a certain form (Theorem 4.5.4).
The above proof was a specific example of this.

4 Ideals on quadratic rings

Definition 4.4.1: We will be considering rings that are free Z-modules of finite rank. We
call such rings quadratic, cubic, quartic, and quintic, if the rank is 2, 3, 4, or 5, respec-
tively.

The rings we are primarily interested are integral domains, which are exactly the rings
that can be embedded in field extensions.

Definition 4.4.2: An order O in a finite extension K/Q is a subring of K containing 1,
that is a free Z-module of rank [K : Q).

The maximal order of K is simply Og, the ring of integers of K.

Definition 4.4.3: Let R be a ring that is a free Z-module of finite rank. The conductor
of R is the greatest integer n for which there exists a ring 7" such that

O=Z+nT.
(Necessarily, T' has the same rank.)

If S is a quadratic ring then S = (1,7) for some 7 satisfying a quadratic equation
72 4 br + ¢ = 0. If this polynomial is irreducible over Z, then S can be embedded in a
quadratic field extension. Otherwise, S is not an integral domain. We make the following
definitions. The first four are equivalent to our previous definitions when S is integrally
closed.

1. The discriminant of S is the discriminant of the characteristic polynomial, b? — 4c.
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2. Conjugation is the linear transformation that takes 1 to 1 and switches the zeros of
%+ br + c.

3. The norm of an element a € S is aa.

4. The numerical norm Ng(a) of an ideal a € R to be [R: I] = |R/I|.?
5. A basis («, ) for a C R is positively oriented if

a o

B Bl _aBf-pa
disc(S)  d >0

We now describe all quadratic rings.

Proposition 4.4.4: There is a bijection between D = {d€Z:d=0,1 (mod 4)} and
quadratic rings (up to isomorphism), given by

S dw Zry]

where 7, satisfies a monic quadratic equation with discriminant d.
Moreover,
2
d= f dK7

where f is the conductor of Z[1,;] and, when d is nonsquare, dy is the discriminant of Q(7,)

(dg =0,1 (mod 4) and 16 1 dg).
1. An integer d € D corresponds to a integral domain if and only if d is not a square.
2. If d = 0 then S(d) = Z[z]/(«?).
3. If d is a nonzero square then S(d) = Z- (1,1) + Vd(Z & 7).

4. I dg =1 (mod 4), di # 1, then S(d) = Z[f7] = (1, fr) where 7 = 1Y%,

ot

. If d = 0 (mod 4) then S(d) = Z[fr] = (1, fr) where 7 = Y2X—the root of the
nonsquare part of d.

Proof. Note the map is well-defined, because any two quadratic equations with discriminant
d, say 2+ bjx +¢j, j = 1,2, have by = by = d (mod 2) and hence are related by the change
of variable x + x + k for some k. The map is injective because the discriminant doesn’t
change under replacing 7 with 7 + k.

3For fractional ideals a, i.e. R-submodules of R ®z Q, take a fractional ideal b containing a and R and

define Ng(a) = [[:f;i]].
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For item 1, note d is a square iff the characteristic polynomial factors. Item 2 is clear;
for item 3 note that we have the homomorphism

Zlr]/(7? — d) < Z[7]/ (1 — Vd) x Z[7] /(T + Vd) = Z x Z
1 (1,1)
T — (\/E, —\/a)
with image Z - (1,1) + Vd(Z © Z).

Now write d = f2dg; we will show f is the conductor. Choose b = 0 or 1 with b = d
(mod 4) and ¢ such that * — 4c = d, and let

2
—fb+f@]
——.

S(dk) = ZIrl /(1 + b7 + ) = Z [W]

S(d) = Z[r) /(72 + fbr + fo) = Z [

Now S(dk) is the ring of integers of S(d), so the largest quadratic ring containing S(d);
moreover the above representation gives

S(d) = Z + £S(dy), (4.3)

so f must be the conductor.
Items 4 and 5 come from (4.3) and the fact that Z {%} = Z[Tk]. O

4.1 Proper and invertible ideals

From now on, assume that d is not a square. We create a bijection between the “ideal
class group” of a quadratic ring of discriminant d and quadratic forms of discriminant d.
To do this we first have to define the “ideal class group” of a quadratic ring. This is more
complicated than defining it for a ring of integers, because a general order is not a Dedekind
domain. We find that we first have to restrict the ideals under consideration, in order for
inverses to exist.* Later we restrict the ideals further so that we have unique factorization.

Definition 4.4.5: A proper ideal of O is an ideal such that
O={peK:paCa}.
(In general we only have C.)

Note that for the maximal order O, all ideals are proper, and for any order, all principal
ideals are proper. Furthermore, any ideal is proper for exactly most one order, namely the
order {# € K : fa C a}. The following tells us exactly which order that is.

4Else we only get a semigroup.
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Lemma 4.4.6. Suppose a = («a, 3) is an ideal in a order of a quadratic field.
Suppose T = g has degree 2 over Q and satisfies the equation

ax’+br+c=0

where a > 0, b, and ¢ are integers with ged(a,b,¢) = 1. Let K = Q(7). Then a is a proper
ideal of R := (1,at), and
) = NmK/Q(a)

‘ﬁR(a
a

Proof. Let O be the order. Now (1,7) is also a fractional ideal of O C Q(7). We know
O ={p €K :paCa}. Now, (3 is in this set iff

Be(lr)
pr € (1,7),

ie.
B = p—+ qt for some p,q € Z

BT =(p+qr)T =pT +q (—27— Z) € (1,7);

since ged(a, b, c¢) = 1, this is true iff a | ¢. Hence O = (1, ar).
For the second part, note

[]

Proposition 4.4.7: Let a be a fractional O-ideal. Then a is proper iff it is invertible. Hence
the proper fractional ideals form a group I(Q) under multiplication.

Proof. If a is invertible, then ab = O for some b. If Sa C a, then
SO = p(ab) = (fa)b Cab =0

so B € O. This shows a is proper.
Conversely, suppose a is proper. Write a = a(1, 7). Letting az? + bx + ¢ be the minimal
polynomial of 7 with integer coefficients, by Lemma 4.4.6, O = (1,a7). We show that

N
o = mx/e(e) 0.

a

it will follow that NmKiQ (a)ﬁ is the inverse of a.
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First note O = O, since O = (1,ar) = (1,a7) (on account of ar + a7 = —b). Hence a is
actually an ideal of O. Next, we calculate

aa = (1, 7)a(l,7)
= Nmg/g(a)(1,7,7,77)

(a)
= Nmg/g(a) (1, T+T,T, _§>

= Nmg g(a) (1, —é, —E, T>

a  a
N
a
as needed (using ged(a, b, c) = 1 in the last step). O

Let P(O) be the subgroup of principal ideals in 7(O). Define the class group of O to
be

C(0) = 1(0)/ P(0).

Let PT(O) be the subgroup of principal ideals in the form («) where « is totally positive, i.e.
positive under every real embedding. (This is an empty condition if O is imaginary.) Define
the narrow class group of O to be

C*(0) = 1(0)/P(0).

(This is an example of what is called a ray class group in class field theory.)

5 Gauss composition

Theorem 4.5.1 (Correspondence between ideals and binary quadratic forms). There is a
bijection between

1. narrow ideals classes in quadratic rings with given orientation and

2. binary quadratic forms (up to proper equivalence),

given by
N
((1, —b;ﬂ) N/ l_b;\/ﬂ> — Q(z,y) = ax® + bay + cy?

where K is the quadratic field containing a, («, B) is a positively oriented basis for a, and
d = b* — 4ac. This restricts to a bijection between invertible oriented ideal classes in the
order of discriminant d and primitive binary quadratic forms of discriminant d:

CH(O(d) & C(d).
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Corollary 4.5.2 (Gauss composition). There exists a group structure on equivalence classes
of binary quadratic forms, induced by the group structure on ideal classes.

Proof. Step 1: We show the forward map is well-defined. We need to check two things.
. . . . . Nm arr—a
1. Change of basis gives an equivalent form: Temporarily write Qq, 4, (%, y) = W.
Suppose a = (a1, az) = (b1, b2) where both bases are positively oriented. We can write

R
Nmg /g ((957?/) (_bgl)z)) Nmgg ((m, v)A (_622))

Qbhbz (l’, y) = mR(Cl) = mR(a) = Qal,az ((ZL‘, y)A)
(4.4)

Then

so the quadratic forms are equivalent.

2. Multiplying by a totally positive element gives an equivalent form: Suppose A is totally
positive. Then Nmg,g(A) > 0. First note that (Aa;, Aag) is also positively oriented:

Aa; Aay a; ap
Aby A\by by by
% — Nmg/o(A) = > 0.
Then
~ Nm(Aa1z — Aapy)
Q)\a1,>\a2 (IE, y) - mR<)\u)
_ Nmg/g(mz — azy)
Nr(a)
= Qaya(,Y)
as needed.

Step 2: We show this map is injective. First note an alternate characterization for the forward
map. Writing (a, ) = a(1,7), we find that the quadratic form corresponding to («, ) is

N _
Quslery) =~ e
_ (az — By)(@z — By)
‘T(R(a)
_ aaz’® — (af +ap)zy + BBy
a ‘ﬁR(a)

_ Nmgg(a)

Mp(a) (4.5)

(z —1y)(z —Ty), 7=

° I®
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Suppose Qu;.45(2,y) ~ Qb 1, (z,y). By changing the basis of b = (by, by), which by (4.4)
corresponds to changing the basis of the quadratic form, we may assume Qg 4,(2,y) =
Qb by (2, y). The above factorization (4.5) says that one of the following holds:

1. 4= Z—; Letting A = 3+ = 2, we find a = Ab. Since both bases are positively oriented,

Q
N)

a; ai
az Q3

bi b
by by

0< = Nmg g(A),

showing either A\ or —A is totally positive.

2. 4 = % We show that this kind of “disorientation” is impossible. Let A = & = 42,

as b1 b2
Then
ai al‘ a; ap
az Qg az Qg
0< — = — = =—N A
by by by by

giving Nmpg/g(A) < 0. But

(b1 — bay) (b1 — bay)

Qbhbz (l’,y) = mR(a
(e —ay)(@z —agy) (b1 = byy)(hix — boy) |
Qa1,a2<x7y) - mR(b) - )‘>‘ gh{(b) I

equating gives Nmp/q(A) > 0, contradiction.

Step 3: Applying the reverse map and then the forward map gives the identity.

Given Q(x,y) = ax® + bry + cy?> = a(r — Ty)(z — Ty), the reverse map takes it to
a:= (1,7). Note {1,7 := #a\/&} is in fact a Z-basis for (1,7) over R := Z[at| = Z {_”%‘/ﬂ
(not just a generating set over Q). Indeed, ar(7) = (—=br — ¢) € (1, 7). In exactly the same
way, {1,at} is a Z-basis for R over R.

By (4.5), the forward map then takes (a, R) to

le(a) (x —1y)(x —Ty) = [a: Rl(z — 1y)(x — Ty) = alx — 7y)(x — Ty).

Step 4: Invertible classes correspond to primitive forms. Suppose a = «(1,7) is invertible

Nm /g ()

and 7 satisfies az? + bz + ¢ = 0, where ged(a, b, ¢) = 1. Then by Lemma 4.4.6, a = o)

Hence by (4.5), the quadratic form is ax? + bxy + cy?, which is primitive.

Conversely suppose () is primitive. Then by Proposition 4.4.6, the corresponding ideal
(1,7) is proper in R := (1, ar).

The fact that the discriminant is preserved can be seen from the reverse map. O
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Example 4.5.3: We calculate the binary quadratic form corresponding to the order O of
discriminant d. This will be the identity element in the form class group C'(D). We have
O = (1,7) where

1+2\/37 d=1 (mod 4)
,
@, d=0 (mod 4)
Then
r? — 492 d=0 (mod 4)
z,y) = Nmg oz +y7) = 4
This is consistent with the fact that 22 — ¢ and 2* + 2 — %% are the minimal polynomials

of 7 in the two cases, respectively.

Theorem 4.5.4. Let a be an invertible ideal in the quadratic ring O and f its associated
quadratic binary form. Let m be a nonzero integer. Then the following are equivalent.

1. There exists a' in the same ideal class as a with

2. There ezists a' in the same ideal class as a with Np(a’) = m.
3. [ represents m.

Proof. Equivalence of the first two items is clear. We show (2) <= (3).

Suppose f represents m. Suppose m = d?a, and f represents a primitively. By Propo-
sition 4.2.2, f is equivalent to a form ax?® + bxy + cy®>. By Gauss composition, this form
corresponds to an ideal o' = a(1,7) with ar? + b7 + ¢ = 0 inside O = (1,a7). Hence

No(a’) = a. Then
‘ﬁ@(da’) = d2a,

as needed.
Conversely, suppose NMp(a) = m. Write a = «a(1,7) with Nmg,g(a) > 0. Suppose
at?+br + ¢ = 0 with ged(a, b, ¢) = 1, s0 O = (1,ar) and No((1,7)) = L. The corresponding
quadratic form is
Nmg gz — 1Y)
No((1,7))

g(z,y) = = aNmg gz — 7Y).

Since a« € O = (1,at), we have a = p—qar for some p, q € Z. We have ot = pr—q(—br—c) =
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(p+ gb)T + cq; since at € O = (1,ar) as well, we get %qb € Z. Now by Lemma 4.4.6,

m = No(a) = NmK/Q(a)

a

1
= aNmg q(p — qar)

1
= gg(p, aq)

()

—bg—p b
=y .q gz, y)=9g|—y—z,y).
a a

We showed above that % € 7, as needed. (Think of the last step as “root flipping.”) O

6 Ideal class group of an order

Suppose O is an order in the field K, and O is the ring of integers (the maximal order).
We want to relate C'(O) to C(Ok), because the latter is the most “natural” class group for
K. In reality, we will relate C'(O) to a quotient of a subgroup of I(Ok), a generalized ideal
class group of Ok.

After learning class field theory, which relates generalized class ideal class groups to
extensions of K, we will see that the primes represented by the quadratic form corresponding
to O can be characterized in terms of a certain field extensions L/K.

Definition 4.6.1: Define

Ik(f) ={a € Ik : a relatively prime to fOx}
Pr(Z, f) ={aOk :a=a (mod fOk) for some a € Z}
Ik(O, f) ={a € I(O) : a relatively prime to fO}.

Theorem 4.6.2. Let f be the conductor of O, i.e. O = Z+ fOk. There is an isomorphism
Ix(f)/ Px(Z, ) = 1(0)/P(O) = C(O)
induced by the map g : Ix(f) — 1(O),
gla)=anO.
First, a preliminary lemma.
Lemma 4.6.3. Let O be an order of conductor f. Then every O-ideal prime to f is proper.
Proof. Cox, Prop. 7.20. Suppose a is prime to f. Then a+ fO = O. Suppose Sa C a. Then

PO =p(a+ fO)=Pa+pfOCa+ fOx CO
so f € O. Thus a is proper. O
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Proof of Theorem 4.6.2. Step 1: We show there is a norm-preserving isomorphism

Ix(f) = 1(O, f)
a—anO

Step 2: The map above induces an isomorphism Ik (f)/Px(Z, f) — I(O, f)/P(O, f)

Step 3: The inclusion I(O, f) < I(O) induces an isomorphism (O, f)/P(O, f) — 1(O)/P(0O).
This follows from Theorem 10.1.1. O

7 Cube law

We now derive quadratic composition in a different way. We will associate a “cube” of
integers with three quadratic forms. In order to identify equivalent binary quadratic forms,
we mod out by SLy(Z)3. After decreeing that the sum of forms making up any cube is 0, we
find that we have

1. identified quadratic forms up to equivalence, and

2. recovered our original composition law.
Later we will see that these ideas generalize to composition laws for other polynomial forms
and associated ideals/rings.

Let Cy = Z? ® Z* ® Z*. Choosing a basis (vy,vs) for Z?, every element of C* can be

written in the form

avy @ V1 @ v + bvy @ v @ v1 + cva @ V1 @ V1 + dvy @ V2 ® vy
+ev ® U1 @ V2 + fu1 ® v ® Vg + gue ® V1 @ Va2 + hvy ® V2 ® vs.

We represent this graphically as a cube.

112 ———— 122

a%g,/f 111/ 121/
/g d/h 211/212221/222
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Think of this as a higher-dimensional analogue of a matrix. Let M;, N; for i = 1,2, 3 be the
two matrices obtained by slicing the cube along the 3 possible directions.

ue( ) ()
uet) 5=t )
w3 %G 1)

Define an action of I' = SLy(Z) x SLy(Z) x SLy(Z) on Cs by letting (7 ;) in the ith factor of
SLy(Z)? act on A by sending

Mi s r S M,L - TM,L'—FSNZ'

Note that the actions of the 3 factors of SLy(Z) commute, in the same way that row and
column operations commute for a matrix.
Now associate a cube A with three binary quadratic forms Q4', Q4', Q4 by letting

Q' (x,y) = — det(M;z — Nyy).
We call A projective if Qi', Q3', Q4 are all primitive.

Invariant theory gives the following result.

Proposition 4.7.1: The ring of invariants of C; under SLy(Z)? is
(Cy) =™ = Z[disc(A))
where
disc(A) := disc(Qq) = disc(Q2) = disc(Q3)

= Z s*? — 2 Z stuv + 4 Z stuv.
s,t long diagonal s,t,u,v face s,t,u,v regular tetrahedrom

(The fact that disc(A) is invariant is easy to see; we shall not need the opposite implica-
tion.)

We now prove the bijection in Theorem 4.5.1 and Gauss composition (Corollary 4.5.2) in
a different way, using cubes. The idea is to associate triples of ideals multiplying to 1 with
triples of quadratic forms in the same cube (which we will deem to add up to 0), and in this
way transfer the group structure from narrow ideal classes to classes of quadratic forms.

Definition 4.7.2: We say that three oriented fractional ideals I1, I5, I3 in a quadratic ring
S form a balanced triple if

11[213 - S and
N(I1)N(L2)N(Z;) = 1.
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We say two balanced triples (I3, Is, I3) and (I7, I}, I}) are equivalent if there are Aj, A2, A3
such that

L =M\
L = NI,
[3 = )\3[§

Theorem 4.7.3. There is a bijection between equivalence classes of cubes, and ordered pairs
(S, (I1, I, I3)) where S is a quadratic ring and (I, I, I3) is a balanced triple modulo equiva-
lence.

2* Q7 @12 SLy(Z)® < {(S, (I1, 12, I))}

If (a1, an), (51, P2) and (y1,72) are correctly oriented bases for Iy, I, and I3, then the cube
is given by (aik)1<ijk<2 where
;B VK = Ciji + QijiT

and T 1s such that

TQ_Z:O’ d=0 (mod 4)
-1
7—2_7_d4:0, d=1 (mod 4).
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Chapter 5

Units in number fields

1 Units

Any finitely generated abelian group is isomorphic to Ay @ Z' where Ay consists of all
torsion elements, i.e. elements of finite order. The number ¢ is called the rank of A.
The main theorem of this chapter is the following.

Theorem 5.1.1 (Dirichlet’s unit theorem). Let K be a number field with r real embeddings
and 2s nonreal complex embeddings. Then the group of units in K is finitely generated with
rank equal tor 4+ s — 1.

The idea of the proof is as follows.

1. Following the idea of the proof that the class number is finite (Section 3), we embed the
set of units as a lattice in R" xR®. Since we want to send a group (under multiplication)
to a lattice (under addition), we take logarithms of the norm to define our embedding.
In actuality, the homomorphism L is not injective, but the kernel will be finite, which
is good enough. (See Proposition 5.2.2.)

2. Construct independent units from elements generating the same ideal. We do this by
finding «,~y generating the same principal ideal and taking ay~!. Consider a fixed
large symmetric convex compact set 7' of R” x C*, which will contain elements o(«)
by Minkowski. For « such that L(«a) € T, («) is one of a finite number of principal
ideals (7). Then a~y, ! is a unit.

However, since we want independent units, we look not for points in the form L(«) but
rather of the form xL(a)) where x has norm 1. Think of this as “rotating” or “twisting”
the unit that we get.

First, a basic criterion for being a unit.

Proposition 5.1.2: Let K/Q be a finite extension. An element o € K is a unit if and only
if Nm(a) = £1.
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Proof. Suppose « is a unit. Then ™! € K and
Nm(a) Nm(a™!) = Nm(aa™) =1

so Nm(a) = £1.
Conversely, suppose Nm(«) = 1. Then by Theorem 1.2.3, letting o1 = I, ..
distinct embeddings of K to the Galois closure, we have

a- [ ox(a) = Nmy, g (a) = £1.
k=2

Hence a~! = + [, ox(a) € Ok.

2 Dirichlet’s unit theorem

We now prove Dirichlet’s unit theorem.

Lemma 5.2.1. There are a finite number of algebraic integers o such that

[Q(a): Q] <m

|| < M for all conjugates o'

., 0y be the

Proof. The second condition means that the coefficients of the minimal polynomial f are
bounded. Since the degree of f is at most m, there are a finite number of possibilities for

the f and hence a.! O
Let {o1,...,0,} be the real embeddings and {0,,1,5,41,...,0,15, 0,15} be the complex
embeddings of K. Since
Nm(a) = |or(@)| -+ |or(@)[|oi (@) - |ores (@)%,
we define the homomorphism
L:K* R
L(a) = (In]o ()], ..., In|o.(a)|,2In |ory1 ()] -+, 21In |0 s(@)]).
This is the composition of our previous embedding o with f:
o: K —>R xC° ola) = (o1(aq), ..., 00 ()
[iR xR = R™ floy,.. 2 2op1y oy 2rps) = (2], .. In 2], 210 | 200, -0, 210 | 20 p).

Proposition 5.2.2: The image L(Uk) is a lattice contained in the hyperplane
H:={(x1,...,%045) tx1+ -+ Tpys =0} .

Moreover, L has finite kernel.

1See Chapter ?? for...
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Proof. If o € Uk, L(a) = (x1,...,%Tpys), then

Ty + o+ Ty = In|oy ()| + -+ Info (@) + 2In o ()| + - - + 21In o5 (@)]
= In|Nm(a)| = 0.

To show L(Ug) is a lattice it suffices to show it is discrete. To this end, we show the

base elements
B(r) ={(x1,...,245) : |xj| < C}

centered at the origin contain finitely many points of L(Uk). Indeed, if o(a) € B(r), then
lok(a)| < C for every embedding oy. By Proposition 5.2.1, there are a finite number of
possibilities for a.

If @ € ker L, then |op(a)] = 1 for all k. Again by Proposition 5.2.1 there are a finite
number of possibilities for a. n

Since Uk is abelian, we now know

——— ——
Utors lattice of H

It remains to show the following.
Lemma 5.2.3. L(Uk) is a full lattice in H. Therefore it has rank r + s — 1.

Proof. Let x € R" x C*°. By Proposition 3.3.1, the volume of the fundamental parallelopiped
of o(a) is 27° - Na - |Ax|2. Note that multiplication by x multiplies the norm by Nm(z) so
the volume of the fundamental parallelopiped of o(a) is Nm(x)2 *Na - |Ax|z.

Now suppose x is any element such that Nm(x) = 1. Let V = 27°Na - |Ag|z. Let T be
any compact convex symmetric set with volume at least 2"7*V. We note the following.

1. By Minkowski’s Theorem, there is point of 7" in the lattice x - 0(Ok).

2. Since T is bounded, all elements of 7" have norm bounded by a constant C. If o(«a) € T,
then a has norm bounded by C. By Lemma 3.3.7 there are a finite number of principal
ideals with norm bounded by C, say (71),...,(7m). Then if o(a) € T, we have
(@) = (&), i.e. @ = uy for some unit u, and some k.

In conclusion, for each x we find « such that
T > xo(«o) = xo(uyy) for some k,

1.e.

xo(u) € | ) o(yHT. (5.1)

s

k=1

Since T is bounded, so is [, o(7; ). There exists C’ so that every coordinate of xo(u) is
less than C”:
(xo(u))r < C". (5.2)
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The idea is that this places a large constraint on the possibilities for e, so as we vary x
between “extreme” values, we will have to get linearly independent w.

Take

x, = (C'....C 1 c.....C')

P Orrs—17
—_———
k

Then letting uy be such that (5.1) holds for x, ug, we get by (5.2) that, componentwise,
o(up) < (1,...,1,C"*1,...,1),

i.e.

L(ug) = f(o(ug)) < (0,...,0,In(C""*%),0,...,0).

Note the following.

1. Every entry of L(uy) is negative except for the kth one, which must be positive because
the entries sum up to 0.

2. The sum of entries of L(uy), omitting the last term, is positive.

The following lemma will show that L(uq),..., L(u,.s_1) are linearly independent. It will
follow that uy,...,u,.s 1 generate a free abelian group. This means rank(Uy) > 7+ s — 1;
we have equality by Proposition 5.2.2 since dim H =r 4 s — 1.

Lemma 5.2.4. Suppose that A is a n X n matriz such that
1. a;; <0 fori#j and a;; > 0.
2. Z?:l (%] > 0.

Then A is tnvertible.

U1
Proof. Suppose v = | : > is a nonzero vector. Suppose i is such that |a;| is greatest. Then

Un
looking at the ith component gives 377 a;;u; = 0. Then

n
Z Qi V5 > Q5; + Z Qi V; > 0,
Jj=1 J#i

so Av # 0. Thus A is invertible. O

This finishes the proof of Dirichlet’s Unit Theorem.
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3 S-units
Definition 5.3.1: Let S be a finite set of prime ideals of K. The ring of S-integers is

Ok(S) = (1 (Ok)y ={a € K : ordy(a) > 0 for all p & S}.
pzs

L.e. we allow dividing by elements whose “only prime factors” are in S. The group of S-units
is the group of units in Ok (S):

U(S) =0k(S) ={a € K | ordy(a) =0 for all p & S}.
There are more units in U(S) than in Ug; the following generalization of Dirichlet’s theorem
says that we get an “extra” unit for every prime in S.
Theorem 5.3.2 (Dirichlet’s S-unit theorem). The group of S-units is finitely generated with
rank r + s+ |S| — 1.
Proof. Let S = {p1,...,p:}. Consider the maps
Ug = U(S) L zm

where
(x) = (ordy, (x),...,ordy,, (z)).

Its kernel is Uk, as the elements of Uy are exactly those x with order 0 for every prime p,
and by definition ord,(z) = 0 for z € U(S) and p outside of S. Let h be the class number of
K. Then p} = (ay,) for some ay,. We have

Hence ¢(U(S)) is a full lattice in Z™. Since Uk has rank r + s — 1 by Dirichlet’s Unit
Theorem (5.1.1), U(S) has rank r +s — 1 4+ m. O

4 Examples and algorithms

5 Regulator
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Chapter 6

Cyclotomic fields

1 Cyclotomic polynomials

Definition 6.1.1: A cyclotomic extension of Q is a field Q[¢] where ( is a root of unity.
We call ¢ a primitive nth root of unity if (" =1 but (" # 1 for 0 < m < n.

We will use (,, to denote a primitive nth root of unity.
The nth cyclotomic polynomial is defined by

o, (z) = H (x — e%nij)

0<j<n,ged(jn)=1

Equivalently, it can be defined by the recurrence ®y(z) = 1 and

" —1
d,, = )
(I) Hm\n,m<n cbm (‘r)

Hence, it has integer coefficients.
Theorem 6.1.2. The cyclotomic polynomials are irreducible over Q|x].

Proof. We need the following lemma:

Suppose w is a primitive nth root of unity, and that its minimal polynomial is g(x). Let
p be a prime not dividing n. Then w? is a root of g(x) = 0.

Since ®,(w) = 0, we can write ®,, = fg. If g(w?) # 0 then f(wP) = 0. Since w is a zero
of f(z?), f(zP) factors as

f(x") = g(x)h(z)

for some polynomial h € Z[z].
Now, in Z/pZ[z] note (f1 + ...+ fu)? = fI + ...+ f¥ since the pth power map is an
homomorphism. Hence

g(@)h(z) = f(a”) = f(x)”  (mod p).
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Hence f(x) and g(x) share a factor modulo p. However, the derivative of ™ — 1 modulo p is
na™ ! # 0, showing that 2" — 1 has no repeated irreducible factor modulo p; hence ®,, has
no repeated factor modulo p. Since ®,, = fg, this produces a contradiction.

Therefore g(w?) = 0, as needed.

Any primitive nth root is in the form w* for k relatively prime to n. Writing the prime
factorization of k as py - - - p,, we get by the lemma that wP*, wPP2 ... PP are all roots of
g. Hence g contains all primitive nth roots of unity as roots, and ®,, = g is irreducible. [

Theorem 6.1.3.
[Q(G) = Q] = ¢(n).

Proof. The minimal polynomial of ¢, equals the cyclotomic polynomial by Theorem 6.1.2;
the latter has degree ¢(n). O

We use cyclotomic polynomials to prove a special case of Dirichlet’s theorem.

Theorem 6.1.4 (Dirichlet’s theorem for p = 1 (mod n)). (t) Let n be a positive integer.
There are infinitely many primes p with p =1 (mod n).

Lemma 6.1.5. For any integer m, all divisors of ®,,(m) either divide n or are 1 (mod n).
Proof. Suppose p is prime and p | ®,,(m). Then p | m" — 1, i.e.
m" =1 (mod p)

so r := ordy(m) | n. Since m?~!' =1 (mod p) by Fermat’s little theorem, r | p — 1.
If r=n,thenn|p—1,ie. p=1 (mod n). Suppose that r < n. Then

n_l "
Pl ®au(m)| =mG 4w 1
m" — 1
However, m" =1 (mod p) so
mGD p 1= o (mod p),
r
sop|%|n. o

Proof of Theorem 6.1.4. Suppose by way of contradiction that only finitely many primes are
1 (mod n). Let their product be P (if there are no such primes, P = 1). Consider ®,(knP),
k € Z. Since it divides (nP)™ —1, it can’t have prime divisors in common with n or P. With
appropriate choice of k we can be sure ®,,(knP) # 0, £1. By the claim all prime divisors of
®,,(knP) are 1 (mod n), but they don’t divide P, contradiction. O
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2 Ring of integers

Our next two propositions will give us information about the ring of integers of Q|[(], as well
as some other useful facts. In the process we will rederive Theorem 6.1.3.

Proposition 6.2.1: Suppose ¢ and ' are primitive nth roots of unity. Then 11;4/ is a unit

—C
in Z[(] = Z[¢').
Proof. Then we have ¢’ = ¢* and ¢ = ¢"* for some s, t, so Z[(] = Z[{'] and
1 - g/ _ s—1
1_C—1+C+---+C € Z[C]
1 - C o / . 1t—1
1—C'_1+<+ + ("7 e Z[C].
Therefore 11%%/ is a unit in Z[(]. O

Proposition 6.2.2: Let p be prime and r € N. Suppose p" > 2, let (,» be a primitive p"-th
root of unity, and let K = Q[(,r]. Then

L [QlGr]: Q= @(p") =p"~'(p — 1)

2. The element 7 = 1 — (,r is prime in O, and (p) = (7)??").

3. Ok = Z[Gy].

4. disc(Ok/Z) = (—1)%13”71(7””_“1). Thus p is the only prime ramifying in Q[(,r].

Proof. By Proposition 6.4.1,

1

p=1+XP"" o X
— (ppr(]_)
= 11 (1-¢)

¢’ primitive p"th root of unity

- I T

¢’ primitive p”th root of unity — Cpr

= u(l — C)so(p’”)

where u = ]¢/ primitive pth root of unity % is a unit by Proposition 6.2.1. Thus (p) = (7)#®").
D

From the degree equation (Theorem 2.5.2), we get that [Q[C] : Q] > ¢(p”) with strict

inequality when 7 factors further. On the other hand [Q[(] : Q] < ¢(p”) since the cyclotomic

polynomial has degree ¢(p"). Hence equality must hold, and 7 must be prime, giving (1)
and (2).
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The degree equation for (p) = (7)?®") reads

e(p") = f((m)/(p)) - 0(®")

so we must have f((m)/(p)) = 1, i.e. the natural map

o)

Z/(p) = Ok /() (6.1)

is an isomorphism.
We first calculate disc(Z[(,|/Z). By Proposition 1.4.4,

disc(Z[Gyr]/Z) = + Nmgyc,)0( Py (C))
X7 -1
/ —
(ppT(() - (Xprl . 1)
z=(
IR Gt GOt VIO G Vs
- STt
_ prczz;:—l i prCI;l
Cpr—l _ 1 Cp _ 1

where we set (, = Cppl; this is a primitive pth root of unity. We calculate the norm of each
factor.

T

X=(pr

]_. Nm@(cp)/Q(pT) = (pr)[Q(CP)Q] —= prpril(pfl)‘

2. Nmgy,)/0((,) = 1 since ;! is a unit.

3. Nmge,)/0(G — 1) = p# 1
whose constant term is ®,(1) = X?" @~ 4 ... 4 XP
Proposition 1.2.3(1c), we have

r—1

: The minimal polynomial of ¢, — 1 over Q is ®,-(X + 1),
" 4 1|x=1 = p. Hence by

©

. (r") "
Nmgyc,)/0(¢p — 1) = (&p)[ @@ @] = 4p%m = £p7"

Combining these we get

‘ p Gt ]D?"(zofl)p“1 41 R
dise(Z[Gyr]/Z) = Nmg,.)/q 2 = == (r=r=1), (6.2)

By Proposition 1.3.2 (fix this a bit), we have
+p? ) = dise(Ok JZ) = (Ok : Z[Cr])? dise(Z[C]/Z).

Hence both factors are powers of p up to sign. Since (Ok : Z[(y]) is a power of p, the
quotient module is annihilated by a power of p, i.e. then

p" Ok C Z[(yr] (6.3)
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for some m. Note surjectivity in (6.1) gives O = Z + 1Ok and hence
OK = Z[Cpr] + WOK. (64)
Suppose Ok = Z[(y| + 7"Ok. Then substitution into (6.4) gives
Ok = Z|Gy] + 10k = Z[(pyr] + 7(Z[Cr] + 7" Ok ) = Z[Gr] + 7" Ok
Hence by induction, Og = Z[(,] + 7"Of for all n. However, (p) = (7)?®") so this means
Ok = Z[(y| +p" Ok for all n. Taking n = m, (6.3) gives Og = Z[(,r|, proving (3). Together
with (6.2), this gives (4). The second part of (4) now follows from Theorem 2.6.1 (A prime

ramifies if and only if it divides the discriminant).

All embeddings of Q((,) are complex, and there are p(n) = [Q((,) : Q] of them. By
Theorem 1.4.6(1), the sign is (—1)#®"). O

Now we prove the analogous result for Q(¢,), for any n € N, by taking compositums of
fields of the form Q((,r).

Theorem 6.2.3. Let n,r € N withn # 2 (mod 4)'. Let ¢, be a primitive nth root of unity.

2. Ok = Z[Cn]
3.
(—1)%5 et
1_‘[p|npp_1
Moreover,

1. If p # 2, then p ramifies iff p | n.
2. If p =2, then p ramifies iff 4 | n.

Proof. Let K = Q((,). Along with the theorem statement, we will show that if n = p"m,
p 1 m, then

() = (IT1:)°"” (6.5)

for distinct primes 3;.
We induct on the number of prime factors of n. The case when n is a prime power is
treated by Proposition 6.2.2. Suppose the theorem true for m and p f m; consider n = p"m.

f n.=2 (mod 4), note Q(¢n) = Q(Cpy2)-
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Writing (,r = ¢™ and ¢, = (7", we consider
@(Cme) (pOK)SD(pT) =L p:Ok
/ W) / m
Q(Gr) Q[Cw] pet) [1p:
Q (p)

By Proposition 6.2.2(2), (p) = p¥®") in Q[(,-], while by part 2, p splits into disctinct factors.
Matching factorizations in Q[(,rn], we get that each p;Ox must be a perfect ¢(p")th power.
Hence [Q(¢,) : Q] > ¢(p"), and equality must hold. Then [Q((,) : Q] = ¢(p")p(m) = ¢(n)
showing (1).

Item (2) follows from Proposition 1.4.8 since by (3), disc(Q({,)/Q) and disc(Q((,)/Q)
are relatively prime. Item (3) follows from Proposition 1.4.8 as well. The factorization
comes from the fact that since [Q(Gyrm) @ Q((n)] = @(p") and each p; is the p(p")th power
of an ideal, the degree equation says each p; must actually be the ¢(p”)th power of a prime
ideal. O

We now show a more precise version of (6.5), using Theorem 2.6.3.

Theorem 6.2.4. Suppose that n = p"m, where p{m. Let

f =ord,,(p).

Then the prime factorization of (p) in Q((,) is

(p) = (P - .slgg)w(pr)

where P; are distinct primes, each with residue degree f over Q, and g = @.

Proof. (1)* To use Theorem 2.6.3, we find the factorization of ®,,(X) modulo p. We have
o) = [I (X-¢)= I TIkmod*p)(X—Gich).  (6.6)
j (mod* n) j (mod*™ m)

Now note that ' '
X—%gzx—% (mod ¢ — 1).

Hence (6.6) gives

o,(X)= [ (X =) =&, (X)) (mod ¢ —1).

j (mod™ m)

2For an alternate proof see Example 11.1.6.

78



Number Theory, §6.3

But both sides are in Z[X] so this congruence holds modulo ((,r — 1) NZ = (p).

Now consider @,,(X) (mod p). Note that modulo p, P(X) := X™ — 1 has no repeated
factors since it is relatively prime to P'(X) = mX™ ! # 0; hence its divisor @,,(X) has
no repeated factors either. Note I consists exactly of elements with 2P~ = 1, any root
o of ®,,(X) satisfies @™ = 1 (but not a™ = 1 for 0 < m’ < m). Thus the smallest field
extension F, containing « is hence the smallest r such that m | p" — 1, i.e. r = ord,,(p).
The irreducible factors of ®,,(X) have degree f, so f is the residue degree. The number of

factors equals @, and this is the number of distinct prime divisors of (p). m

3 Subfields of cyclotomic extensions
Proposition 6.3.1: The Galois group of Q({,)/Q is

G(Q(6)/Q) = (Z/nz)".

Proof. The conjugates of ¢, over Q are ¢* with k € (Z/nZ)*, the roots of ®,. The Galois
group acts transitively on the conjugates, so for every k € (Z/nZ)*, there is a automorphism
o sending ¢, — ¢*, and these are all the automorphisms (look at the degree). Since (,
generates Q((,), the action of an automorphism on (,, determines it completely. It is clear

that k& — oy, is an isomorphism (Z/nZ)* — G(Q(¢,)/Q). O

Proposition 6.3.2: The unique quadratic extension of Q contained in Q((,) is

Q( (—1)’)2;119)-

Proof. By the fundamental theorem of Galois theory, a quadratic extension corresponds to
a subgroup of index 2 in (Z/pZ)* = Z/(p — 1)Z, and there is exactly one such subgroup. If
it equals Q(\/E), then the only primes ramifying are those dividing d; since the only prime
ramifying in Q((,) is p, we must have d = £p.

To determine the sign, we explicitly find express a generator for Q(v/d) in terms of Cp-

Define 7 by the Gauss sum
p—1 k
T = Z <) C;f.

k=1 \P
An automorphism o € G(L/K) is described by o(¢,) = ¢J for some j; we have

S 0e-E ()8

k=1 k=1 \ P

so o7 = 7 iff (£) = 1, which happens for exactly half the elements of G(L/K). Hence 7
indeed generates a quadratic field.?

3This gives motivation for the Gauss sum appearing in the proof of quadratic reciprocity.
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Now, if p=1 (mod 4), we have (_?1) = 1 and we can pair (%) C;,lf + (‘7’“) Cp_k € R, while

if p=3 (mod 4), we have (‘71) = —1 and (%) Cz’; + (_71‘;) ¢ € Ri. This gives the sign of d.

p
Alternatively, we can calculate 7 explicitly as in (BLAH). ]

Proposition 6.3.3: For n > 2, Q((,) is a CM-field with totally real subfield

QG+ =0 (cos 2;) |

Proof. O]

4 Fermat’s last theorem: Regular primes

Theorem 6.4.1. Any unit u € Z[(,] can be written in the form
u = (v
where v is totally positive, i.e. o(v) € R for any embedding o : Q[(,] — C.
Definition 6.4.2: A prime p is regular if p does not divide the class number of Z[(,].

Theorem 6.4.3 (First case of Fermat’s last theorem for regular primes). Suppose that p > 2
15 a reqular prime. Then any integer solution to

a4 yP = P
satisfies p | xyz.

Proof. For p = 3, note that any cube must be congruent to 0 or =1 modulo 9. Hence in
order for 23 + y® = 23 (mod 9), one of x,y, z is divisible by 3, as needed.
Now assume p > 3. By dividing by ged(z, y, 2) we may assume x, y, z are relatively prime.
Step 1: Factor the equation as
p—1

[[@+Gy) == (6.7)

J=0

(Note p is odd.) We show that if p f zyz, then the factors on the left are relatively prime.
Take j # k and consider a := ged((z + (Jy), ((z + ¢y))). We have

al (@+y—z—Cy) = (- )W)

Now z,y have no common factor in Z, so (z) and (y) have no common factor in Z|[(,], and
(z + ¢Jy) and (y) have no common factor. This shows

al(G—G)
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The RHS is prime, so either a = (¢J — ¢¥) = (1 —p) or a = (1). In the first case, we get
(1—=p) | Hﬁzé (z + Gy) = 2" so p| 2", contradiction.

Step 2: By uniqueness of ideal factorization, each factor of (6.7) is a perfect pth power.

(z+Cy) =df

However, p 1 |C(Z[¢])| so C(Z[¢p]) has no p-torsion. Since (z 4 (Jy) is a principal ideal, a;
must also be a principal ideal (a;). By Theorem 6.4.1, we can write

a; = vy, vy € Q)T

5 Exercises

Problems

1.1 Let p be a prime. Prove that any equiangular p-gon with rational side lengths is
regular.

1.2 (Komal) Prove that there exists a positive integer n so that any prime divisor of 2" — 1
is smaller that 215 — 1.

1.3 Find all rational p € [0, 1] such that cospr is...

(a) rational

(b) the root of a quadratic polynomial with rational coefficients

1.4 (China) Prove that there are no solutions to 2cospr = v/n+ 1 — y/n for rational p
rational and positive integer n.

1.5 (TST 2007/3) Let € be an angle in the interval (0,7/2). Given that cos @ is irrational
and that cos k6 and cos|[(k + 1)6] are both rational for some positive integer k, show
that 6 = 7/6.

2.1 Show that the ring of integers in Q(cos 2) is Z[cos 2].

? Show that the class group of Q((a3) (is this the right one?) is nontrivial.
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Chapter 7

Valuations and completions

Here is some motivation for considering p-adic fields.

1. One useful tool in arithmetic geometry is the local to global principle, which says that
the existence of solutions modulo all primes tells us something about the existence of
solutions in the original field or ring, such as Q or Z. For example, the Hasse-Minkowski
Theorem. However, it is not enough to check for solutions modulo all powers of p —
because a solution modulo p does not necessarily give a solution modulo powers of p.
The solution is to look for solutions in a field which contains information modulo all
powers of p, a p-adic field.

2. When we take a p-adic fields, the only prime ideal remaining is p; all others primes
become units. This vastly simplifies algebraic number theory; we don’t have to worry
about primes that split. Then we can recover facts about the global field.

1 Case study: p-adic integers

We first examine how p-adic rationals are defined, before generalizing to other number fields.

Often we look at the integers modulo higher and higher powers of a prime p; for example,
when we were looking at the existence of primitive roots (Theorem 1.6.2) or the structure
of Z/p"Z (Theorem 1.7.1). Hensel’s lemma told us that under certain conditions we can lift
solutions modulo higher and higher powers of p.

Rather than work with powers of p piecemeal, we can devise a structure that holds
information modulo all powers of p at once. To do this, we define the ring p-adic integers 7Z,
and p-adic rationals QQ,, which contain Z and Q, respectively. We will do this in two ways:

1. Define Z, as an inverse limit of the rings Z/p"Z and Q,, as the fraction field.

2. Give Q a topology (or even better, a metric) related to divisibility by p, and complete
Q with respect to this topology.
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1.1 p-adics as an inverse limit
Definition 7.1.1: A p-adic integer is a compatible sequence
(In)TLZl

where x,, € Z/p"Z and such that x,,1 = z,, (mod p") for all n, i.e. x,,1 maps to z,, under
the projection map Z/p"*Z — Z/p"Z.

The ring structure is defined by componentwise addition and multiplication. The ring of
p-adic integers is denoted by Z, and its fraction field is denoted by

Q, = Frac(Z,).
In light of Theorem 5.7.5, we can phrase this definition in a more abstract way:
Ly = NmZ /D"

where there are maps "' : Z/p™Z — Z/p"Z given by projection whenever m > n.

1.2 p-adics as completions

We can give define a topology on Z by decreeing that it be invariant under translation and
that a neighborhood base of 0 be {p"Z,n > 0}. This is the same as the topology induced
by the norm

al, =p ~whena=—,p10,c.
,=p" wh pc b

Definition 7.1.2 (Alternate definition of p-adics): Q, is the completion of Q with respect
to the p-adic norm.

We show the equivalence more generally in ().

1.3 Units in Z,

Proposition 7.1.3: The group of units in Z, is

7% o Ly X L/(p—=1)Z,  p#2
b T X L.)27, x T.)27., p=2.

Proof. Note that
Z; = lim(Z/p"2)"
n>1

because any inverse modulo p” can be lifted to an inverse modulo p™*!.
The proposition follows from taking inverse limits in Theorem 1.7.1. O

84



Number Theory, §7.1

1.4 Monsky’s Theorem*

We use the 2-adic valuation to prove the following theorem from combinatorial geometry.
Surprisingly, no proof is known that does not use p-adics.

Theorem 7.1.4. A unit square cannot be cut into an odd number of triangles of equal area.
The idea of the proof is as follows.
1. Extend the 2-adic valuation to a nonarchimedean valuation on the real numbers.

2. Color each point in the plane one of three colors, based on the 2-adic valuation of
the coordinates. We show that the sides of the square only have two colors, with
the vertices alternating colors, and that a triangle of area % where m is odd, cannot
contain vertices of al three colors. The last facts depends crucially on the fact that the
area formula for a triangle has a factor of % in it.

3. By Sperner’s Lemma (from graph theory), the coloring in such a subdivision is incon-
sistent.

Proof. We omit the proof of the first item.! Assuming it, color the points of the plane in
three colors depending on which of the following conditions is satisfied.

(A) |z|s < 1,]yla < 1
(B) |z|]2 > 1, |z]2 > |y2
(C) Iyl =1, |yl2 > |22

First, we show that if (Az, Ay) has color A, then translating by (Ax, Ay) does not change
the color of A. Indeed, consider 3 cases.

1. (z,y) is of color A. By the nonarchimedean property, we have
2+ Ay < max(fo]s, |Azls) < 1, |y + Ayl < max(lyls, |Ayls) < 1,
so (x + Az, y + Ay) is again of color A.
2. (z,y) is of color B. Since |z|y > 1 > |Az|y, we gave
|z + Az|y = |z]2 > 1.
Since |x|y > |y|y and 1 > |A, |, we have
[y + Ayla < max([ylz, [Ay]2) < |ofz = |z + Az,

Hence (z + Az,y + Ay) is again of color B.

!There is a way around it; see Proofs from the Book.
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3. (z,y) is of color C'. The proof is the same as above except z,y are interchanged and
there is strict inequality in the dotted inequalities above.

Now suppose that A, B, C' are three points of those respective colors. By translation we may
assume that A = O. Let B = (z,y) and C = (2/,y'). We have

[z]2 > |yl2
y'l2 > |22
= [zy']z > [2'y|>.
1. A, B, C cannot be collinear, as that would imply xy’ = 2'y.

2. We show A, B, C cannot form a triangle of area % for m odd. The area is i%(my’—x’y),
and we have

1 1
5@y — 'yl = 3| oblyls > 1
while | L] = 1.
Next we establish the following combinatorial lemma.

Lemma 7.1.5 (Sperner’s lemma). Suppose P is a polygon that has been subdivided into
triangles. Define a vertex or segment to be a vertexr or edge of one of these triangles, and
say a segment is of type C1Cy if the endpoints are colored C; and Co. We say a triangle is
rainbow if it has vertices of all 3 colors.

Suppose every vertex of the subdivision is colored with either A, B, or C, such that the
following hold.

1. No outer edge of P contains vertices of all three colors.

2. There are are an odd number of segments of type AB on the outer edges.

Then P contains a triangle whose vertices are all different colors.

Proof. We count the number of segments of type AB. In a monochromatic triangle the count
is 0, in a two-colored triangle the count is 0 or 2, and in a three-colored triangle the count
is 1. Let n be the sum of the counts over all triangle. Every interior segment of type AB is
counted twice, as it is part of two triangles, so

n=2-+e,

where i and e denote the number of interior and exterior segments of type AB. Since e
is odd by assumption, n is also odd. But this can only happen if there is a three-colored
triangle. O

Now the points O = (0,0), X = (1,0), Y = (1,1), and Z = (0,1) are colored with A,
B, B, C, respectively. We’ve shown that each side contains segments of at most 2 colors;
segments of type AB can only appear on side OX and XY'; in the former there must be an
odd number (since O, X are different colors) and in the latter there must be an even number.
Thus the conditions of Sperner’s Lemma are satisfied, and any subdivision must contain a
rainbow triangle, which cannot have area i for m odd. O
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2 Valuations

Definition 7.2.1: A valuation on a field K is a function | - | : K’ — R such that
1. |z| > 0 with equality only when = = 0.
2. |yl = [xllyl.
3. |z +yl < || +yl.
If the stronger condition |z + y| < max(|z|, |y|) holds, then |- | is nonarchimedean.
Example 7.2.2: For a number field K, any embedding o : K — C gives a valuation on K:
la| == |oal.

Example 7.2.3: The p-adic valuation is

1 \ (@
= (35)

In the special case K = Q, p = (p), we have

al (1)vp(a)
al, = | — .
To\p

Proposition 7.2.4: A valuation is nonarchimedean if and only if it is bounded on Z (in
fact, bounded by 1). Hence if char(K') # 0, then K only has nonarchimedean valuations.

Proof. If | - | is archimedean, then |1 +---+ 1| < |1| =1, so |n| <1 for any n € Z.
Conversely, suppose that | - | is bounded on Z, say by C'. We have

T

k=0

<> Clal*lp]"~*
k=0
< C(n + 1) max(|al, |b])".

(@ +0)"| =

Hence for all n > 1, |a + b] < (C(n+ 1))w max(|al, |b|). Taking n — oo gives the result. [

Proposition 7.2.5 (Relationship between additive and multiplicative valuations): Fix a
base b. There is a correspondence between additive and multiplicative valuations, given by

2] = b=
v(w) = — logy(x).

Different values of b give equivalent valuations. If v(K*) is discrete in R, then it is a multiple
of a discrete valuation.
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We say | - | is discrete when |K*| is a discrete subgroup of R-.

Proposition 7.2.6 (Valuation defines subrings): Suppose K is equipped with a nonar-
chimedean valuation. Then

1. A:={a € K :|a] <1} is a subring of K, with

2. U:={a€ K :|a| =1} is a group, and

3. p:={a€ K :|a| <1} is a prime ideal.
Proof. Straightforward. m
Proposition 7.2.7 (Elementary properties of discrete valuations):

1. |a+ b| < max(|al, |b|) with equality if |a| # |b].

2. (“All triangles are isosceles.”) If d(c,b) < d(c,a) then d(a,c) = d(a,b). (The longer
side is the repeated one.)

3. Ifa; +---+a, =0, then the maximum valuation of the summands must be attained
for at least two of them.

Proof. Straightforward. m

2.1 Equivalent valuations

A valuation on K defines a metric (and hence a topology) on K by
d(a,b) = |a —b|.

For example, high powers of p have small p-adic valuation, so numbers differing by high
powers of p are close together in the p-adic valuation.

Proposition 7.2.8: Let |- |1, |- |2 be valuations on K, with the first being nontrivial. Then
the following are equivalent.

1. |-]1,|+ |2 determine the same topology on K.
2. If |a|; < 1, then |afs < 1.
3. |- ]1 =114 for some a > 0.

We say that | - |; and | - | are equivalent if the above conditions hold.
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Proof.
(1) = (2): Note |af; < 1if and only if [a"|; = |af} — 0, i.e. o™ converges to 0 in the
topology of | - |;. Since the topologies are the same,

lal; <1 <= a" converges to 0 <= |afs < 1.

(2) = (3): Take y so that |y|; > 1, and let a = %, so that |yla = |y|{. We show that
|z|y = |x|§ for all z € K.

Suppose |z]; = |y|* and |z]y = |y|52. We need to show by = by, i.e. so the following
commutes.

[zl % |

/\blT /\bQT
N

|?J|1 — |y|2

We approximate b; with rational numbers *. First suppose b; > . Then

y" m—bin
| = y[" " <1
1
so by hypothesis
m—ban __ ym
=|— <1
|yl R

giving by > . Similarly, if by < *, then the above argument with Z—Z shows by < 7. Since
Q is dense in R, we have by = bs.

(3) = (1): The open ball of radius r with respect to | - |; is the same as the open ball of
radius r* with respect to | - |o. O

3 Places

Definition 7.3.1: A place is an equivalence class of nontrivial valuations on K.?> We denote
by Vi the set of places of K, by V2 the set of nonarchimedean places and V° the set of
archimedean places.

We aim to classify all places in a number field K.

Proposition 7.3.2: Let K/Q be an algebraic extension. Then the places on K are exactly
the p-adic valuations | - |, for p a prime ideal of O.

2Some books use “prime” instead of “place.” We use the latter term to avoid confusion.
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Proof. Since K is algebraic over QQ, an element a € Oy satisfies a monic polynomial equation
with coefficients in Z:
"+ Gy 4+ ag = 0.

By Proposition 7.2.4, a; € Z gives |a;| < 1. By the nonarchimedean property,

la|™ = [ap_ 10" 4 -+ ag| < Ogrnggx |am||a™| < o< max_ |O¢‘m

Hence |a| < 1. This means if A is as in Proposition 7.4.5—the ring of integers of | - |, then
Ok C A. Let B be the prime ideal corresponding to |-|. Since P is prime in A, p := PN Ok
is prime in Ok. Note p # (0) because if so | - | is trivial.

Now suppose v,(y) = n. Let m € p\p? be a uniformizer. Then (y7~") is a fractional
ideal; suppose ideals pq, ..., p,, appear in its factorization with exponents at least —k. Take

b € Mj_ py. Then (yz~"b) is an integral ideal (c) not divisible by p. We have ¢ € A\p.
Writing |7| = (ﬁ) , we have

| =

ly| =

= lyly-

b 'mp

Moreover, two equivalent nonarchimedean valuations would have the same maximal ideals
and hence correspond to the same prime p. ]

Theorem 7.3.3 (Ostrowski). The following is a list of all places on Q.
1. Archimedean: | - |s.2
2. Nonarchimedean: |- |,, where p ranges over all primes.

Proof. Let |-| be a valuation on Q and m,n be integers greater than 1. To compare |m| and
|n|, we write m in base n:

m=amn +---4+a, 0<a,<n-1,a, >0.

Let N = max{1,|n|}. Then by the triangle inequality,

r
k=0

Since r < ™ we get
Inn?

]. ]. nm nm

3A stronger version of part 1 is as follows. Let K be complete with respect to an archmimedean norm.
Then K = R or C, and the norm is the normal absolute value raised to a power in (0, 1].
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Replacing m by m! and taking the tth root gives

Inm
nn

Im| < (2n)t N

Taking ¢ — oo gives
Inm

[m| < N, (7.1)
Consider two cases.
1. For all integers n > 1, |n| > 1. Then (7.1) gives |m|mm < |n|ma. By symmetry, we get
|m|wm = |n|ma. Since this is true for all m and n, |n|mw = ¢ is constant, i.e.

Inn

‘n‘ = Clnn — N lnc

for all n € Z. Since Z generates QQ as a group, we get that | - | is equivalent to the
standard archimedean valuation.

2. For some n > 1, |n| < 1. Then (7.1) shows that |m| < 1 for all m > 1. Thus by
Proposition 7.2.4, | -| is nonarchimedean. The nonarchimedean valuations are given by
Proposition 7.3.2. O

Later on we will return to the question of finding all valuations on an extension of QQ
(Theorem 7.4.2).

3.1 Approximation

Theorem 7.3.4 (Weak approximation theorem). Let vy, ..., v, be all the places of K, with
valuations | - |1,..., | |n. The map

N
¢:K—>HKU].
j=1

induced by the inclusions K — K., has dense image.
In other words, given ay,...,a, € K, for any € > 0, there exists a € K such that

la —aj|; < e for all j.
Proof. Step 1: We show that there exists a such that

lal, > 1. (7.2)
|a|j<1, i=2,...,n.

We induct on n. For n = 2, note that by Proposition 7.2.8(2), we can find b, ¢ so that
bl <1, b]s > 1

|C|1 > 1, |C|2 < 1.
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Now take a = §.
For the induction step, suppose we’ve found b so that (7.2) holds for n — 1. Choose ¢ so
that

el > 1, ] < 1

we will use it to “correct” |b|, as necessary. Consider three cases.
1. |bl, < 1: We can let a = b.

2. |b], = 1: Let a = "¢, for large enough r. This works because

o0, 7=1
lim [b"¢|; = {0, 2<j<n-1

leln <1, j=n.

3. |b], > 1: First note that from 1 — |a"| < |1 +a"| < 1+ |a"| we get
" 0 <1

lim - { el (7.3)

T—00

T
1+

1, |z| > 1

Let a = %, for large enough r. This works because the above gives

|C|1>17 j:l
|C|n<1a J=n.

cb”
1+b

lim
T—>00

J

Step 2: Now we show that there are points in the image of ¢ arbitrarily close to (1,0, ...,0).
Indeed, choosing a as in step 1, we have by (7.3) that

a'f’
li =(1,0,....0).
o (152) = (10.00.,0)

Step 3: From step 2, choose b; sufficiently close to (0, ... ,0,\1/, 0,...,0). Let
J

n
a= z anby,
Jj=1

to find ¢(a) can be arbitrarily close to (ay,...,a,). O

Note that if we include only the finite places, then this follows from the Chinese remainder
theorem.
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4 Completion

Definition 7.4.1: Let K be a field with valuation | - [. The completion of K, denoted K
is the field containing K (i.e. there is a injection K < K preserving valuation) satisfying
the following properties.

1. K is complete in its topology.

2. (UMP) For any homomorphism ¢ from K to a complete field L, there exists a unique
homomorphism K — L making the following commute.

K /> L
K .
Le., K is the smallest complete field containing K.

Proof of ezistence. For existence, let K be the set of equivalence classes of Cauchy sequences
in K, and deem two sequences {a,} and {b,} equivalent if lim,, . |a, — b,| = 0. Define
K< K by sending a to (a,a,...). Extend the valuation by letting defining the norm of a
{a,} to be lim,,_, |a,|. See any book on real analysis for the details.

For the second part, given a sequence {a, } € K, map it to lim, e ¢(a,) € L. Uniqueness
follows from the universal property. n

4.1 Completions of archimedean fields; Classification of places

Theorem 7.4.2 (Ostrowski). The only complete archimedean fields, up to isomorphism of
valued fields and equivalence of valuation, are R and C.

Proof. Suppose K is a complete archimedean field. Then on Q, by the first Ostrowski
Theorem 7.3.3, ||-|| is equivalent to the usual valuation ||-|| . By Proposition 7.2.8, by raising
to a power we may assume it is exactly the usual valuation. We must have (:j =RCK.

We show every element £ € K satisfies a quadratic equation over R. This is equivalent
to saying that min,cc f(z) = 0 where

f(2) =18 = (z + 7)€ + 22].

Let m = min|f(z)|; by way of contradiction suppose m # 0. Note S = {z: f(z) =m} is
compact; let zg be an element of S of maximal absolute value.

The idea is the following: perturb (the nth power of) &2 — (2o + )€ + 20% so that the
valuation is very close to m”"; taking n — oo we force all roots to have absolute value m;
however, we can ensure one of the roots has larger absolute value, a contradiction.

Consider the polynomial

G(z) = (a7 = (20 + Z0)7 + 20%)" — (—&)".
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We have by the triangle inequality
GE) <m" +e" = G(§) < (m" +e™)>

On the other hand, note |G(z)|* factors into quadratics so by definition of m, we have
|G(€)]* > m?". We can do better: let z; be the root of 22 — (29 + Z)x + 20% + € = 0; we
have |z1] > m = |29]. Now z; is a root of G(x), so one of the quadratic factors of |G(x)|* is
2% — (21 + Z1)x + 2171 which by the assumption on zy, must be > m at x = £. We get

m*HE — (21 + 2§+ 27) S [GEF < (m" +e")°
which is a contradiction for n large enough. ]

We can now finish our classification of places on K/Q.

Theorem 7.4.3 (Classification of places of K). Let K be a number field. There is exactly
one place of K for each

1. prime ideal p,
2. real imbedding, and
3. conjugate pair of complex embeddings.

The valuations corresponding to prime ideals, i.e. p-adic valuations, are called finite
places, while the those corresponding to real and complex embeddings are called infinite
(real or complex) places.

Proof. The nonarchimedean valuations of K are given by Proposition 7.3.2, while each
archimedean valuation v corresponds to an embedding (respecting valuations)

K— K,ZRorC,

the isomorphism coming from Theorem 7.4.2. Note that complex conjugate embeddings give
the same valuation. O

Corollary 7.4.4. Let L/K be extensions of number fields. If v is a place corresponding to
a prime p of K, then the places w | v in L correspond to primes B | p. If v is a place of K
corresponding to an embedding o : K — R or C, then the places w | v correspond to of o to

L.

4.2 Completions of nonarchimedean fields

Suppose K is a field with a discrete nonarchimedean valuation | - |. Since K is dense in K
and

[EA{O}] = {|=[™ = m e Z}

is discrete in K, we get |K| = |K]. A
Proposition 7.4.5 becomes much nicer when we look at the completion K.
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Proposition 7.4.5 (Valuation defines subrings): Let K be complete with a nonarchimedean
valuation. Then

1. A=0p :={a€ K :la| < 1} is a subring of K, with
22.U=0}:= {a e K :l|a| = 1} the unit group, and
3. m:={a € K : |a| < 1} its unique maximal ideal
Let 7 be a uniformizer, i.e. the largest element of K with |r| < 1. Then 7 generates m.

Proposition 7.4.6: Suppose K is a field with a discrete nonarchimedean valuation |-|. Let
S be a set of representatives for A/m. Then every element of K has a unique expression in

the form
Z a,m".
n>N

(More precisely, the sum represents lim,, ,o, 3"y a,7".) The norm is given by

= |7T|Na an 7é 0.

Z anpm"

n>N

In other words, we can write elements of K as “numbers with infinite m-expansions going
off to the left,” as we saw in section 1.

Proof. Suppose |x,| = |7|". Then 27" € A, so there exists s € S with 277" —a € m. Then
|2 — anm"| = |7

set x,,1 = x, — a,7". Starting this process at © = xy, we get

T = Z an,m".

n>N
We have r — ay7¥ € 77N 50 |2| = |7|V. O
We have a surprising result that is not true in the archimedean case.

Proposition 7.4.7: Let K be a field complete with respect to a discrete nonarchimedean
valuation. Suppose z, — 0. Then > °°, x,, converges.

Proof. We show s, = Y. _, x, be the sequence of partial sums. We show s,, is Cauchy.
For each ¢ > 0 there is N such that for n > N, |z,| < e. Then by the nonarchimedean
property, for all n’ >n > N, |s,y — s,| = |Tpi1 -+ + 2| < e. Thus s, is Cauchy and hence
converges. 0

95



Number Theory, §7.5

Thus we have two ways to think of a p-adic valuation.

We’ve thought of it analytically: give K a metric and take the completion of K as a metric
space to obtain K. The algebraic notion of completion is the following: the completion of a
ring A with respect to an ideal p is defined as A = 1'&]{1n>0 Alp™.

To connect up the analytic and algebraic definitions of the completion, note that A=
@mo A/p™ is the completion of A with the topology given by the neighborhood base
{p"}.>0; this gives A the structure of a topological ring.

Now if K is a field with a discrete nonarchimedean valuation, then we can define A and
p as in Proposition 7.4.5. The topology given by the valuation is exactly the topology that
has the neighborhood base of 0 being {p"},>0. This shows the following.

Proposition 7.4.8: Let K be a field with a discrete nonarchimedean valuation. Then
defining A, p as in Proposition 7.4.5,

K= Frac(@ Alp™).

Definition 7.4.9: Define the exponential function as a power series
oo

We investigate the convergence of e*

" 2
Proposition 7.4.10: ¢” converges for v,(z) > 1.

Proof. Writing a = a,p” + - - - + ag in base p, we find by Example 7?7 that

O
Hence
vy (f:) = nuy(x) — N im0 i Oaz < ) + o(n).
By Proposition 7.4.7, e* converges if and only if v, %) — —o0; this gives the result. O]

5 Hensel’s lemma

The following is the first version of Hensel’s lemma for m-adics.

Lemma 7.5.1 (Hensel’s lemma, I). Let A be a complete local ring, f(X)
be a simple root of f(X) modulo 7, i.e. f(ap) =0 (mod 7) and f'(ag) Z0
there exists a unique root a of f(X ) with a = ap (mod 7).

€ A[X], and ag
(mod 7). Then

Note this can be generalized as follows: Suppose f(ap) = 0 (mod 7") and v.(f'(ap)) =
k < n. Then there is a unique root a of f(X) with a = ap (mod 7"7*). The proof is the
same, and is left to the reader!
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Proof. We find zeros of f(X) modulo higher and higher powers of .
Using induction, we find a,, satisfying

f(a,) =0 (mod x"*h).

The base case holds by hypothesis. For the induction step, note that by Taylor expansion
of polynomials,

f(a’n + hﬂn+1) = f(an) + hﬂn+1f,<an) 4+ ..
f(an) +hr" " f'(a,) (mod 7"2).

Since f'(a,) #Z 0 (mod 7) and f(a,) = 0 (mod 7"*!), we can choose h so that this is 0

modulo 7", (Explicitly, h = —{T (an) m) We let a,.1 = a, + ha""!. By construction,

the sequence a,, converges; let a be its limit. Since a = a,, (mod 7"), we get f(a) = f(a,) =0
(mod 7™1) for all n, and therefore f(a) = 0. O

The first form of Hensel’s lemma tells us about lifting a root ag of f (f modulo 7) to a
root a of f in K. We can think of this as lifting a linear factor  — ag of f to a linear factor
x —a of f. A stronger form of Hensel’s lemma says that we can in fact lift any factor of f

to one of f.

Theorem 7.5.2 (Hensel’s lemma, II). Let k be the residue field of A and f be a monic
polynomial. If f = goho where gy and ho are monic and relatively prime, then f = gh for
some g and h such that § = gy and h = hy.

If f = g1+ gn is the complete factorization of f in k[X], then the complete factorization

of fin K[X] is f=fi1-- fn where f; = g;.

Proof. First we need the following lemma, which tells us that if the reductions of polynomials
are relatively prime, then so are the original polynomials.

Lemma 7.5.3. Let A be a local ring with residue field k. If g, h € A[X] are such that g and
h are relatively prime, then g and h are relatively prime in A[X] and there exist polynomials
u, v with degu < degh and degv < deg g such that

ug +vh = 1.

Proof. Since g and h are relatively prime in k[X]| = (A/m)[X], (g,h) = A[X]/mA[X] and
(g9,h) + mA[X] = A[X]. Nakayama’s lemma says that if A is a local ring with maximal ideal
mand M DO N are A-modules with M = N+mM, then M = N. Apply this with M = A[X],
which is finitely generated over A to get A[X]| = (g, ). This means we can choose u, v such
that ug + vh = 1. To satisfy the degree condition, drop all terms with higher degree. O

We proceed as in the proof of Theorem 7.5.1. Suppose we have found g, and h,, such
that

f = gnh, (mod 7).
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We have

(gn + o™ N (hy +ur™™) = guhy + (ugn + vhy)7™ T (mod 7™3).

By Lemma 7.5.3 we can choose u and v such that the above is congruent to f modulo 7"*2.

Again let g1 = gp + o7t hyy = hy, +un™, and take the limit as n — oo.
The second part follows from induction. Note f = fi--- f, is the complete factorization
because any factorization of f gives a factorization for f. m

Definition 7.5.4: A henselian field is a field with nonarchimedian valuation v which
satisfies Hensel’s Lemma (with p the maximal ideal corresponding to v).

Hensel’s lemma says that a field that is complete with respect to a discrete valuation is
henselian.

6 Extending valuations

Theorem 7.6.1 (Extending discrete valuations). Let K be henselian and let L/ K be finite
separable of degree n. Then |- |k extends uniquely to a discrete valuation ||, on L, given by

1
1Bl = [Nmz,x Bk
Proof. Neukirch, pg. 131-132. m

Definition 7.6.2: Let K be henselian. Let v : K* — Z be the corresponding additive
valuation, extended to K** — Q. Given a polynomial

fX)=X"+a, 1 X" '+ +ay € K[X]
define the Newton polygon of f(X) to be the lower convex hull* of
P = (i, v(a)).

Proposition 7.6.3: Suppose the bottom of the Newton polygon has segments of x-length
n; and slope —s;. Then

1. f(X) has exactly n; roots o € K with v(a) = s;, and
2. fi(X) = To(an)=s: (X — ;) has coefficients in K.

Proof. We prove the following statement by induction: if f(X) = [[(X — «;) € K[X] and
exactly n; of the roots a; have order equal to s;, then the Newton’s polygon of f(X) has a
segment of slope —s; and x-length n;.

4draw the convex hull, and remove the segments joining (0,v(ag)) and (n,0) from the top
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The case n = 1 follows since the only line segment on the bottom joins (0,v(«;)) and
(1,0). Now suppose the claim proved for n. Consider

n+1

9(X) = (X =) f(X) = >_(ar-1 — aa) X*

k=0

(where nonexistent coefficients are set to 0). Let ¢t = v(«). Let kg be the point such that the
slopes of the line segments of Newton’s polygon N for k < kg are s < —t, and such that the
slopes of the line segments of N for k > ky are greater than s > —t. Let

dk = v(ak)
l, = y-value of intersection of N with x =k

d;, = v(ax_1 — aay)

E,_ €k+t7 OSkSkO
Tl ke <k <n.

Let N’ be the broken line formed by joining (k, ;). N’ consists of segments of the same
slopes as IV, plus one more segment of slope —t and x-length 1, in increasing order. It suffices
to show that N’ is the lower convex hull of the points (k,d},).

Here is an example with p =5, f(X) = (X —5)(X —10)(X —15)(X —125) and o = 25.°

Consider 2 cases. We will use
d;, = v(ag_1 — aag) > min(v(ap_1), v(aag)) = min(dy_q, dg + t),
with equality holding if dy_1 # dy + t.

1. k < ky: We have

(%)
di—1 > Uy > e+t =1,
dp +t >l +t =10,

°Of course, f does not have to split over Q[X|] and the valuations don’t have to be integers.
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where in (*) we use the fact that the slope of the segment (k—1,¢;_1)(k, {) is at most
—t. Hence (k,d},) lies above N’. Now suppose (k,dy) lies on a corner of L (excluding
k = ko). Then dy = ¢} and inequality holds in (*):

dp_1 >£k+t:£;€:dk+t
so dj, = ;. and (k,d},) lies on N'.
2. k> ko: We have
dj—1 > Uy =0,
dk—f—tzgk-l—t(;)fk_l:ag.

where in (*) we use the fact that the slope of the segment (k — 1, ¢;_1)(k, ¢) is greater
than —t. Hence (k, d},) lies above (k, ¢}). Now suppose (k — 1,dy_1) lies on a corner of
L. Then dy_; = l}_1 so

dk+t2€k+t>dk_1=€k_1:€;€,

showing dj = ¢} and (k,d},) lies on N'. O

7 Places as Galois orbits

Here is an alternate definition of a place.

Definition 7.7.1: Let (K, v) be a field with valuation and L/K be an extension. A place
on L over v is a G(K,/K,)-orbit on Homy (L, K,).

Example 7.7.2: Let K = R, and L a finite extension of K. Then the places of L
over R are just Homg (L, R), the real embeddings of L, and the complex places are just
G(C/R)\ Homg (L, C), i.e. pairs of complex conjugate embeddings.

We show this is equivalent to our previous definition.

Theorem 7.7.3. Let K be a number field. There is a bijective correspondence between
equivalence classes of valuations w | v, v on K, and G(K,/K,)-orbits on Homg (L, K ,):

{w|v:we M)} = G(EK,/K,)\ Homg (L, K,).

Letting v be the unique extension of v to K, the embedding 7 : L — K, is associated to
the valuation | - | restricted to L.

Proof. O
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8 Krasner’s lemma and consequences
The following shows a surprising difference between local and global fields.
Lemma 7.8.1 (Krasner’s lemma). Let K be complete with respect to a nonarchimedean

valuation | - |, and extend | - | to an algebraic closure K. Let o, 3 € K. If B is separable
over K(a), and

8 —al <[ -8 (7.4)
for any conjugate ' # B of 5 over K, then B € K(«).

We say that a belongs to S if inequality (7.4) holds.

Proof. By the fixed field theorem, it suffices to show that for all embeddings o : K(«, 5) —
K® fixing K(a), that o(8) = 3. We have

0(8) —al =lo(B) —o(a)| = |5 - q

since | e | = |0 e | and o(«) = . Hence

the last following since |- | is nonarchimedean. By the minimality assumption we must have

o(B) = B. O

We define a norm on polynomials by setting

0<k<n

n
> e XF|| = max |y
k=0

Using Krasner’s Lemma, we show that polynomials that are close together have roots that
are closely related. In fact, we have the following stronger result. Using Krasner’s Lemma,
we show that polynomials that are close together have roots generating the same extensions.

Theorem 7.8.2. Given f, there exists € > 0 such that if ||f — g|| < €, then there is an
ordering of roots ay,...,qa, and By,...,B, of f and g, respectively, counting multiplicities,

such that K(oj) = K(5;).
Proof. Step 1: First we show that the roots of g approach the roots of f, as ||f — g|| — 0.

Lemma 7.8.3. Keep the hypothesis of the theorem. Suppose € > 0. Then there exists 6 > 0
such that if ||f — g|| < &, then for every root B of g, there exists a root o of f such that
I —al <e.
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Proof. First note that the roots of a monic polynomial h are bounded in terms of ||h]|.
Indeed, letting h(X) = S27_, ¢, X*, if v is a root of h, then by Proposition 7.2.7(3), we must
have ck’yk > ~™ for some 0 < k < n, and hence

v<ep T < max(1,||h]).

Suppose ||f — g|| < § is small (say, less than 1). Then ||g|| < || f|| + d, which is bounded.
Hence the roots of ||g|| are bounded, say by C. Let 8 be a root of g. On the one hand, we
have

(f =9)(B) < If — gllmax{[B[", 1} < dmax{C", 1} (7.5)

and on the other,

(f —9)(B) ﬁ 8= a).

Hence |3 — ay| < (§ max{C" 1})« for some n. We can choose ¢ so this is less than . [
Step 2: We strengthen the lemma to account for multiplicities.

Lemma 7.8.4. Keep the hypotheses of the theorem. For every € > 0 there exists § > 0
such that whenever ||f — g|| < 0, there exist orderings oy, ..., and By,..., 5, such that
|8k, — au| < e for all k.

Proof. By Lemma 7.8.3, as ||f — g|| — 0, the distance from the roots of g to the closest
roots of f approaches 0. Let (£1(g),...,B.(g) be the roots of g. For each k let ax(g) be
the root of f closest to Sx(g). We have maxy |fk(g) — ax(g)| — 0 as g — f. Suppose the

distinct roots o, . . ., a/, of f have multiplicities rq, ..., 7, and suppose that they occur with
multiplicities sy, ..., sy, in the ag(g). Suppose by way of contradiction that (s1(g), ..., Sm(g))
is not constantly (r1,...,r,) for g close enough to f. Then we can find a sequence g; — f
such that (s1(g;), ..., sm(gj)) is constant and not equal to (r1,...,7,). Then
9;(X) = [T(X = Bu(g))) H #(9)) S‘“#H —ap)™ = f(X),
k=1
contradiction. ]

Step 3: Take & = min,»; [a; — o}| in Lemma 7.8.4. Then Krasner’s Lemma 7.8.1 gives the
conclusion. O

From this we get that every field extension of @@, can be described by a field extension
of Q, by choosing a close enough approximation to a minimal polynomial.

Corollary 7.8.5. Let L/Q, be a finite extension. Then there is a finite extension K/Q such
that [K : Q] =[L: Q] =n and K -Q, = L.

Proof. Using the primitive element theorem, choose « so that Q,(a) = L. Let f € Q,[X]
be the minimal polynomial of o. By Theorem 7.8.2, for g close enough to f, there is a root
B of g such that Q,(a) = Q,(8). Take g € Q[X] sufficiently close, and L = K (). Then

K-Q, = K(a) = K(8) = L. =
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Local and global fields

1 Topology of local fields

Definition 8.1.1: A local field is a field K with a nontrivial valuation | - | such that K is
locally compact.

Note this requires that K is complete.

Proposition 8.1.2: Let K be complete with respect to a discrete nonarchimedean valuation.
(Then we can define A := O = {zr € K : x| >0} and m = {x € K : |z| > 0}.) Then A is
compact if and only if k£ := A/m is finite.

Proof. Suppose A is compact. Note m = {x : |z| < 1} is open, and any translate of it is
open. Note A = |Jsea/ma + m where the union is over representatives in A/m. A finite
number of these cover A, so k is finite.

Conversely, suppose k := A/m is finite. It suffices to show that A is closed and totally
bounded!.

1. Ais closed since A = {x : |z| < |«|}.

2. A is totally bounded: Given € > 0, choose r so that |7|™! < e. Now every element
is in a ball of radius 1 centered at one of the finite number of points in the form
ay+am+ -+ a7 ]

Proposition 8.1.3: If K has finite residue field then O, p", and 1 + p" are all compact.

Proof. From Proposition 8.1.2, A is compact. The above are all closed subsets of A so
compact. ]

Theorem 8.1.4. The following is a complete classification of local fields, up to isomorphism.

LA set is totally bounded if for every r, A can be covered by a finite number of sets with diameter at most
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1. R and C with the usual metric.
2. Finite extensions of Q,.

3. Field of formal Laurent series k((T')) over finite field.

All local fields are either R, C, or are complete with respect to a discrete nonarchidean
valuation.

Proof. [Neu99], p. 135. O

1.1 Open sets and continuity

Proposition 8.1.5: For any local field K and any n, the nth power map is open on K*,
i.e. it takes open subsets of K* to open sets.

Proof. For K =R or C, this is clear.

For K m-adic, this is an easy consequence of Hensel’s Lemma. Let y € K*". We may
suppose v(y) = 0. Suppose zj —y = 0. Let k = v(p) and let £ be such that v(e —y) > 2k+ 1.
Consider the polynomial f(z) = 2" —y. Now f(x9) =0 (mod 72**1) so by Hensel’s Lemma
xo lifts to a solution of f in K. O

Proposition 8.1.6: For any extension of local fields L/K, any 0 € G(L/K) acts as a
homeomorphism, and the norm map Nmy k is continuous on K*.

Proof. In the case C/R, we can verify this directly. Otherwise, L is complete with respect
to a discrete nonarchimedean valuation. We show that o preserves distance. Because o is a
field automorphism it suffices to show |o(x)| = |z|. Let 7 be a uniformizer. For o € G(L/K),
om = m, so it must take the uniformizer to another uniformizer, o(7) = 7’ = a;7+ a7 +- - -
with a; # 0. Then o(a;77 + ;3,7 + ) = a;7”7 + a; 4177 have the same valuation, as
needed.

Nmy,x(x) = [locc(n/k) o(x) by Proposition 1.2.3. ¢ and multiplication are continuous,
so Nmy,x is continuous. ]

2 Unramified extensions

Definition 8.2.1: Let K be a complete field with residue field k; let L be a finite extension
of K with residue field [. We say L/K is unramified if [/k is separable and the prime ideal
p in Ok does not ramify in L.

L/K is totally ramified if p ramifies completely; by the degree equation this is equivalent
tol =k.

Note from the residue equation that

p does not ramify <= [L: K] =[l: k]| (8.1)

104



Number Theory, §8.2

Our main theorem of this section is Theorem 8.2.4. We will show that if L/K is un-
ramified, then [/k is separable. If [/k is separable, though, we need an extra condition to
make sure L/K is unramified; namely that a minimal polynomial for L/K stays a minimal
polynomial for [/k, so that (8.1) holds.

Proposition 8.2.2: Let K be a complete field with residue field k; let L be a finite extension
of K with residue field I. Suppose a € Ok, L = K(«), and let g(z) € K|z]. The following
are equivalent.

1. L/K is unramified, and ¢ is the minimal polynomial of «.

2. l/k is separable, with [ = k(@), ¢g has « as a root, g is the minimal polynomial of @,
and g has no repeated roots.

Proof. Suppose (1) holds. Then g has @ as a root. Note L = K («) gives | = k(@). By (8.1),
@ has degree [ : k] = [L : K] over k. Since g has degree [L : K], it must be the minimal
polynomial of @, and have no repeated roots. This shows [/k is separable.

Suppose (2) holds. We have

[L: K]=degg=degg=1[l:k],

the first equality is because « is a root of g and the fact that g is irreducible means ¢ is
irreducible (hence the minimal polynomial of «); and the last equality is because g is the
minimal polynomial of @. Hence p (the prime ideal of O) is unramified by (8.1). Thus
L/K is unramified. O

For local fields, the property of being unramified behaves well under extensions and
products.

Proposition 8.2.3:

1. Suppose that K C L C M are finite extensions. If M/L and L/K are unramified, then
M/K is unramified.

2. Suppose that K C L, M are finite extensions. If L/K is unramified, then LM /M is
unramified.

3. Suppose that K C L, M are finite extensions. If L/K and M/K are unramified, then
LM /K is unramified.

M LM LM
L L M I aram M
K K K
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Proof. Let k,l,m,n be the residue fields of K, L, M, LM, and p, B, and B’ be the prime
ideals of Ok, O, Oy, respectively.

1. We have pOy; = BO, = P'. Separability is transitive, so M /K is unramified.

2. Write L = K(«). By Proposition 8.2.2, we can find g with « as root such that g is the
minimal polynomial of | = k(«) over k, and is separable. Then the minimal polynomial
for n = m(«) over m divides g, hence is separable. By Proposition 8.2.2 again, LM /M
is unramified.

3. By part 2, LM/M is unramified. Since M/K is unramified, by part 1 LM/K is
unramified. N

Theorem 8.2.4. Let K be a field; fix an algebraic closure. There is an equivalence of
categories between

o finite unramified extensions L/K, and
e finite separable extensions l/k,

where the morphisms are field inclusions. (All maps between fields are inclusions.) The
equivalence is given by L — O /B where P is the prime in Of.
Moreover,

1. L C M if and only if | C m.?
2. The residue field of LM is Im.
3. L/K is Galois if and only if l/k is Galois, and

G(L/K) = G(1/k)
by restricting o € G(L/K) to B = O, and modding out by ‘BB.

Proof. By Proposition 8.2.2, L does get sent to a separable extension.

First we show the map is surjective. Given [/k separable, choose /3 so that [ = k() and
choose f so that f be the minimal polynomial of 3. Since 3 is a simple root of f, by Hensel’s
Lemma 7.5.1 we can lift it to a root « of f. Then K («) is mapped to k().

Part (2) is clear. For (1), if L C M then clearly [ € m. Conversely, suppose [ C m. Now
LM is also unramified (Proposition 8.2.3) and has residue field [ - m = m. Hence,

M :K]=[m:kl=[lm:k|=[LM: K],

showing L C M.
If [ = m, then the above shows that L = M. Hence the map is injective.

2This is part of the statement of equivalence of categories.
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For (3), note an extension is Galois iff it is the (minimal) splitting field of a separable
polynomial f. Take g to be the minimal polynomial of a primitive element «; note & generates
[/k. Note by Proposition 8.2.2, g is separable. If L/K is Galois, then g splits over L so g
splits over {. Combining the previous two statements, [/k is Galois. Conversely, suppose
[/k is Galois. Since g splits into nonrepeated linear factors, Hensel’s Lemma 7.5.2 lifts it
to a factorization of g. Hence g splits over K into distinct linear factors, showing L/K is
Galois. O

Suppose k is a finite field. In this case, the separable extensions [/k are exactly the
finite extensions. Moreover, we understand what these extensions are; there is one of each
degree, and we can find the corresponding L/K explicitly. Furthermore, by surjectivity in
(3), G(L/K) contains a unique element mapping to the Frobenius element in G(I/k); see
Definition 11.1.1.

Lemma 8.2.5. Let o be a root of
FX)=X"—a=0
where a is a unit and ptn. Then K(a)/K is unramified.

Proof. Let g(X) | f(X) be the minimal polynomial of a. Let L = K(«) and [ be its residue
field.

Note that f'(X) = nX""! # 0 has no common factor with f(X) = X" — a, even when
reduced modulo p, as p{n and a ¢ p. Hence f(X), and a fortiori g(X), has no repeated
root in k. Any factorization of g(X) in k gives a factorization of g(X) in K by Hensel’s
Lemma. Hence g remains irreducible in k[X]. This shows [[ : k] = [L : K]. By the degree
equation, L/K must be unramified. O

Theorem 8.2.6. Let L/K be an extension of complete fields with finite residue fields. Then
there exists a field K C L, C L such that L, /K is unramified and every unramified extension
of K contained in L is contained in L,. Moreover,

1. L, is obtained by adjoining to K all roots of unity in L whose order is relatively prime
to q := char(K).

2. L/Ly, is totally ramified.

L

totally ramified

L,

unramified

K

We call L, the maximal unramified extension of K contained in L.

107



Number Theory, §8.3

Proof. Let L, be the compositum of all unramified extensions of K contained in L. Then L,
is unramified by Proposition 8.2.3, and it contains all unramified extensions of K contained
in L.

For each n not a multiple of p, K((,)/K is unramified by Lemma 8.2.5. Letting ¢ = |k,
the corresponding extension of residue fields is k(C,)/k = F oraym) /Fq. We get all finite
extensions [/k in this way, thus all unramified extensions L'/ K in this way. Taking the roots
of unity inside L gives the result. O

3 Ramified extensions

Definition 8.3.1: Let L/K be a ramified extension of local fields, with ¢ := char(k) = p™.
We say

1. L/K is tamely ramified if p1 [l : k.
2. L/K is wildly ramified if p | [l : k].

We seek analogues of Lemma 8.2.5 in for ramified extensions.

For a prime p of a Dedekind domain A (not necessarily corresponding to a local field)
let v, denote the corresponding valuation. (That is, if v,(a) is defined such that p**@ is the
highest power of p dividing (a).) Note the following two facts.

1. If pB = ¢, then

vp(a) = vg(a)”.

2. If a3 +--- +a, =0, then the minimum value of v,(a;) is attained for two indices.

Definition 8.3.2: An Eisenstein extension relative to p is an extension K (a)/K where
the minimal polynomial of « is of the form

flx)=a"+ap 12"+ +ag
where vya; > 0 and vyap = 1.
Theorem 8.3.3. The prime ideal p totally ramifies in any Eisenstein extension relative to

p:
pB =P P=(f(a),P)"

Proof. Let PB¢||p. Note e <n = [L: K]. We calculate the valuation of f(a) with respect to
L.

vp(a”) = nugp(a)

vp(ara®) = e + kup(a) > e, 1<k<n-1
vgp(ag) = e.
Since f(a) = a"+---+ap = 0, the minimum valuation must be attained for two terms. The
only way this is possible is if nug(a) = e. Then n = e and vg(a) = 1, as needed. O
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Theorem 8.3.4. Let K be complete with respect to a nonarchimedean valuation. The totally
ramified extensions of K are exactly those of the form K(«a) where « is the root of an
FEisenstein polynomial.

Proof. The forward direction follows directly from Theorem 8.3.3.

Conversely, let L/K be a totally ramified extension. Take a to be a generator of the
maximal ideal 8 of Op. Note v(a) = % since ()" = p. Note that for any a,_1,...,ag, we
have i

v(ape®) = v(ay) + :z = (mod 1),

since v(ay) is an integer. Thus, the nonzero terms aza®, 0 < k < n, have different orders.
Thus by Proposition 7.2.7, a,_ 10" ! + -+ + ag # 0 unless all coefficients are 0. This shows
that o must have degree n; suppose o™ +a,_1a" 1 +---4+aq = 0. Again by Proposition 7.2.7,
the minimum order is attained for two terms. We have

op(a”) = nvy(a) = 1
vp(akak):kv(ak)+7lz, 0<k<n-1.

The only way this can happen is if & and v(ag) are the nonzero terms with least order. This
gives v(ag) = 1, and v(ag) > 0 for 1 < k < mn, i.e. the polynomial is Eisenstein. O

Theorem 8.3.5. Suppose L/K is a totally and tamely ramified extension of degree n. Then
L = K(«) for some a a root of
X'"—m1=0

formep.

Proof. Take § € B. Since L/K is totally ramified, v,(8") = 1. Hence " = un for some
u € B*, and f is a zero of
g(X) = X" —um.

Unfortunately, © may not be in A. However, we show that this polynomial is close enough

to
f(X):=X"—u7

for some v’ € A and proceed as in Theorem 7.8.2 to show that the roots of these two
polynomials generate the same extension.

Since L/K is totally ramified, | = k, i.e. A/pA = B/BB. Thus there exists v = u
(mod B) with ' € A. This means |u' —u| < 1. Letting o, ..., a, be the roots of f(X) =0,

8 —aal--- 18— an| = |f(B) = |ur —u'm| < |7| = [on] - |

so |8 — ;| < |oy| for some j; without loss of generality j = 1.
Since L/K is tamely ramified, p{n and f'(a;) = na}™" has valuation |a;|"~!. Hence

Jon[" = [ ()] = (@1 = a2) -+ (01 — 0 (8.2)
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Note |a;| = lu/'m|w = |ou|; hence oy — a;j| < |aa]. By (8.2), equality must hold. Hence
| —ai| < |ag — oy for all j # 1, and by Krasner’s Lemma 7.8.1, K(aq) € K(f3). Since both
extensions are totally ramified of degree n, L = K () = K(a). O

The analogues of Proposition 8.2.3 carry over exactly.

Proposition 8.3.6:

1. Suppose that K C L C M are finite extensions. If M/L and L/K are tamely ramified,
then M/K is tamely ramified.

2. Suppose that K C L, M are finite extensions. If L/K is tamely ramified, then LM /M
is tamely ramified.

3. Suppose that K C L, M are finite extensions. If L/K and M/K are tamely ramified,
then LM /K is tamely ramified.

Theorem 8.3.7. Let K be a field with characteristic 0 and finite residue field, and let p be
a prime in Og. Given n, there are only finitely many extensions of K, with degree at most
n.

Proof. First we show that there are finitely many totally ramified extensions of degree n. By
Theorem 8.3.4, very such extension is realized by adjoining a root of an Eisenstein polynomial
of degree n. By taking the coefficients, an Eisenstein polynomial can be identified with a
point of
pX-e X pxATT. (8.3)
n—1
The topology given by ||-]| is exactly the product topology here; this is compact by Propo-
sition 8.1.3. Now for each polynomial f, by Theorem 7.8.2 there exists an open set Uy such
that any g € Uy has roots generating the same extensions as those of f. Since (8.3) is
compact, a finite number of U cover f. The roots corresponding to those f generate all the
totally ramified extensions of degree n.
By Theorem 8.2.6. Any finite extension L of degree n is an totally ramified extension
of degree ™ of an unramified extension L, of degree m for some m. By the remark after
Theorem 8.2.4, there is exactly one unramified extension of degree m; for each L, by the

above there are a finite number of possibilities for L. n

4 Witt vectors*

We know from Proposition 7.4.6 that every element of K can be written as > n>nN @, where
the a,, come from a fixed set of representatives for A/m. Although this allows us to write down
any element, unless the set of representatives is closed under addition and multiplication (i.e.
form a copy of k in A), we cannot simply add and multiply the coefficients. Instead, we find
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that addition and multiplication are governed by Witt vectors. We will actually develop this
theory in a more general context.

Definition 8.4.1: Let p be a prime number. A ring R is a strict p-ring if R is complete
and Hausdorff with respect to the p-adic topology, p is not a zero-divisor in R, and the
residue ring R/(p) is perfect. (A ring of characteristic p is perfect if the map = +— 27 is
bijective.)

We will primarily be interested in the case where R is an unramified extension of Z,,.

Theorem 8.4.2. Let K be a perfect ring of characteristic p.

1. There 1s a strict p-ring R with residue ring K, unique up to canonical isomorphism.

2. There is a unique system of representatives 7 : K — R, called the Teichmdiiller
representatives, such that

T(zy) = 7(2)7(y)
forall z,y € K.

The main example of interest to us is the following.

Example 8.4.3: Fix f; then there is a unique unramified extension of Z, with residue field
F,, ¢ = p’, namely Z,[(,s,]. The Teichmuller representatives are the (¢ — 1)th roots of
unity j,—1. They are multiplicative, but not additive. The following construction will tell
us how to add them.

Lemma 8.4.4. Given X = (X, Xy,...), define
7 n—1
W,(X)=X{ +pX? +---+p"X,, n>0.
Then there exist polynomials
S(),Sl,...;Po,Pl,... GZ[XU,XD"-,}/O’}/D'“]
such that
W,(S) =W, (X) + W,(Y)
W@wazzlyhﬁy)'mﬁiyv-
where X = (XQ,Xl,...>, Y = (YE),Yi,...), S = (So,Sl,...), and P = (P(),Pl,...).

The motivation for defining these polynomials is that they tell us how to add in strict
p-rings using the base-p represenation with Teichmiiller representatives as coefficients.

Theorem 8.4.5. Let R be a strict p-ring, k its residue ring, and 7 : k — R be the system
of Teichmiiller representatives. Then

& n © n 0 —-n —(n—1) —n —(n—1) n
ZT(:En)p + ZT(yn)p = ZT(SN('TIS ’le) a"'7xn;yg 7yf 7ayn)p .
n=0 n=0 n=0
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Proof of Lemma 8.4.4. We will abbreviate

W(X) = (Wo(X), Wi(X),...)
R=17[Xo, X1,...; Yo, Y4,.. .

All comparisons between X, Y will be done componentwise, and we define X" = (X7, X7, ...).
We find the S,,,, P,, inductively, with the additional condition that S,,, P,, are polynomials
in Xo,..., X, Yo,..., Y To begin, note Wy(X) = Xy so we set

So(X,Y) =X+ Y
PO(X> Y) = XoYo.

Lemma 8.4.6. If F,,,,G,, € R and F,, = G,, (mod p) for every m, then
W, (F) = W,(G) (mod p"*).
Proof. First note that for any f,g € R such that f =g (mod p),
f=g” (mod p™).
The proof is by induction, with the induction step following by the binomial theorem: if

77 =¢” 4+ p'h then

=" PRy =g + @P“ hg” 0D 4+ p Tk

———
pI

for some k € R. B B
This claim gives f} = g%~ (mod p"~7*!) and hence

P =0 (mod ptth,

Summing these up give the result. O

J

n—j

Directly from the definitions, we have

Hence the equations

are equivalent to
Wn—l(sp) +ann - Wn—1<Xp) +ann + Wn—l(Yp) + pnYn
W L (S(XP YY) A g (K £ V) (8.4)
anl(Pp) + pnPn = (Wn71<Xp) +ann)(anl(Yp> +pnYn)
— Wi 1 (P(XP,YP)) 4 (X Wo 1 (Y?) 4+ Yy W 1 (XP) + "X, Ys) (8.5)
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where (8.4) and (8.5) follow from the hypothesis for n — 1. Solving for S,, and P,, these are
equivalent to

W1 (S(XP, Y7P)) = Wi (57)

Sn=Xn+ Yo+ —
pn
W 1(P(XP,YP)) — W, (PP
Py = X, W, 1 (YP) + Y, W, _1(XP) + p"X,)Y, + e ) 1P
pn

However, since taking pth powers is a homomorphism modulo p, for any f € R we have
f(X,Y)P = f(XP,YP) (mod p). Applying this to f = S;, P;, we see the conditions of the
lemma are satisfied, so the numerators are divisible by p", and we can successfully define S,
and P,. ]

Theorem 8.4.7. Let A be a commutative ring. For

a:(ao,al,...), b= (bo,bl,...), @i,bi EAi,

the operations
w
a+b=5(ab), a"b=Plab).
turn the set AN into a commutative ring W(A).

This is called the ring of Witt vectors over A.

Proof. We first prove that associativity, commutativity, and distributivity hold as polynomial
identities in the a;, b;. The result then follows by considering the substitution homomorphism
Z[ao,...;bo,...] — A.

Lemma 8.4.8. The function W : RN — RN where R := Zlao, ... ;bo, . ..], is injective.

Proof. Suppose X = (Xo, X1, ...) and W(X) = (Y0, Y1, ...). We show the X are determined
by induction. We have Xy = Wy(X) = Y. For the induction step, note

Y, = Wo(X) = X" +pXT" 4 4P X,

since Xq,...,X,_1,Y, are determined and multiplication by p™ is injective in R, X, is
determined. 0

Lemma 8.4.4 gives
WX YY) = W(S(X,Y)) = W(X) + W(Y)
WX " Y)=W(PX,Y)) =W(X) W(Y).
Hence W : W(A) — RY is a map that preserves addition and multiplication; moreover, it is
injective. Its image is a subalgebra of R, since it contains 0 and 1:
w(0,0,...)=1(0,0,...)
W(1,0,...)=(1,1,...).

w
Hence + and " turn W(A) into a commutative algebra with unit (we are basically “pulling
back” the algebra structure from RN to W (A) using W). O
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4.1 Frobenius and Transfer maps

5 Extending valuations on global fields

Theorem 8.5.1. Let |-| be a valuation on K and let K be the completion of K with respect to
|-]. Let L = K(a) be a finite separable extension of K, and let f be the minimal polynomial
of a.

The completions of L with respect to the extensions |- | of | - | are ezactly K[X]/(h) as
h ranges over irreducible factors of f in K.

Proof. Suppose we are given an extension | -|". Let L be the completion of L with respect
to |-
L=K()—L=K()

K—— K

—

To see L = K(a), note we have L = K(a) 2 K(a); for the reverse inclusion note K («)
contains o and is complete (as it is a finite-dimensional vector space over a complete field).
Now considering the extension L / K, « is the root of one of the irreducible factors of f
in K[X].
Conversely, given an irreducible factor h of f in K'[X], consider K(o/) = K[X]/ (k). The
valuation on K extends uniquely to K(a’) by Theorem 7.6.1. Then let K(a) < K(o/) be
the map sending « to /. (This makes sense as the minimal polynomials of a, o/ over K are

both f.) By the same argument as before, L= K(a) = k(o/), as desired.

L:K(a)<—>f,:f((o/)

O
Theorem 8.5.2. Let K be the completion of K with respect to a archimedean or discrete
nonarchimedean valuation | - |. Let L/K be a finite separable extension. There are finitely
many extensions of | - | to L; denoting them by | - |; and the respective completions of L be

L;, we have the natural isomorphism

Proof. By the primitive element theorem, we can write L = K(a). Let f be the minimal
polynomial of «. Let f factor into irreducibles in K[X] as
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Then
CRT
=~

=
=
=

o
o
=

onr e Keon K/ = K6/ ¥ [TRe/0 ™" . o

Note the map in the theorem sends
a®br (arb, ..., ayb),

where a; is the embedding of a into L;. We now have a way to calculate norms and traces
in terms of completed fields.

Corollary 8.5.3. Keep the same notation as above. Then
1. Nmp k(o) = [y NmLi/f((O‘)-
2. Trryx(a) = [T TrLi/f((a)'

Proof. Using Proposition 1.2.3(1) and Theorem 8.5.1, we see

st = T o= (T o) T o) = T

a’ root of f o’ root of fi a’ root of fn, =1

Trpr(la)= > o < > o/> 4t ( / fo o/) :iTrLi/K(@).

a’ root of f o’ root of fi

6 Product formula

Lemma 8.6.1. Let L/K be a finite extension of number fields, with normalized nonar-
chimedean valuations w | v, as in Example 7.2.3. Let |- |\, be w normalized so it extends v.
Then

o= |- e
w w .

Proof. We check equality on the completions. Let p be the characteristic of the residue fields,
and 7, € K,,m, € L, be prime. Since [|-||,, is a map L* — pZ, it suffices to check that

|-]],, and ||'||;)[Lw:KU] agree for one element that does not get sent to 1. We check them on

m,. Note that if 8 is the prime corresponding to w, MR = |OL /POL| = |OL, /7OL, | = ||
where | = Oy, /7,Or,, and similarly for K. Then

1 e(ﬂ'w/ﬂ'v) 1 6(Lw/Kv)f(Lw/Kv)
N
] || °

by the degree equation 2.5.2. O
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Theorem 8.6.2 (Product formula). For any nonzero a € K,
II lefo =1
veVk

Proof.
Step 1: We first show the result for K = Q. Given n € Q, factor it as n = £[[2, p;" where
p; are all the prime numbers; note only a finite number of the a; are nonzero. Then

ol = (Tl ) b = (T ) (Tt ) =1

Step 2: We pass to field extensions of Q using the following lemma.

Lemma 8.6.3 (Extension formula). Let K C L be number fields and let v be a place of K.
Then

IIlal, = ’NmL/K a‘v .
wlv

Proof. For a place on L let |- |/, be the valuation normalized so that it extends v. We have

’ /
w

N

(%

wlv
/
=[] |NmL,/x,(@)|
wlv
= 1] |Nmz,/k, () F by Lemma 8.6.1
wlv
=], by Theorem 7.601
wlv

Step 3: Since every place on K restricts to a unique place on Q,

1 ledy = T ITlel, = TT I Nmge(a)), 2,

weVk veVp wlv veVp
where we apply step 1 to Nmp k(). H

The product formula will be useful when defining a measure of size independent of scaling
(see Chapter 77).

7 Problems

1. Let K be a complete nonarchimedean field whose residue field has characteristic p.
Prove that the maximal tamely ramified (separable) extension of K is

K= K ({r ).
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Chapter 9

Ramification

We seek to generalize the definition of discriminant over Dedekind domains A which are
not PID’s. To do this we will first define the different, which measure how much we can
enlarge B so that the image of the trace map is still in A, then define the discriminant as
the discrepancy between B and the enlarged B, using x4. We will find that the different is
the (ideal) norm of the discriminant.

We will see that our definition coincides with our previous definition when A is a PID.
Fortunately, we don’t have to prove everything from scratch again: by localization we can
always reduce to the DVR/PID case.

The main use of the discriminant is to measure ramification: The primes dividing the
discriminant are those that ramify. On a deeper level, the exponents measure the degree of
ramification.

1 Lattices and y

Definition 9.1.1: Let A be a Dedekind domain, K = Frac(A), and V' a finite dimensional
K-vector space. An A-submodule X C V is a lattice if it is finitely generated A-module
and spang (X) = V.

The most basic example of a latice is a fractional ideal of K.
We would like to measure the discrepancy between two lattices—like the norm, but
measured by an ideal instead. To do this, we first need some facts from commutative algebra.

1.1 Filtrations of modules

Definition 9.1.2: A module is simple if it is nonzero and has no nonzero proper submodule.
A composition series of length m is a chain of submodules

M=MyD>DM D>---D M, =0

where M; 1 /M, is simple for each i. M has finite length if it has a finite composition series.
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Proposition 9.1.3: The simple modules are exactly those in the form R/m where m is a
maximal ideal of R. If M is simple, M = R/m where m = Ann(M).

The main theorem on filtrations is the following.
Theorem 9.1.4 (Jordan-Hélder). Suppose M has a composition series.
1. (Ezistence) Any chain of submodules of M can be refined to a composition series.

2. (Uniqueness) Any composition series of M has the same length; moreover the number
of times R/m appears as a quotient M;_1/M; in the filtration is invariant.

We will be applying this when R is a Dedekind domain, so the maximal ideals are simply
the nonzero prime ideals.
We also need the following.

Proposition 9.1.5: If M/M' and M’ have finite length, then so does M.

1.2 The function x4
Definition 9.1.6: Let A be a Dedekind domain. Define

X4 : {A-module of finite length} — {ideals of A}
as follows: Given M of finite length, with composition series
M=MyD>M D---DM,,=0

and A/p; = M;_1/M;, define

Example 9.1.7: The primes appearing in the filtration of an ideal a C A are just the primes
dividing a with multiplicity, so

Proposition 9.1.8: If M’ and M” have finite length and 0 — M’ — M — M" — 0 exact
sequence of A-modules, then

XA(M) = xa(M")xa(M").

Definition 9.1.9: Let A be a Dedekind domain, K = Frac(A), and X;, Xy C V be A-
lattices. Choose X3 C X; N X5 any A-lattice and define

Xa(X1, X) = xa(X1/X3)xa(X2/X5) !

as fractional ideals of K.
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Proof of well-definedness. We show this is independent of choice of Xj.
Observe x 4(X1, Xo)xa(X2, X1) = (1). Note this is independent of choice of X3. It suffices
to show that

Xa(X1/X3)xa(Xo/X3) ™ = xa(X1/Xa)xa(Xe/X0)™
when X, C Xj3. This follows by the exact sequence
0— X3/Xy — X1/Xy — X1/X5.
and Proposition 9.1.8. O

1.3 x and localization

It is easier to study x4 when A is local; in this case y4(X) is simply a power of the maximal
ideal. To understand y 4 (and hence the discriminant) for general A, we thus consider the
localization of A at all primes. The following says that x 4 is well-behaved under localization.

Proposition 9.1.10: Let A be a Dedekind domain and p C A be a nonzero prime. Then

Up(Xa (X1, X2)) = vpa, (X, (X1)p, (X2)p))-

Proof. Note X, = A, - X = A, ®4 X is an Ap-lattice of V.
Localization is exact, so preserves quotients. Suppose M DO N are adjacent terms in the

filtration of A. If M/N = A/p then
My /Ny = (M/N), = (A/p)y = Ap/p Ay
while if M/N = A/q, q # p, then M,/N, = 0. Only the quotients with A/p remain; the

result follows. 0

Proposition 9.1.11: Let A be a Dedekind domain with fraction field K, X an A-lattice in
V,and o € Autg (V). Then
xa(X,0X) = (det o).

Proof. 1t suffices to check both sides have the same p-valuation for every prime p of A; by
Proposition 9.1.10 this is equivalent to
X, (Xp, 0pXp) = (det o).
Thus we only need to check the proposition for the case where A is a DVR, hence a PID.
For all nonzero o« € A,
X(X, a0X) = a"x(X,0X) = det[a] - x(X, 0X);
note we used x(uX,auX) = o™ since X is free over A, and that the matrix of the trans-

formation [a] is simply al. Thus by choosing « such that acX C X we may assume
o(X)CX.
By the structure theorem for modules, X/oX = A/ay x --- x A/a, for some «;, giving

xa(X,0X) = (a;---a,) = (det o).
0
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1.4 Discriminant of bilinear forms

In this section we will define the discriminant of a bilinear form 7" on a lattice X over K, the
fraction field of a Dedekind domain A. When we specialize to the case that X is a extension
of A and T = tr, then we get a generalization of our original definition 1.3.1, in the case
where X is not necessarily free over A.

Definition 9.1.12: Keep the above assumptions. Let V' be a finite-dimensional K-vector
space and T : (V,V) — K be a nondegenerate K-bilinear form. Thinking of 7" as a map
VoV — K, we get a map

AT NV Qg A"V — K
defined by

ATy A Avg,wp A Awy) =Y (—1)%& ™ T (vy A Wr)) - T(Vn AWrny).  (9.1)
WESTL

Note A"T'® A™T" is a 1-dimensional vector space over K, with lattice A" X ®@x A" X. Define
the discriminant of 7" on X to be

DX,T = XA</\nT, /\nX (024 /\nX)

The main reason for defining the discriminant as above is because the “A” construction
is natural and makes it easy to prove a few basic properties.

Proposition 9.1.13: If X is free over A with basis (eq,...,€e,), then
DX7T = (det(T(ez, ej))).

Proof. Note that X ®p X is generated by A"T'(ey A -+ Aey, e A+ Aey). By (9.1), this is
exactly (det(T'(e;,€5))). O

We now give an alternative characterization of the discriminant, in terms of the dual
lattice.

Definition 9.1.14: Define the dual of X with respect to T" by
X;p={yeV :T(zx,y) € Aforall x € X}.
This is an A-lattice of V.
We first need the following.

Proposition 9.1.15: If e;,..., e, is a basis for X over A, and ej,..., e is a dual basis, i.e.
T'(e;,€;) = d;; for each j, then 7, ... e is a basis for X* over A.
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Proof. Note y € X* iff T(e;,y) € A for each j. Writing y = 3°7_, a;e}, we find T'(e;,y) = aj,

soy € X*iff a; € A for each j, i.e. y € spany(ej,..., e}). O

’rn

Proposition 9.1.16: We have
XA(X;,X) = DX,T'

Proof. We use the fact that a fractional ideal is determined by its localizations at all primes
(this follows since the exponent of p in a is the same as that of pA, in a A, Proposition 2.2.5).
By using Proposition 9.1.10, we may localize at nonzero p C A. Hence it suffices to prove
may assume A is DVR, i.e. free over A.
Write

=B

en e

where B = (b; ;) is a n x n matrix. Then by Proposition 9.1.13,
Oxr = (det(T(es, €5))) = (det(bi;)) = x(X7, BX7) = x(X7, X),

as needed. O

2 Discriminant and different

For the AKLB setup with L/K finite separable, consider the nondegenerate K-bilinear map

tr: LxL— K
(z,y) = tro/k(zy).

Definition 9.2.1: Define the codifferent
B*:= B}, ={y € L:tr(xy) € Afor all z € B}
and the different and discriminant by

Dpa=Dr/k = (B*)™

0B/A = 0 /K ‘= 0t

(These are fractional ideals of K.)
Observe that B C B* (in light of tryx(B) C A) so B D 0p/a.
The following gives the precise relationship between the discriminant and different.

Proposition 9.2.2: Nmy,/x(Dp/a) = 0p/a.
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Proof. We have

0p/4 = xa(B", B) = xa(B"/B)
and

Dpja = (B*)"' = x5(B*/B).

The result thus follows from commutativity of the following diagram.

finite length B-module}?——— ] B
{ g

K) J{NmL/K
I

K-

We have commutativity since if B/B is a quotient of adjacent terms in the B-filtration of
M, then when we refine it to a A-filtration, since B/B = (A/p)f*/?) as vector spaces, we

get f(B/p) copies of A/p. O

2.1 Basic properties

First, a slightly cleaner characterization of the codifferent.
Lemma 9.2.3. a € I and b € I;,. Then

trp k(b)) Ca < bC a@g}A.
Proof. We check tr(a~'0) C Aiff a='b C D).

The reverse direction is clear. For the forward direction, note that if x € a=*b and y € B,
then zy € a~'b and hence tr(zy) € A. This shows z € @;}A. O

Proposition 9.2.4:

1. (Transitivity) Let M/L be a finite separable extension, with C' the integral closure of
Ain M. Then

Dea=De/Dp/a-
2. (Localization) For S C A a multiplicative subset,

S_lgB/A - @51713/57114.

3. (Completion)
DB/A . qu = :Dpr/Ap'
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Proof. 1. We have
e €Dc)pDpa

< Dp/ue C @5}3
< tra(Dpjae) € B Lemma 9.2.3 with M/L
= ’DB/AtrM/L(e) CB
= trayn(e) € D)y
e trL/K(trM/L(e)) - A Lemma 9.2.3 with L/K
& ec DE}A.

2. Omit.

3. Localize at p. May assume A is a DVR. (B may not be a DVR.) Consider

[Tpjp By IIppp Ly

T

B®j A Lok K,

JtrL/K ®x Ky
A K,
The top-to-bottom map on the right is 3~ tr Py Then

—1 1~ —1
Opja @aAp =D g0 44

~-1
T L B/ A
~[D7 .
Byp/A
Blp R

> [04)1 ®5 By
Blp

3 Discriminant and ramification

Recall ordg(Dpg 4, = ordp(dp/a). Our goal is to show that ey, = 1 and x(P)/r(p)

separable (i.e. B is unramified over K, iff P {0p5/4.
In the CDVR case,
P B L

P A— K
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we have B/pB = B/J¢.

Lemma 9.3.1.

trr/x(b) mod p = etry (D).
Proof. For all b € B,

0 =P/PCP1/P°C - CP/BC B/B

Each adjacent quotient is 1 dimensional over [ and hence f-dimensional over k. Choose a
basis {w;}; (n =ef) for B/B¢ as k-vector space, such that

spany, ({wi}i o) p1) = B7/B°.

(The last jf vectors span 3¢~/ /9¢.) Lift {w;} to w; € B such that w; mod B¢ = w;. The
w; are a basis of B over A. Now

tI‘L/K<b> = trK(mb)
bw; = (bij)(w;)j—y
bw; = (b;;)(w;).
We have .
tI‘L/K(b) = Zb“ mod p.

i=1
Now (b; ; mod p) frt1<ij<fk+1) represents the linear map (multiplication by b)
PR PP
mk-i—l/q:;e mk—i—l/me :

The trace as a k-linear map is tr;/,(b). There are e such f x f blocks. O

Corollary 9.3.2.
ordm(bB/A) Z e— 1.

Proof. 1t suffices to show
ord,(05/4) > (e = 1)f.

This is since D4 = P° implies 05,4 = Nmyx (P°) = B,
Now
DB/A = (dettrL/K<wiwj))

same as in the previous proof. Now w; € P if f + 1 < i < n = ef, therefore w; € P/P°.
For all j, trp/x (w;w;) € PN K = p, giving the result. O

Now consider the general case.

Theorem 9.3.3. Suppose A, B are Dedekind. Then
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1. ordp(®pja) > eqp — 1.
2. B is unramified over K iff P 1Dy k.
Serre does this by Fisenstein polys.

Proof. 1. ordp(®pja) = ord@(@Bm/Ap). and eqp = eg 5. Use the CDVR case.

2. For “«<”, note ordy(® k) implies 0 > eg/, — 1 ie. eqp = 1.
For “ == ", it suffices to prove p { 95/4. Reduce to the CDVR case. Now

det(trp, (wiw;)) mod p = ey try . (W5w) # 0

if [/k is separable (Neukirch 1.2).

3.1 Types of ramification
Definition 9.3.4: P is unramified if ey, and /k separable. For 9 ramified,

1. *B is tamely ramified if either chark = 0 or chark { eqp.
2. B is wildly ramified otherwise.
Theorem 9.3.5. P is tamely ramified over K iff
ordyp(dr/x) = expp — 1.
Proof. Reduce to the CDVR case.

Step 1: We show that B is tamely ramified iff try x(B) = A. Observe that try /k(B) is an
ideal of A, so the latter is equivalent to try,x(B) (mod p) # 0. But we know

tI"L/K(b) mod p= e /p trl/k(b),
and try/,(b) # 0 (not identically 0). Hence ey, Z 0 (mod p) iff trp/x(b) Z 0 (mod p).

Step 2: tryx(B) = A <= ordp(Dr/x) = epp — 1.
We've seen
trp k(b)) Ca < b CaDy,.

Plug in b = B to get, as ideals of B,

A :=tr(B)Ca <= BC u@;}K
< QL/K CaB

Write A" = p*. We have p® | © iff p® | A’ for a € Z. (Power can be rational.)
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For a € Z, ord,(A") > a iff ord, (D) > a.
Thus we get
ord,(A") < ordy(Dp k) < ordy(A") + 1.
—_—————

ordgy (@)
“B/p

Thus tr k(B) = Aiff a = 0 iff ordp(D) =e — 1.
Thus P is tamely ramified iff v(D) =e — 1. O

3.2 Computation of different

Proposition 9.3.6: When A and B are CDVR’s, B is generated by one element over A as
an A-algebra:
B = Al

(We say that B is monogenous over A.)
Let L := Frac(A), K := Frac(B). When L/K is totally ramified, then we can choose /3
to be any uniformizer my,.

Proof. Any element of B can be written as Y ;> a,m, where a;, are fixed representatives of
| = B/(m). But we can choose the a;, to be representatives of k = A/(7g), since k =1. [

Theorem 9.3.7. (Residue field extension separable.) dp/a = (f5(8)) where fz(x) € Alz] is
the minimal polynomial of 5 over K.

Proof.

Lemma 9.3.8.
. Bk 0, 0<i<n-—2
T _— =
LK\ F1(B) 1, i=n-—1.

Proof. The eigenvalues of multiplication by 3 are just the roots 31, ..., 3, of the characteristic
polynomial. Note that if A is a linear operator with eigenvalues \; and P is a polynomial
then P(A) has eigenvalues P();). Hence

" (fﬁ(kﬁ)> - Z ff;>

Let D(x1,...,2,) = Yicj(x; — x;). Noting f'(5;) = [1;(8; — B;), the above equals

1 z”:fo(xl,...,a:n)
D(zy, ... wn) (5 Tlizilw — )
P(z1,...,xn)
evaluated at (xq,...,2,) = (f1,...,5,). Consider P. Note P is zero whenever z; = z; for

some ¢ # j (All except two terms are 0; those two cancel.). So x; —x; | P, and D | P.
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However, P has degree less than @ when k <n — 1, so must be 0. If K =n — 1 then we
know P is a constant multiple of D, look at the coefficient of any term to see that in fact
P=D. m

It suffices to prove
(f5(8)" ) =B*:={be L:tryx(bV) € Aforallt/ € B}.
The condition inside is equivalent to
tr(bp) € A, 0<j<n-—1.

(because B = @ AB.) But by the lemma,

(S P D
tr (zz:%alf,(ﬁ)) =ay_1-j+ - (>).

“Triangular.” Therefore

PR
B =04 75 (fé(ﬁ))’
]

Good exercise: Compute Dg,(,n)/q,- This is tamely ramified only at n = 1. Totally
ramified tower. The first step is (Z/p)*, tame, everything else is p, wild.

(Note G(Q((n)/Q) = (Z/p"Z)* because D), = G(Q,(Gpn)/Qp).

4 Ramification groups

Local, CDVR setup.

Definition 9.4.1: Let ¢ > —1. The ¢th ramification group is

Gi:{UEGIbEOL,UL(U(b)—b>Zi+1}
={oceG:v(c(B)—p) =i+ 1}.

Observe G_; = G, that G; D G, for i < j and N;>_1 G; = {1}. Also note for all i, G; is

a normal subgroup of G' because
G; = ker(G — Aut(Or /(7).

In particular, G;/G;11 is a group. Furthermore G; is defined even when i is not an integer;
we have G; = G-
We will study {G;};>-1. We want

1. A formula for vz (D k). If at most tame, equals e — 1, else greater.

2. Look at quotients G;/G;y1. Abelian, cyclic, p-group, prime-to-p?
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4.1 Dk and ig
Definition 9.4.2: Let 0 € G(L/K). Define i : G — Ny U {oo} by

ig(o) =min{v(o(B) — B) : 5 € B}.
Note that if B = A[f], then

ic(o) =vr(o(B) — B).
Observe
e ig(o)=c0iff o = 1.

e Gi={0€eG:igloc)>i+1},s00 € G;iff ig(c) > i+ 1, so doesn’t depend on choice
of generator.

Note
ig(tor™) =ig(o), o,7€QG.
Because G; < G. Note
ig(or) > min(ig(o),iq(T)).
Because
ic(o7) =vp(oTB — B)
> min(vg(o7(8) — 7(8)), v (7(8) — B))

= min(ig(0),iq(7)).
since O, = O8] = Ok|[7f].

Proposition 9.4.3:

V(@) =Y _iclo) =) (IGi] = 1).

o#1 i>0

(a=(rp) = vrla) =i)

Proof. Let f(x) be the minimal polynomial for 8. Letting n = [L : K],

n

fla) = TI(X ~ o).

Now

- H(ﬁ - 52)
=[1B-a(8)
o#1
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Take vy, for (1).

For (2), consider multiset

finite. Note o € G appears in Gy, G1,. .., Gi,(0)-1, there’s ig(o). Compute the size of the
multiset in two different ways

> (1Gi| = 1) =} (o).

i>0 o#£1

Remark: v, (Dp/x) = e — 1iff Gy = {1} (because |G| = e, iff L/K is at most tame.
Let’s understand Dy, i¢ under sub and quotient group. Consider L/ L7/K.
First, sub.

Proposition 9.4.4:

ig(o) =ig(o) forallc € H

Proof. Same generator works for larger ring. Op = O[] = O = Og/[f]. Then true by
def. m

Corollary 9.4.5.
v(Dpk) = Y, iclo).

o#l,oeH ~ Y
i (o)

For quotient.

Proposition 9.4.6: For H <G, G # 1€ G/H,

) - 1
iq/u(0) = ic(o)
6L/K/ o€G,0 mod H=o
Corollary 9.4.7.
1 )
vk (D) = = > (o).

€L/K o¢H,ocG

Because by prev. Y 7.1 iq/u(7) equals RHS by prop.
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Proof. Choose o € Ok and € Of, such that Og = O[] and Op, = Ok|[5]. Then

er/kic/u(T) = e vk (0o — o)
=v(ca’ — o).

> =ia(o)

oceG

= Z ig(oT)
et v (o18—p3)

—u, <HH (o7 (8) ~ 5)) ~ before.

fixing o.
It suffices to prove (6o’ — ) = [[,em(o7(8) — B). Call LHS, RHS a, b.
1. a| b: Consider
9(X) = [[ (X =7(8)) € Oxa].

TeEH

minimal polynomial of §/K’.

og(X) = [[ (X —o7(8)).

TEH

Observe oo/ — o' divides coefficients of og(X) — g(X). Because for all a € Ok,
a=ay+ad, ca =ag+ ajod +---. Note 0o/ — ' | e’ — o’*. Note g() = 0. Take

xr = [ to get

oo’ —a' | og(B) —g\(@.
0

2. b|a SWITCH f and g below. Cook up a minimal polynomial to show divisibility.

o = OK[B] = OL. Write

n—1

o =3 aiff = g(B).

1=0

a; € Ok. g(X) € Og[X]. Consider g(X) — o € Og/[X]. By construction has /5 as a

root.

Hence plugging in z = 3,

f(X) 19(X) —a
of(X) | o(f(X)) —o(a)
af(B) | f(B) —o(a)

giving +b | +a.

End of unedited stuff.
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4.2 Filtration of ramification groups

We know from (7?7) that
G_1/Go =G/ k = G(l/k).

In particular, if k is finite then G_;/Gy is finite cyclic and if k = k then G_;/G is trivial.
From now on assume ¢ > 0.
We aim to study the filtration

GDGo DG D . (9.2)
To do this, we first study the filtration
L*2Up2U; 2D (9:3)

where

The quotient groups in (9.3) can be understood explicitly (Proposition 9.4.8). We will relate
the two filtrations by Proposition 9.4.10.! From this we get several important corollaries
about the structure of the groups GG;. Understanding conjugates and commutators of ele-
ments in the G gives us several more important properties.

Proposition 9.4.8: Let K be a complete field with discrete valuation (for instance, a local
field), k its residue field, and m the associated maximal ideal. Then we have isomorphisms

Uk UYL S k> gl gt =
u—u (mod m) l+ar™ —a (modm).

Proof. For the first just note that 1 + m is the multiplicative unit of A/m. For the second,
note (1+ ar™)(1+br™) =1+ (a+b)a™ +---. 0

To construct a map G;/Gyy1 — U /UL, we first need the following characterization of
G;.

Lemma 9.4.9. Suppose L/K is a finite Galois extension of local fields, 7 is a uniformizer
of L, and G = G(L/K). Fori € Ny and o € Gy,

c€G; & —> =1 (modr}). (9.4)

!This will be important in local class field theory, which says there is a canonical isomorphism
K*/Nmp, g (L*) = G(L/K) if L/K is finite abelian.
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Proof. The RHS is equivalent to
o(r)—7=0 (mod 7j™). (9.5)
We need to show this is equivalent to
o(f)— =0 (mod 7ttt for all 3 € L. (9.6)

It is clear that (9.6) implies (9.5).

First suppose L/K is totally ramified. Then Op = Og[r]| by Proposition 9.3.6, giving
that (9.5) implies (9.6).

Now consider the general case. We know L/L'/x is totally ramified (Theorem 2.7.2), so
the theorem holds for L/Lt/x. Now, by Proposition 9.4.4, G;(L/L'"/x) = G; N Ik = Gi.
Furthermore, since 7, is the same for L/K and L/L'/% the right hand-side of (9.4) does
not change whether we are talking about L/K or L/L'/x. Hence the theorem for L/L't/x
implies the theorem for L/K. O

Proposition 9.4.10: There is a well-defined injective group homomorphism

0; : Gi/Giy1 — Ui /UM

o 2T
T
that is independent of the choice of uniformizer .
Proof. Note that
. _ i+1 o(u) i+1
ueOpoeG = ou=u (mod7n") = —=eU;". (9.7)
u

First we show 6; is a group homomorphism G; — Ui /U;t. We have

) .
Since ™ ¢ O, and T € G;, (9.7) gives ) e ULt

e 7(m)

Lemma 9.4.9 gives that the kernel is exagtly Git1, s0 0; induces an injective map G; /G411 —

U; JUt.
Now suppose 7’ is another uniformizer. Write 7/ = ur with v € Of. Then o € G;
and (9.4.9) give
o) _olr) ow) -
T u
——
6Ui+l

Corollary 9.4.11. 1. Go/G} is finite cyclic.
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2. If char(l) = 0 then Gy = {1}, if char(l) = p # 0, then for each i > 1,
Gi/Giy1 = (Z/pZ)™
for some n,;.

Proof. 1. Proposition 9.4.10 and 9.4.8 give Go/G, — U /U = [*. But any finite sub-
group of a finite field must be cyclic.

2. For char(l) = 0, I* has no finite nontrivial subgroup. For char(l) = p, we have
Gi/Giy1 — UL /U = [+, Just note [T is a an abelian p-group. O

Corollary 9.4.12. Gy = I /i is solvable. If G(I/k) = G_1/Gy is solvable (in particular, if
k is finite) then G is solvable.

Proof. The series
Go2G1 2+

is a solvable series for G. O

4.3 First ramification group

Recall that we defined Gy = Ir;x so that we can split L/K into two parts: L/L't/x is
totally ramified while L'/% /L is unramified. We can further split the extension L/Lr/x
into a wildly ramified and tamely ramified part.

Definition 9.4.13: Define the wild inertia group and tame inertia group to be
G = Ik

Go/G1 = Ik

Theorem 9.4.14. The extension L/LIE%‘ 1s wildly ramified with Galois group G1 = IE}ZI%

and the extension LIZJ%/LI?/WI? is tamely ramified with Galois group G1/G.

wild ramification LT i”}l;l{
Jwild

/K

tame ramification ; Iza/"}(e

LIL/R

unramified G/IL k=G(l/k)
e
Moreover, Gy is the unique p-Sylow subgroup of G, and
G() = Gl X Go/Gl.
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Proof. Note Go/Gy — k* while G;/Gj41 — k% for j > 1; we have p { |k*| while |k| is a
power of p; and |G| = [[i<j«oo |Gj/Gjt1|- Hence Gy is a p-SSG of Gy; it is unique since
it is normal and all p-SSGs are conjugate. Since the indices of the field extensions are the
orders of the Galois groups, the result on tame and wild ramification follow.

Now we prove the semidirect product. This follows directly from the Schur-Zassenhaus
Lemma: If H is a normal Hall subgroup of a finite group GG, then H has a complement, and
hence G = H x G/H. (A Hall subgroup H C G is a group such that ged(|H|, [G : H]) = 1.)

The following is an alternate proof. We show the exact sequence

1 G1 Go GO/GI —1
IR Ik yid

splits by showing there exists a right inverse Go/G; — Gy of the projection Gy — G1.? Since
Go/G1 is cyclic of order r := |I*|, it suffices to find a lift o € Gy of the generator @ € Go/G4
with order r. Write |Gy| = p°r. Let

P (r)t
o=o"

where t is such that ¢(r)t > s. Note r { p implies p*"* = 1 (mod r). Since o' € G4, this
implies o is still a lift of . Moreover ¢(r)t > s gives that its order is r, so it is the desired
lift. O

Proposition 9.4.15: For i > 1, 0 € Gy, 7 € G;/Gi1,
0;(cra™h) = 0u(0)"0:(T).
(Here 0(c)" is thought of as in U, /U} =1, and 0;(7) € Ui /U =2 1F)

Proof. 1t is slightly more convenient to work additively rather than multiplicatively, so we
consider

G/ Gigr = UL/ b (r)/ (7

where 7 is any uniformizer.

Define

and let a € O] be such that
7(r') = 7' + ar'7".

2The image of Go/G1 is a complement Q of G in Gy; the elements of Q act on G by conjugation—this
is what the semidirect product means.
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Note that )
0i(1) = T<7T) = ar'.
T

Now we calculate, modulo ()", that

—1
P(oroy = 77T 4

=——— since o(a) =a (mod 7'tt)

()
= 0y(0)"0;(7). O
Proposition 9.4.16: If 0 € G; and 7 € G, 4,5 > 1, then
oro 't € Gijnr
Proof. O]
Corollary 9.4.17. Fori > 1,
1

oot eGi = o' €GorT € G,
Proof. We have

oro 't €G = ot =1 in G;/Gi1
> O(oro™ ') = 0(7) in (7%) /(7"
— 0;(1)(0(0)' —=1) =0 by Proposition 9.4.15
< Oi(r)=0orf)(c") =1
< 7€ Gy or ol e Gy.

O
Corollary 9.4.18. Suppose G is abelian and |Go/G1|1i. Then G; = Giyq.
Proof. Write Go/G1 = (¢) where r = |Gy/G1|. Since r {4, 7 # 1; for any lift 0 € Gy of 7,
o' & G;. Since G is abelian, we get for all 7 € G;, oo~ 77! = 1. By the previous corollary,
noting o & G, we must have 7 € G 1. O
Definition 9.4.19: A jump for L/K is an integer i such that

Gi # Giyq.
Corollary 9.4.18 tells us that jumps are divisible by |Go/G1].
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5 Herbrand’s Theorem

5.1 Functions ¢ and 7

Note that ramification groups behave nicely under taking subgroups (i.e. passing from
M/K to M/L), by Proposition 9.4.4. However, the indices are screwed up when passing
to quotient groups (i.e. passing from M /K to M/L). We calculate exactly how the index
changes (Herbrand’s Theorem 12.1), and use it to define a different numbering scheme that
is invariant under passing to quotient groups.

It is important to know how ramification groups behave under quotients because this
gives a compatible system that allows us to look at larger and larger field extensions, i.e.
pass to the inverse limit.

Definition 9.5.1: Define ¢/ : R — R>g by

@L/K(u) = ‘/Ou [Gol Gt] dt

(recall G, = Gy) and extend ¢k to R>_y = R>_; by
p(u) =u, —1<u<0.

This is a piecewise linear increasing function with ¢/ (—1) = —1 and with derivative

at least ﬁ, so it is a bijection.

Definition 9.5.2: Define ¢ /x : Ry — R_; by ¥k = goz/lK. Define the upper number-
ing filtration by
G = GwL/K(U)7 v > —1.

5.2 Transitivity of ¢ and

The function ¢/ gives the reindexing when we pass to the quotient Galois group.

Theorem 9.5.3 (Herbrand’s Theorem). Let L/K'/K be finite Galois extension with sepa-
rable residue field extension. For all u > —1,

G H/H = (G/H)

YL/K' (u)-

Here, G,, is the ramification group of L/K and (G/H)
of K'/K.

We will need several lemmas. First we relate the function i,y (@) and ig evaluated at
the lifts of 7@ in G.

OR the ramification group

Lemma 9.5.4. Fora € G/H, j(T) = max,ezp ic(0),
iq/n(@) —1=¢rx(j(@) —1).
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Thus applying ¢y,/k has the effect of “turning” i into i¢/g. By writing out the criterion
for o € G, or (G/H), in terms of i¢ and i u, respectively, we will get Herbrand’s Theorem.

Proof. Pick oy € G mapping to @ such that ig(0¢) = j(7). Then by Proposition 9.4.6,
1 1

Y ig(o) = > ig(ooT). (9.8)
eL/K/ ocoH eL/K/ TEH

ig/H(E) =

We claim that

ic(o07) = min(ig(00), ic(7)) = min(j(7), ia(7))
for all 7 € H. Indeed, by the nonarchimedean inequality,
ic(o07) = vi(oo7(B) — B) = min(v(oo7(B) — 7(8)), ve(T(8) — ) = min(ic(00), ia(7))-
Consider two cases.
1. ig(7) =ig(7) > ig(0oo). The above gives
ig(oo7) > min(ig(og),ic(T)) > ig(oo).
Equality holds by the maximality assumption on oy.

2. ig(7) < ig(op). Then
ig(ooT) = min(ig(0o),ic(T)) = ic(7).

The RHS of (9.8) then equals # S ren min(ig(oo), ig(7)); the result then follows from the

K/
next lemma. [

Lemma 9.5.5.

1
> min(j(@),u+1) — 1.
CL/K seq

pr/x(u) =

Proof. Since both sides are piecewise linear functions, and both sides equal u for —1 < u < 0,
it suffices to show their derivatives (slopes) are equal for u > 0.

If i —1 < u < i where ¢+ € N, then the slope of the LHS is ﬁ For the RHS, since
ig(0) is an integer, each term is either ig (o) or u+ 1; each term where w4+ 1 is the minimum
contributes to the slope. Hence the slope on the RHS is

. 1 . . |Gl 1
eG:u+1<i = eG 1 >i+ 1Y = — ’
ol sl = o€ Griglo) zi+ 1) = 0 = ot

as needed. O

Proof of Theorem 9.5.3. We have the following string of equivalences.
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—_

.ceGH/H=G,/G,NH

2. There is 0 € G lifting @ so that o € G,,.
3. jo(@) —1>u.

4 ok (ja(@) — 1) = or/x(u).

5. iq/u(@) — 12> or/x(u).

6. 7 € (G/H)ypper(w)-

We have (3) <= (4) because ¢ ks is monotonically increasing and (4) <= (5) by
Lemma 9.5.4. N

Now we prove transitivity for ¢ and .

Proposition 9.5.6:

YPL/K = PK'/K © PL/K’
1/)L/K = ¢L/K’ © @DK//K-
Proof. 1t suffices to prove the first equation; the first implies the second since ¢ and 1) are

inverse. For —1 < u < 0 both sides equal u. Thus it suffices to show the derivatives of both
sides are equal for u > 0. For u € Z, the derivative on the LHS is

, 1
QOL/K(U) = [GO . Gu] .

By the chain rule, the slope on the RHS is

e i (P (W) Qo () = (G/H)p,, 0wl [H,|
((G/H)o|  |Ho
_ |G H/H|[H|
€K’'/KCL/K'
|G /HNG,|[H,|

€L/K

by Herbrand’s Theorem 12.1

_ |Gl
|Gol

using H N G, = H, (Proposition 9.4.4) and multiplicativity of ramification index. The
derivatives are equal, as needed. O

Finally, we prove the most important consequence of Herbrand’s Theorem: namely, by
using the upper numbering (i.e. numbering using the inverse of ¢y, k), quotients of ramifi-
cation groups are preserved.
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Proposition 9.5.7: For all v > —1,
G'H/H = (G/H)".

Proof. By Herbrand’s Theorem 12.1 and transitivity of ¢ (Proposition 9.5.6) (Yr,x = ¥r/K©
wK//K), we get

G'H/H =Gy, wH/H
= (G/H)gp ) ser (o (0) =(G/H)y o0y = (G/H)
We can now define upper numbering for infinite algebraic extensions L/K.

Definition 9.5.8: Define

GL/K) =  lm  G(K'/K)"

K'’/K finite Galois

6 Hasse-Arf Theorem

We have two different filtrations, the lower numbering filtration {G,},>-1 and {G"},>_1.
Definition 9.6.1: A jump is u such that G, # G, . or v such that G¥ # GV*=.

They are the x and y-coordinates of jump points, i.e. where the slope of ¢ changes.
Note a jump u € Z since G, = G[,]. Moreover, u is a jump for the lower numbering iff
v = ¢r/K(u) is a upper numbering, because ¢, are monotonically increasing.

Theorem 9.6.2 (Hasse-Arf Theorem). If G is finite abelian, then the jumps v are integers.
In the cyclotomic case, G was abelian.

Remark 9.6.3: There is a nonabelian example where v € Z. (See HW.)

We postpone the proof. Applications.
1. Used in local class field theory.

2. “Conductor of Galois representations” are in Z, not just in Q. Finite L/K, G(L/K) —
GL,(C).
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Chapter 10

Geometric algebraic number theory

In this chapter we answer the following two questions.

1. Suppose, for every place v, we are given positive reals a,, all but finitely many of them
equal to 1. How many elements of x € K satisfy

zlo < ay
for every v?

2. Given a generalized ideal class 8 (to be defined) and a number L, how many ideals
a € R satisfy Ma < L7 (What are the asymptotics as L — oo?) In particular, how
many integral ideals satisfy 9ta < L?

The first question is known as the Riemann-Roch problem for number fields, because it is
analogous to the Riemann-Roch problem in algebraic geometry': Given a curve C, and an
integer ap for every point (all but finitely many equal to 0), what is the dimension of the
space of functions f with

ord,(f) > —ap

for every P? (ord,(P) is the “order” of the zero of f at P.)

The second question is important because the answer will appear again when we define
L-functions (because L-functions involve a sum over all ideals). This will allow us to get
“explicit” formulas for quantities of interest (class number, regulator). And because it’s not
much of a detour, we might as well answer the first question as well.

Our technique will be similar to that used in Chapters 3 and 5.

1 Generalized ideal classes

Also talk about adeles and stuff.

"'We will not attempt to draw a parallel in our discussion. The reader interested in seeing the correspon-
dence should consult Neukirch [Neu99]. We follow Lang [Lan94], Chapter 6.
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Proposition 10.1.1: We have the following diagram

where each square

means C' = ¢~ (D) and A/C = B/D.

Proposition 10.1.2: The group of c-ideal classes has order

, 27O Ty, Dp™®) (1 _ mip)
‘o U : U]

where 7(c) is the number of real places dividing c.

We will define the totient function by ¢(¢) = 2" ITpico NpmF) (1 — ‘ﬁip)

2 Counting lattice points

Definition 10.2.1: A subset ' C R" is k-Lipschitz parametrizable if there exist a finite
number of Lipschitz maps ¢; : [0, 1]* — T whose images cover T

Theorem 10.2.2. Let L C RY a lattice with fundamental domain F and D C RN a subset
whose boundary is (N — 1)-Lipschitz parametrizable. Then

|{zx € L:x ctD}|= Vol(D)Vol(F)t" +O(t"™1).
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3 Riemann-Roch problem

4 Asymptotics of generalized ideal classes

Definition 10.4.1: For a generalized ideal class R € I(¢)/P,, let
JRt)={ace R:Na<t}.

Theorem 10.4.2.

, 27 (27)* R,
Ril) = —F—.
j( Y ) wc /dkmc
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Chapter 11

Class Field Theory: Introduction

We give the main theorems of class field theory, deferring the proofs to the next five chapters.
In this chapter we’ll focus on the motivation and intuition behind the theorems. The reader
may find it helpful to read this chapter along with Chapter 16, Applications.

In Section 1 we’ll introduce the Frobenius map, which we need before we can state the
theorems of class field theory. In Section 2 we state the theorems of local class field theory.
We state two formulations of global class field theory: using ideals in Section 4 and using
ideles in Section 6, after giving the relevant background on ray class groups and ideles. The
formulation using ideals is less sophisticated to understand, but the formulation using ideles
is more useful theoretically. We’ll compare the two formulations in Section 6.1. Finally,
we’ll present a proof of the Kronecker-Weber Theorem using class field theory in Section 7.
Throughout, we’ll refer back to the cyclotomic case, because class field theory is easy to
understand in this case, and it already shows much of what’s at play.

1 Frobenius elements

In order to define the Artin map and state the main theorems of class field theory, we first
need to understand the Frobenius map. This map takes prime ideals inside a field K to
automorphisms in a Galois group G(L/K). One reason for studying the Frobenius map is
that Froby k(p) gives information on how the prime ideal p splits in a Galois extension.
First, we’ll define the Frobenius element and explain what it tells us about the splitting
of primes. Next, we’ll look at the example of a cyclotomic extension, which suggests that
something deeper is going on with the Frobenius map, which we’ll attempt to explain with
class field theory.
The reader may wish to review Section 7, on the decomposition and inertia groups.

The results in this section will apply to both local and global fields.

Definition 11.1.1: Let L/K be a Galois extension with Galois group G, and assume that
the residue field k is finite.
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1. Let B be an unramified prime of L. Define the Frobenius element

Frob i (P) = (B, L/ K)

to be the element o € Dy /x(P) C G(L/K) that acts as the Frobenius automorphism
on the residue field [ = O /P fixing k = Ok /p. In other words, letting k = F,,

oca =l for all a € 1.

2. Let p be an unramified prime of K. Let ¥ be any prime dividing p, and define
Froby/k(p) = (p,L/K) to be the conjugacy class of (B,L/K). Equivalently (see
lemma 11.1.2),

Frobyc(p) = (p L/K) == {(B, L/K) | Blp}.

In the local case, when there is only one prime, we will simply write Froby k.

Proof of existence of (B, L/K). When p is unramified in L, I(*3) = 1 so from Corollary 2.7.6,
the map Dy x(P) — G(I/k) is an isomorphism. Thus there is a unique element of Dy, /x ()
whose image is the Frobenius element. O]

To show the above definition is valid, we need to show that changing the prime above p
corresponds to conjugating the Frobenius element.

Lemma 11.1.2. Let 7 € G(L/K). Then

D(rR) = rD(P)7 "
(B, L/ K) = 7(%, L/ K)7 ™.

Therefore (since G(L/K) operates transitively on the primes dividing p ), the conjugacy class
of (B, L/K) is equal to {(B, L/K) | Blp}-

Proof. The first statement follows from the fact that if G acts on S and G is the stabilizer
of s € S, then tGt™! is the stabilizer of ts. Recall that the decomposition group D(3) is
defined as the stabilizer of 3.

For the second statement, let ¢ = |k| and note that 7, as an automorphism, preserves
qth powers. Hence for all b € Oy,

(7(B, L/K)7 1) (b) = (17 (a)?) = a? (mod 7(P)). O

Note that if G is abelian, then the conjugacy classes are just elements, so we can think
of (B, L/K) as an element of G(L/K).

One of the most basic applications of the Frobenius map is to the splitting of primes in
an extension.

Proposition 11.1.3: Let L/K be an extension of degree n, unramified at 8 | p. Then p
splits into 777y factors, where ((B, L/K)) is the subgroup of G generated by (3, L/K).
In particular, p splits completely iff (p, L/K) = 1.
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Proof. Let [ and k be the residue fields.

The Frobenius element generates the decomposition group D(), since it acts as the
Frobenius automorphism on {/k and D(PB) = G(I/k). Hence |D(B)| = | ((p, L/K)) |. Since
p is unramified in L, e(P/p) =1 and f(B/p) = |D(P)| = | {(p, L/K)) |. Hence, letting g be
the number of primes above p, we have

n=I[L:K]=e(B/p) F(B/p) 9.

~———
L [OB,L/K))
Then
o
(B, L/K))|
as needed.
In particular, p splits completely iff g = n, iff |((B, L/K))| =1, iff |{(p, L/K))| =1, i.e.
the Frobenius element (p, L/K) is trivial. O

Next, we’ll need a result of how the Frobenius element changes as we change the base
field.

Proposition 11.1.4: Suppose that L/K is an unramified Galois extension, K C K’ C L,
and p is a prime of K’. Let k, k' be the residue fields of K and K’. Then

FI"ObL/K/ (p) = FI‘ObL/K (p)[klk]

Note by taking the [k" : k]th power we mean that if Froby k(p) is the conjugacy class of
g, then FrObL/K(p)[k/:k} is the COHjugaCy class of O—[klik]‘

Proof. By definition, the left hand side induces the |k’'|th power map on [, while the right
hand side induces the |k| - [k’ : k]th power map on [. Hence they are equal. O

1.1 Examples

We calculate the Frobenius map explicitly in two examples. First, a warm-up.

Example 11.1.5: For the field extension Q(7)/Q,

complex conjugation, p=3 (mod 4),

(p.Q(1)/Q) = {1 p=1 (mod4).

Proof. 1f p =3 (mod 4), then p remains prime in Q(7). The residue fields are

| = Z[i]/pLli) = F

k=7/pZ =TF,.

p2
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Now (p,Q(7)/Q) must induce the pth power map on ¢ = [F,2. Since this is not the identity,
it must be the only element of G(Q(7)/Q) that is not the identity, i.e. complex conjugation.
(This does act as the pth power, since recalling p = 3 (mod 4), (a+ bi)? = a? +bPi? = a — bi
(mod p).)

If p=1 (mod 4), then p splits in Q[i], say into PB; and Py where P, P, are complex
conjugate. Then Z[i|/P; = Z[i]|/PB2 = Z/pZ = F, so the extension of residue fields is
trivial and the Frobenius automorphism is trivial. It is induced by the identity map, so
(p,Q(#)/Q) = 1. (Note that in this case the decomposition group is trivial and does not
contain complex conjugation.) [

We generalize the above example to cyclotomic extensions.

Example 11.1.6: Let K = Q((,,) where (, is a primitive nth root of unity. Then G(K/Q) =
(Z/nZ)* by identifying k € (Z/nZ)* with the automorphism sending ¢, to ¢* (Proposi-
tion 6.3.1).

Suppose o := (p, L/K) is the map ¢, — ¢*. By definition o reduces to the pth power
map on the residue fields, so ¢(¢,) = (¥ (mod pOf). Hence

¢ = (jj (mod pOk).

But since p 1 n, the nth roots of unity are distinct modulo p. (More precisely, they are
distinct elements of Fym where m is such that p” =1 (mod n).) Hence we must have p =k
(mod n), i.e. o is the pth power map.

This shows that for a prime p { n, under the identification G(K/Q) = (Z/nZ)*, we have

(p, Q(¢,)/Q) = p mod n.

This calculation of the Frobenius elements gives a complete characterization of how
primes split in cyclotomic extensions. We obtain a simple proof of Theorem 6.2.4, which we
restate here.

Theorem 11.1.7. Suppose that n = p"m, where p{m. Let

f =ord,,(p).

Then the prime factorization of (p) in Q(¢,) is
(p) = (P - Py) 7"

where B; are distinct primes, each with residue degree f over Q, and g = elm)
In particular,

(p) splits completely in Q(¢,) iff p=1 (mod n).

Proof. For r = 0, i.e. n = m, the automorphism ¢, — (? has order ord,,(p), so the result
follows from Example 11.1.6 and Proposition 11.1.3. For r > 0, note that (p) totally ramifies
in Q(¢,r) by Proposition 6.2.2, and Q((,) is the compositum Q(,r)Q((pn)- O
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1.2 The Frobenius map is a nice homomorphism

Because we’ve defined the Frobenius map on prime ideals p unramified in L, and the prime
ideals are a free basis for the ideal group, we can extend the Frobenius map to the subgroup
of ideals generated by unramified primes. Denoting this subgroup by I3, we have a map

Froby @ 17 — G(L/K). (11.1)

What is nice about this map? Look back to the cyclotomic case, Example 11.1.6. The
Frobenius map didn’t map the primes arbitrarily; it sent p to p (mod n). What’s to note
here is that (p, Q((,)/Q) only depends on p (mod n), information about p intrinsic to Q,
even though (p, Q(¢,)/Q) tells us about the field extension Q((,)/Q. Thus (11.1) factors:

I§ — M G(L)Q) (11.2)

| =

Here, [5 denotes the prime ideals relatively prime to n and Ig(1, con) denotes the subgroup
of ideals generated by (p) with p =1 (mod n) and positive.

Something like this in fact happens in general: global class field theory tells us that for all
abelian extensions, the Frobenius map “factors through a modulus,” that (p, L/K) depends
only on what p is modulo a nice subgroup of ideals in K. Our example essentially proves
class field theory for cyclotomic extensions of Q, by using the roots of unity to “keep book”
on the action of Frobenius. Don’t be deceived, though, the general case is much harder.

Before we look at global class field theory, we first study local class field theory. Since
there’s only one prime in a local field, rather than consider a map from the (rather boring)
ideal group, we consider a map from the field itself.

2 Local reciprocity

When K is a nonarchimedean local field, there is a single prime ideal p = (7). For every
abelian unramified extension, the previous section gives an element of G(L/K) corresponding
to p, which we can think of as corresponding to 7.

The main theorem of local class field theory is that we can extend this map to all elements
of K, and get elements in Jim_ = LK G(L/K) = G(K®/K). We will also show that

this map behaves well under restricting to subextensions L/K.

Theorem 11.2.1 (Local reciprocity law). For any nonarchimedean local field K, there exists
a unique homomorphism

ox  K* = G(K™/K),
called the local Artin (reciprocity) map with the following properties.
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1. (Relationship with Frobenius map) For any prime element m of K and any finite un-
ramified extension L of K, ¢x(m) acts on L as Frobp k(7).

2. (Isomorphism) Let pr, be the projection G(K®/K) — G(L/K). For any finite abelian
extension L/ K, ¢k induces an isomorphism ¢pjx : K*/Nmp g (L*) = G(L/K) mak-
ing the following commute:

K —— 2 L QK /K)

|

3. (Compatibility with norm map) For any K C K', the following diagram commutes.

K% Pk G(K’ab/K/)

J{NmK’/K J.lKub

KX -2 QK K)

We can also say something about this map topologically.

Definition 11.2.2: A norm group is a subgroup of K* of the form Nmy /x(L*) for some
finite extension L/K.

Let Frob denote the Frobenius element of {/k. The Weil group W (L/K) of an extension
L/K is equal to the inverse image of Frob” under the map G(L/K) — G(1/k). The topology
on W(L/K) is the topology from considering it as a disjoint union of cosets I(L/K)o,,, where
o, is any lift of Frob™.

Note that the topology on W (K?/K) as defined above is strictly finer than the topology
it inherits from G(K®/K) (see exercise 2.1).

Theorem 11.2.3 (Local existence theorem). Let K be a nonarchimedean local field. The
norm groups of K are exactly the open subgroups of finite index.

Theorem 11.2.4 (Topological isomorphism for LCFT). The image of the Artin map is the
Weil group W(L/K), and ¢ gives an isomorphism of topological groups K* — W(L/K).
It restricts to an isomorphism Ux — I(L/K).

Combining Theorems 11.2.1 and 11.2.3 gives the following bijective correspondence.

Theorem 11.2.5. Let K be a nonarchimedean local field. Then there is a bijective corre-
spondence between finite abelian extensions of K and the set of open subgroups of finite index
of K*, given by

L— NmL/K(LX).
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Furthermore, this is an inclusion-reserving bijection that takes intersections to products and
products to intersections:

NmL.L//K((L . L,)X) = NmL/K(LX) N NII]L//K(L,X)
NmLmL//K((L N L/)X) = NmL/K(LX) . NmL//K(L/X).

Finally, every subgroup of K* containing a norm group is a norm group.

The following gives a sort-of converse statement: nonabelian extensions cannot be de-
scribed by norm groups.

Theorem 11.2.6 (Norm limitation theorem). Let L be a finite extension of a local field K,
and K' be the largest abelian extension of K contained in L. Then

NmL/K(LX) = NmK//K(K'X).

3 Ray class groups

In order to define the Frobenius element of a prime we need the extension to be unramified.
However, when K is a global field, we cannot as easily say an extension L/K is “unramified,”
because Ok has many prime ideals. Requiring that L/K to be unramified at all primes of
K is too restrictive, because most fields L do not satisfy this condition.

Thus, we instead focus on a set of primes S and consider extensions L/K that are
unramified outside of S. When we define Frobenius elements, we have to exclude S, and
when we define a reciprocity map we have to exclude the subgroup that these primes generate.
(Note that unlike in local reciprocity, we will not define ¢y with domain K*, but rather
with domain a subgroup of the ideal group Ix.)

Letting S range over all finite subsets, we will account for all finite abelian extensions
L/K, because each extension is ramified at only finitely many primes (Theorem 2.6.1).

This motivates the following definition.

Definition 11.3.1: Let I be the group of fractional ideals of K. Define I3 to be the
subgroup of Ik generated by prime ideals not in S.

Let L/K be an extension of K. Define I := I, where S is the set of prime ideals lying
above a prime ideal in S.

Note that if S C T then I3 D Ik,
Similar to Theorem 11.2.1, global class field theory will tell us there is a map

I3/ Nmyx(I7) = G(L/K)

when S contains the primes that ramify in L. However, this is not an isomorphism until we
take a further quotient, namely, the quotient with a subgroup of principal ideals Pg (1, m),
which we will define. First we need the following.

153



Number Theory, §11.3

Definition 11.3.2: A modulus m is a formal product of places of K, where

1. Finite primes have exponents in Ny, and only finitely many exponents are nonzero.
2. Infinite real places have exponents 0 or 1.

3. Infinite complex places do not appear.

We say a place divides m if it appears with positive exponent. We write

m= ] p"® [[ v"©.

p finite v real
————
mop Moo

In other words, a modulus is the product of a proper ideal with some number of real
places.

Definition 11.3.3: Let S(m) denote the set of finite primes dividing m.
Define K(1,m) (“elements of K that are 1 modulo m”) to be the subgroup of elements
of K* satisfying the following.

ordy(a — 1) > m(p), finitep|m
a, >0, real v | m.

Let i : K* — Ik be the map sending a to (a), and let
Pr(1,m) := (K (1, m)).
Define the ray class group of m to be
Cr(m) = I;™ /P (1,m).

Note that Pk (1, m) € I3™ because if a € K(1,m) and p € S(m), then ordg(a — 1) > 1
and ordy(a) = 0, i.e. pt(a). We will often abbreviate I°(™ as I™.

Example 11.3.4: If m = 1 then Pk(1,m) is the subgroup of principal ideals and Cx(m) is
just the ideal class group.
If m =], rear v, then

Ck(m) = Ix/{(a) € Ik : a, > 0 for all real v}

is called the narrow class group. We are only modding out by the “totally positive”
principal ideals, so it is larger than the class group.

Definition 11.3.5: A congruence subgroup for K modulo m is a subgroup H such that
Px(l,m)C H C I;™.

The corresponding generalized ideal class group is I}S;(m) /H.
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We will show that generalized ideal class groups are exactly the Galois groups of abelian
extensions of K.

Finally, in preparation for the global reciprocity theorem, we say what it means exactly
for a map to only depend on modulo conditions, like the Frobenius map we considered in
Section 1.2.

Definition 11.3.6: A homomorphism ¢ : I° — G admits a modulus if there exists a
modulus m with S(m) = m such that ¢ factors through I°/Pg (1, m). In other words, there
exists a modulus m with S(m) = S such that

Y(Pg(1,m)) =0.

4 Global reciprocity

In this section K is a global field.

Theorem 11.4.1 (Global reciprocity theorem). Let L/K be a finite abelian extension. Let S
be the set of primes ramifying in L. There is a unique map 1 x such that for a prime ideal
p &S, Yr/k(p) acts on L as Froby i (p). Moreover, 1,k satisfies the following properties.

1. (Isomorphism) 11k admits a modulus m with S(m) = S and 1k induces an isomor-
phism
Vugac : 15/ (Pac(Lom) - Nang (1)) 5 G(L/K).

2. (Compatibility over all extensions) Suppose S C T, and L/K, M/K are finite abelian
extensions such that L C M and such that the set of primes ramifying in L, M are
contained in S, T, respectively. Then the following commutes, where py, is the projection
map.

Iz ﬂ{@(M/K)
pL

15 (LK),

3. (Compatibility with norm map) For K C K' C L, the following diagram commutes.

wL K/
15, —5G(L/K")

leK’/K ‘[

15 (LK)

Remark 11.4.2: The uniqueness of ¢, is clear from the fact that I = is freely generated
by prime ideals. Part 2 follows immediately from the definition of ¢,k and 9/ k, and part
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3 follows immediately from the existence of 1,k and ¢k, as we show below. The crux of
the theorem is part 1.
For part 2, since primes generate 1%, it suffices to show that for any prime p € I,

V() = pL(ayk(p)).

But by definition, the left-hand side is Frob k() and the right-hand side is pr,(Frob/ x (p)).
Now pg, induces the map G(m/k) — G(l/k), so both sides act on k as the |k|th power
Frobenius, and are equal.

For part 3, we need to show for any prime p € I3,

Vi (p) = Yok (Nmgo i (p)).

But by definition, the left-hand side is Froby s (p) and the right-hand side is 1y, /5 (pl*1) =
Froby,/x (p)**!. The result now follows from Proposition 11.1.4.

Example 11.4.3 (Cyclotomic extensions): In Section 1.2, we showed that the global reci-
procity theorem (part 1 above) holds for a cyclotomic extension Q((,)/Q. Indeed, letting m

be noo, we have that It /Px(1,m) = G(Q((,)/Q) as in (11.2). (Note that Nmy,x(I7) C
Pk (1, m) will follow from the first inequality 15.2.1.)

Note the modulus in Theorem 11.4.1 has to be divisible by all primes ramifying in L, and
the primes have to have large enough exponents for ker(tz,x) to be a congruence subgroup
modulo m. There is a canonical choice for m, namely the modulus with least exponents. It
is called the conductor of the extension L/K, and denoted by f(L/K).

We have the following analogue of Theorem 11.2.3.

Theorem 11.4.4 (Existence theorem). Let H be a congruence subgroup modulo m. Then
there exists an abelian extension L/K such that

H = Pg(1,m) - Nmz/x(I]) = ker(¢/ k).
In particular, this applies when H = Pg(1,m).

Definition 11.4.5: For each modulus m there is a field K, called the ray class field of
K modulo m such that ¢k, /x defines an isomorphism

Cx(m) = G(Ky/K).

Example 11.4.6: Since oo(n) is the smallest modulus such that g,y factors through
I}/ Pk (1,m), oo(n) is the conductor of Q((,). Since we actually have an isomorphism

Cx(oon) = IE" | Pie(1, 00n) = G(Q((,)/Q),

Q(¢,) is in fact the ray class field of oco(n).
We have that Q(¢, + ¢, ') is the ray class field of (n) (see exercise 1.2).
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Putting this all together, if we fix a modulus m we have the following bijection between
extensions and subgroups.

Theorem 11.4.7. Fiz a modulus m and a global field K. The map L — Nmp g (Cr(m)) is
a bijection between

1. the set of abelian extensions of K in the ray class field Ky and
2. the set of subgroups of Ck(m).

Moreover, it reverses inclusions and switches products and intersections:

LCM < Nmp(Cy(m)) 2 Nmyyx(Car(m))
Nmp, .1,/ (CLy-1om) = N,k (Cr, (m)) N Nmyg, /(Cr, (m))
Nmp,nz,/k(Crinc,(m)) = Nmy,  x (Cr, (m)) - Nm(Cp, (m)).

Note Theorem 11.4.1 is like Theorem 11.2.1 except that we’re only working with finite
extensions L/K instead of putting them together into K**/K. We cannot combine the maps
Y1 Kk because they are defined on different groups. Hence we now take a different approach,
using ideles.

5 Ideles

In this section we give an alternate statement of the main theorems of global class field
theory.

In local class field theory, we had isomorphisms K*/Nmp,x(L*) = G(L/K). For this to
be true, Nmy /x(L*) must have finite index in K*. However, this is no longer true when K
is a global field. (If K is local, it is complete with respect to a valuation, and Nmy x(x) =y
has solutions in y for many z, in the same way that Hensel’s lemma often gives solutions
over complete fields.)

We want to work with complete fields but K comes with a bunch of different places. The
solution is to complete K at every place at once and combine the information into the adele
ring and idele group. Then we will get statements for global class field theory that resemble
local class field theory, with K* replaced by Cg, a group related to the idele group (to be
defined).

Definition 11.5.1: Abbreviate O, = Ok,. The adele ring of K is
Ay = {(av) € H K, : a, € O, for all but finitely many v} )
veEVK

We write this as [[;cy, (Ky, Oy). Equip it with a topology by letting a basis for open sets
be [1, U,, where U, is open in K, for all v and U, = O, for almost all v. In other words, it
is the unique topology from which [], O, inherits the product topology and is open.
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The idele group of K is the group of units of the above:
/
Ix =Ak = ] (KS,0)) = {(av) € [[ K :a, € OF for all but finitely many v} :
veEVK veEVK

Equip it with a topology by letting a basis for open sets be [], U,, where U, is open in K
for all v and U, = O, for almost all v. In other words, it is the unique topology from which
[T, O inherits the product topology and is open.

Be careful: the topology of the idele group is not the subspace topology induced from
the adele ring.

Definition 11.5.2: For a finite set S containing all infinite places, let 13- = [[,es KX X
[Togs O, . In other words, I3 contains those ideles that are units away from S. Give I3 the
subspace topology inherited from I.

Note the topology on I3 is just the product topology, and that T = |Jg I3
Proposition 11.5.3: T3 is locally compact.

Proof. Tlyes K, is a finite product of locally compact spaces; [[,¢s O is a product of com-
pact spaces (Proposition 8.1.3) so compact by Tychonoff’s Theorem. Since a finite product
of locally compact spaces is compact, the result follows. O

Think of the ideles as a thickening of ideals: it includes factors for infinite places, and
includes units at finite primes. We can embed K* via the diagonal map, and K via the
inclusion map.

Definition 11.5.4: Define i : K — Ag by the diagonal map i(a) = (a,a,...) and i, :

K, < Ak by the inclusion map i,(a) = (1,...,1, a,,1,...,1). Also denote by i,i, the
~~

maps restricted to K* < Ix and i, : K, — k.

Proposition 11.5.5: i(K*) is discrete in If.

Proof. Given a € K*, let S be set of places contining the infinite places and the finite places
where v(a) # 0. Consider the open set

U={xelk:|z,—al,<eforves z, U, forvegS}
containing i(a). If i(b) € U with a # b, then

I116—al, < <1,

(2

contradicting the product formula 19.1. Hence i(K*)NU = {i(a)}. O
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Definition 11.5.6: The idele class group is defined to be
CK - HK/KX )
where K~ is thought of as a subgroup of I by the diagonal map 1.

We define a norm on adeles by defining it componentwise.

Definition 11.5.7: The norm, from L to K is the function Nmy x : A, — Ak defined by

Nk (2w)wevs) = <H Nmp,/k, (mw)> :
veVE

wlv

This descends to a function Nmy /g : I, — Ig.

5.1 Ray class groups vs. ideles

We will need the following to go between the interpretations of global class field theory via
ray class groups and via ideles. The statement in terms of ray class groups is easier for
concrete applications, but the statement in terms of ideles is better abstractly, and more
convenient to prove. (But to complicate things more, certain parts of the proof will be easier
to think of in terms of ray class groups.)

We can go from [ — I easily, via the map

play= [ p" (11.3)

v=vy finite

(also denoted simply (a)). However, if we want the image to be in I[S((m), we need to focus our
attention on a subset of ideles I (1,m) (defined below). Taking the map Ix(1,m) — Ils((m)
and modding out by appropriate groups then makes it a bijection. We also need to check
that we don’t lose anything when we consider only ideles of the form Ix (1, m); that is, that
the inclusion Iy (1, m) < I is a bijection, again after modding out by appropriate groups.
This is Proposition 11.5.9 below.

Definition 11.5.8: For a place v | m, define
I(m), = R0, v real |
14 pm®) v = v, finite.
Let O} be the group of units of K,,. (For v infinite, O} := K). Define

T (1,m) = [[ I(m), x [T (K2, 0) (11.4)
vjm vfm

Uk (1,m) = [[I(m), x [TO;
vjm vfm

K(1,m) = i(K*) N (1, m).
Let UK = UK(L 1)
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Compare (11.4) to the definition of P (1, m).

Proposition 11.5.9: We have the following maps.

I (1, m)/K(1,m) = Ix/K* = Cg
I (1, m)/K(1,m)Ug(1,m) — Cx (m).

The bottom map is induced by the map p : I — I} and the top map is induced by inclusion.
Moreover, for any finite Galois L/K such that

UK(l,m) g NHIL/K(]IL),

this diagram induces isomorphisms

]IK(l,m)/[KX NmL/K]ILﬁHK(l,m)] = ]IK/KX NmL/KI[L

IR

I /(Pk(1,m) - Nmpk (7))
Proof. For the bottom map, consider the exact sequence

We have that Ix(1,m)/K(1,m) = coker, so we use the kernel-cokernel sequence.! We have
kerp = Ug(1,m), and cokerpoi = I°™ /p(K(1,m)) = [°™ /Pr(1,m) = Cx(m), so this
gives the exact sequence

Ug(l,m) = Ig(1,m)/K(1,m) = Cg(m) — 1,

which gives the bottom isomorphism.

The top map is clearly injective. For surjectivity, take a € . By the weak approximation
theorem 7.3.4, there exists b so that 3 € p™ ) + 1 for every v = = v, dividing m. Then
7 € I (1,m), and its image varies in ]IK from a by the constant factor b € K*.

Now we show the second diagram. (Warning: this proof is not very enhghtening.) Let
p and p’ denote the maps Ix — Ix and Ig(1,m) — I, respectively. Note that the first
diagram gives isomorphisms

T (1,m)/((K* Nmp g I) NIg(1,m)) —— T /K* Nmp g I

|

Tie(1,m) /K (1, m)Uge (1, m)p'~} (N s (1) = I /(Pye(1, m) - Ny (1)),

1Given A & B % C, there is an exact sequence
0 — ker f — kergo f — ker g — coker f — cokergo f — coker g — 0.

This is proven using the snake lemma.
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We have that

K(1,m)Ug(1,m)p"~ (NmL/K(]L)) (11.5)
=K(1,m)Ug(1,m)p"" 1(<pf W/ | w | v ¢ S)), fv = residue degree (11.6)

= K(1,m)Ug (1, m)(Ix(1,m) N Ug Nmp, k(1)) (11.7)
=Ug(1, m)(Tx (1, m) N (K Nmp,/r 1)) (11.8)

= (K™ Nmy/g 1) NIg(1,m). (11.9)

(11.6) follows from the fact that if B | p, then NmL/K(’B) p/®/?) To go between (11.6)

and (11.7), note that p/®/*) = p(Nmy, k(1,...,1, m,,1,...,1)), and that ker(p) = Ug.
T

Now we go between (11.7) and (11.8). For “C,” suppose a € Ug and b € Nmy, /i (1) such
that a Nmy/x b € Ix(1,m). Suppose ¢ agrees with a for every v | m, and is 1 everywhere
else. Then ac™! € Ug(1,m) C Ix(1,m). Since aNmy, x b € I (1, m) as well and Ix(1,m) is
a group, we must have cNmp, g b € Ix(1, m). Hence

_ -1
aNmp/xb= ac cNmp, b ,
€Uk (1,m)

€Ik (1,m)N(K > NmL/K I1)

as needed. Furthermore note K (1,m) C Ix(1,m)NK>* Nmy /x I;. For “D,” suppose a € K*
and b € Nmy k(I) such that a Nmp i b € Ix(1,m). By weak approximation, take ¢ € K*
sufficiently close to i with respect to v, for every v € m, so that Nmp/x(cb) € Ix(1, m).
Then aNmy k(c™') € Ix(1,m) as well, and in fact in K (1, m). Then

aNmL/Kb:aNmL/K(c_l) Nmp/cb

EK(Lm) EHK(I,m)ﬂNmL/K HL

as needed.
The last step (11.9) follows from the assumption on m. O

Example 11.5.10: Recall how we realized the class group and narrow class group as ray
class groups in Example 11.3.4. We now realize them as quotients of the idele class group.
Take m to be 1. Then the bottom map gives an isomorphism

I/ K*Ugk = Ck

where Cf is just the class group of K. This realizes the class group of K as a quotient of
the idele class group.
In general, for any modulus m,

T/ K U (1,m) 2 Lie(1, m) /K (1, m)Ug (1, m) 2 C(m).

This realizes the ray class group modulo m as a quotient of the idele class group.

In particular, m = 1 was the case above. Taking m = [[, ;a1 v, Px (1, m) is the group
of principal ideals generated by totally positive elements (also written Pjt) and Ug(1,m) =
[T reat Roo X [T, O This realizes the narrow class group of K as a quotient of the idele
class group.
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Remark 11.5.11: The condition on m in Proposition 11.5.9 was that Ug (1, m) € Nmy /x (I1).
We claim that we can always choose such m, such that S(m) consists of exactly the primes
ramifying in L/K.

The condition Ug(1,m) € Nmy k() says that O C Nmp. g, (L) for all v { m and
I(m), € Nmpv /g, (L") for all v | m. Now note the following.

1. If L/K is unramified at v, i.e. LV/K, is unramified, then

NmL“/KU (LUX) — W[LU;KU}Z(Q:J( 2 O:](

v

This is a consequence of local class field theory (Example 14.5.1).

2. Nmpv /g, (L") is an open subgroup of K, (this is the easy direction in Theorem 11.2.3)
and U™ := 1+ 70, is a neighborhood base of 1 in K,.

By item 1, m doesn’t need to include the places where L/K is unramified, and by item 2, for
all ramified v we can choose the power of v in m large enough to force U™ C Nmy. /g, (L*).
Then we will have UK(l,m) - NmL/K(]IL).

6 Global reciprocity via ideles

We now state global reciprocity in terms of ideles.

Theorem 11.6.1 (Global reciprocity, ideles). Given a finite abelian extension L/K, there
is a unique continuous® homomorphism ¢k that is compatible with the local Artin maps,
i.e. the following diagram commutes®:
¢
Ix —5 G(L/K)

KX -2 G(LV/K,).

Moreover, ¢,k satisfies the following properties.

1. (Isomorphism) For every finite abelian extension L/K, ¢ defines an isomorphism
¢ryi - Cr/ Nmyp(Cp) = I /(K* - Nmy k(1)) = G(L/K).

2. (Compatibility over all extensions) For L C M, L, M both finite abelian extensions of
K, the following commutes:
G(M/K)

drM K
pL

e “2“5G(L K)

2G(L/K) is given the discrete topology.
This implies that if v = v} is unramified in L, then ¢y (iy (7)) = Frobyz x(p). Global reciprocity is
sometimes phrased in this way, though the phrasing using the local map gives a bit more information.
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Thus we can define ¢ := @L/K chelian ¢k as a map Ix — G(K®/K).

3. (Compatibility with norm map) ¢x is a continuous homomorphism Iy — G(K®/K),
and the following commutes.

I, 55 G(L®/L)

leL/K J/.lKab

I 5 G(K®/K)

Note that in the local reciprocity theorem 11.2.1, the “compatibility over all extensions”
was automatic when we declared the existence of ¢ : K* — G(K*/K). We stated the
global reciprocity theorem a bit differently, in the above fashion for easy comparison with
global reciprocity in terms of ideals 11.4.1.

Remark 11.6.2: Uniqueness and existence of ¢,k is easy, and parts 2 and 3 are easy given
the existence of ¢r. The crux of the theorem is again part 1.

For uniqueness, note that the ¢ /k is determined by its action on K, since for x = (),
we must have

dr/x(x) = ] du(0).
veVK

(The product is Cauchy in the topology of Ix.) This does define a continuous map on I
because ¢,(x,) = 1 whenever z, € O and v is unramified, and this happens for all but
finitely many v.

Parts 2 and 3 follow from the corresponding statements for local class field theory (see
Theorem 11.2.1 and the paragraph above this remark), by how ¢ is defined to be compatible
with the local maps.

The idele version of global reciprocity allows us to recast the Existence Theorem 11.4.4
in a format more similar to the Existence Theorem in 11.2.3.

Theorem 11.6.3 (Existence theorem). For every subgroup N C Cg of finite index, there
exists a unique abelian extension L/K such that Nmyx Cp = N.

Combining the two theorems, we can recast the bijective correspondence in Theorem 11.4.7
in a format more similar to local class field theory 11.2.5.

Theorem 11.6.4. The map L — Nmp x(Cp) is an inclusion-reversing bijection between
the set of finite abelian extensions of K and the open subgroups of finite index in Cg, that
switches intersections and products:

LCM <— NIHL/K(CL) D) NmM/K(CM)
Nmyp, 1,k (Cr,1,) = Nmp, )k (Cr,) " Nmyp,,x(Cp,)
Nmyz,nz,/k(Crinr,) = Nmp, /x(Cr,) - Nmg, x(Cr,).
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Similar to Theorem 11.2.4, we have the following topological isomorphism for global class

field theory.
Theorem 11.6.5 (Topological isomorphism for GCFT). Let K be a number field. Let

(K2):= [ Rsox JI Cx JJ] 1.

v real v complex erVIg
The Artin map ¢x is surjective and induces a topological isomorphism

I /K*(KX)" = G(K"/K).

6.1 Connecting the two formulations

We now show that the two formulations of global class field theory are equivalent, in the
following sense.

Theorem 11.6.6. We have the following implications.

1. (Global reciprocity, ideles = ideals) If Theorem 11.6.1(1) holds for a given L/K,
then Theorem 11.4.1(1) holds for L/K. If Theorem 11.6.1 holds for all L/K over a
specified basefield (e.g. Q), then Theorem 11.4.1 holds for all such LK.

2. (Global reciprocity, ideals => (ideles)—e) If Theorem 11.6.1(1)-(2) holds for a fized K
and a family {L/K?} such that the compositum of the LV contains K" for every finite
place v, then Theorem 11.6.1(1)-(2) holds for the same K and {L/K}, except that the
resulting map ¢r,x may not be compatible with ¢, when v is archimedean.

3. (Global ezistence) Given Theorem 11.6.1, Theorems 11.4.4 and 11.6.3 are equivalent.

4. (Bijective correspondence) Given Theorem 11.6.1, Theorems 11.4.7 and 11.6.4 are
equivalent.

Proof. For parts 1 and 2, we note that by Proposition 11.5.9,
Cx/Nmpx Cr = I/ K* Nmy I 2 I}/ Pre(1,m) Nmy (17, (11.10)

where by Remark 11.5.11, we can choose m to some modulus containing only ramified primes,
and S = S(m). Thus any one of the dotted isomophisms below gives the other isomorphism.

¢IL‘/II.( s
b= G(L/K)
-

I3/ Pac(1, m) N e (I
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For part 1, given ¢k, we define 91k with the above diagram. Then, supposing p corre-
sponds to the uniformizer m, € K,,

Yk (p) = Yok (p(i(my))) = ¢k (i(m)) = dy(m,) = Frobre g, ((m,)) = Frobrk (p),

as needed. Part 2 is a more complicated; we’ll give the proof below after a lemma. The “—¢
comes from the fact that the formulation in Theorem 11.6.1 says nothing about archimedean
primes.

Parts 3 and 4 now result directly from the fact that (11.10) gives a bijective correspon-
dence between subgroups of two groups. O]

7

Lemma 11.6.7. Suppose that K is a nonarchimedean local field, K" is the maximal abelian
unramified extension of K, and L is an abelian extension containing K. Let f : K* —
G(L/K) be a homomorphism satisfying (1) and either (2) or (2)':

1. The composition K* ER G(L/K) — G(K"/K) takes a to Frobjeur s (m)"().
2. For any uniformizer m € K, f(m)|k, = 1, where

Ky = L%,

2°. For any finite subextension K'/K of K, we have
F(Nmyery i (K)) | = {1}

Then f equals the reciprocity map ¢k .
For the proof, see Section 8.1.

Proof of Theorem 11.6.6, Part 2. Given vk we define ¢k using (11.11). The v x are
compatible by Remark (11.4.2), so the ¢,k are compatible (details omitted) and we can
define ¢ = @L K ¢r/x where the limit is over L/K in the given family. Let L’ be the

compositum of the fields L.
We check the hypotheses 1 and 2’ of Lemma 11.6.7. Let

fo=0¢roi,: KX = G(L"/K,).
Item 1 is clear as (11.11) gives letting v = v,, we have
S (iu(0)) iy = Vi (p°) |y = Frobiey e, (@)

Item 2’ follows from part 3 of Theorem 11.4.1 applied to K'/K (see Remark 11.4.2): we
get ¥r/e(Nmgr /i (13))| e = 1 which translates into ¢ (io(Nmg /x, (K,)))|x; = 1. Thus
fo = ¢, for all finite places, as needed. O

We have proved the ideal version of global class field theory for cyclotomic extensions of Q.
Our plan of attack will be to show transfer this to the idele version for cyclotomic extension
of Q, then work on proving the idele version. Then we will be done by Theorem 11.6.6.
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7 Kronecker-Weber Theorem

As a first application of class field theory, we explicitly describe the maximal abelian exten-
sions of @, and Q.

Theorem 11.7.1 (Local Kronecker-Weber theorem). Every abelian extension of Q, is in-
cluded in a cyclotomic extension, i.e. an extension Q,((,), ¢, a primitive nth root of unity,
for some n. In other words,

Q' = Q)¢ [ n eN).

Theorem 11.7.2 (Kronecker-Weber theorem). Every abelian extension of Q is included in
a cyclotomic extension Q((,). In other words,

Q" =Q(¢, | n €N).

Proof of Theorem 11.7.1. Consider Q,(() where p 1 k. Let U denote the group of units. As
Q,(C) is unramified, local class field theory tells us

Nmaq, (¢,)/0, (Qp(Cr)*) = PRIy,

Consider Q,((,m ), which is totally ramified of degree p™ *(p — 1) over Q,. Local reciprocity
gives

Q;/Nm@p(épm)/@p(Qp<Cpm)X) — G(@p(gpm)/@ﬁ‘

Thus both sides have the same order, p™ ! (p — 1), and we must have

Nmg, (¢,m)/0, (Qp(¢m) ™) = U™ == p*(1 + (p™).

Suppose L/Q, is an abelian extension. Its corresponding norm group N is open of finite
index in @Q,, so contains
P (1 + (™)

for some n,m. Choosing k large enough we may suppose n | [Q,(¢x) : Q). Then using
Theorem 11.2.5%,

N 2 Nm(Qp(¢n)™) M Nm(Qp(Gpm)*) = Nm(Qp(Grpm) ™).
By Theorem 11.2.5, we get that Q,((uym) 2 L. O

Proof of Theorem 11.7.2. Given an abelian extension K/Q, choose a modulus m so that the
Artin map is defined. Every modulus for Q divides oo(n) for some integer n. The ray class
field of co(n) is Q((,). If m divides oco(n), then K is contained in Q(¢,). Hence the maximal
abelian extension is the union of all the Q(,). O

We can similarly ask how to characterize abelian extensions of other number fields K.
This is Hilbert’s Twelfth Problem and Kronecker’s Jugendtraum. Note that another way to
phrase this theorem is the following:

4omitting the subscripts on norms to avoid clutter
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1. Q?® is generated by the torsion points of Q* under multiplication.

2. Let f(2) = €?™*. Then Q* is generated by f(Q):

We can ask: for given K, can we get K® by adjoining torsion points of some algebraic
variety, and does there exist a nice function g(z) parameterizing this variety, so that

K* ~ K(g(K))?

It turns out that the answer is affirmative for quadratic extensions: roughly speaking, the
maximal abelian extension is generated by torsion points of elliptic curves with complex
multiplication. We will give a complete solution to this problem in Chapter 17.

8 Problems

1.1 Why can’t we define Frob, € G(L/K) when p is a prime in K that is ramified in L7
1.2 Fixn e N.
(a) For which primes p € Z does (p) split completely in Z[(, + ¢, ']? (Be careful with
p=2.)
(b) Show that the ray class field of (n) is Q(¢, + ¢, ).

1.3 (IberoAmerican Olympiad for University Students, 2010/6) Prove that, for all integers
a > 1, the prime divisors of 5a* — 5a? + 1 have the form 20k =+ 1.

1.4 Consider the field extension Q(v/d, ¢3)/Q where d € Z is not a perfect cube. Let p be
a prime relatively prime to 3d. Prove that a prime p splits into n factors in Q(\R’/E, (3),
where

(mod 3) and d is a cube modulo p

)

2, p
n=143, p
6, p

1
1 (mod 3) and d is not a cube modulo p
2 (mod 3).

Y

2.1 Recall that G(K/K) has profinite (Krull) topology. Topologically W (K /K) is a Z-
disjoint union of G(K/K)-cosets G(K/K)oo,, where o, is any lift of Froby, n €
7, where each G(K/K)yo, is given the same topology as the profinite topology on
G(K/K), via translation by o,.

(a) Show that the natural inclusion ¢ : W (K/K) — G(K/K) is continuous and has
dense image.

(b) Show that ¢ is not a topological isomorphism onto «(W (K /K)), where the latter
is equipped with the topology induced by that of G(K/K).
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4.1 There is a correspondence between quadratic characters (homomorphisms y : (Z/m)* —
C such that x> = 1,x # 1, where characters are naturally identified by restriction)
and quadratic extensions,

(a) Prove this without using the statement of class field theory.
(b) How does CFT give the result?
(c) Using CFT for quadratic extensions, prove quadratic reciprocity.
4.2 Characterize all quadratic extensions K /Q that are contained in a Z/4-extension. (Ben

Blum-Smith, from http://math.stackexchange.com/questions/596195/
conceptual-reason-why—-a-quadratic—-field-has-1l-as—-a-norm-if-and-only-if
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Chapter 12

Group homology and cohomology

In this chapter we introduce the theory of group homology and cohomology. In the next
chapter we’ll specialize to the case of Galois groups, and then we’ll use Galois cohomology to
prove the theorems of class field theory. Some results in this chapter will be given without
proof; for detailed proofs see Rotman [Rot09]. We assume knowledge of some basic terminol-
ogy and facts from category theory and commutative algebra (covariant and contravariant
functors, natural transformations, left and right exactness).

The idea of homology and cohomology—used in many different areas of mathematics—is
that after applying a functor, a short exact sequence of modules may no longer be exact.
Instead, we get the long ezact sequence in (co)homology, with the (co)homology groups
measuring the deviation from exactness.

Exactly what functors are we applying? In group cohomology (Section 6), we apply
Home(Z, e), turning a short exact sequence of G-modules

0A—-=B—=C—=0

into
0— A® - B¢ - C% - HY(G,A) — --- (12.1)

where A% is the submodule of A fixed by G. In the next chapter we will take A, B, C to be a
multiplicative or additive subgroup of a field L, and G = G(L/K). Then A® is just AN K.
Thus we see that the sequence (12.1) gives information about the relationship between a
field K and an extension field. For example, in Kummer Theory 2, we take C' = L*™; then
CY = L*"N K, and we can characterize G(L/K) and hence L/K in terms of the nth powers
of L appearing in K. This is representative a general trend in class field theory: characterize
extensions of K in terms of information intrinsic to K.

We also get a sequence in group homology (Section 8), and we can splice the sequences
for homology and cohomology together to get the Tate groups (Section 9). Norm groups will
make their appearance here—which is how, in class field theory, we get a correspondence
between norm groups and field extensions.

Finally, we assemble a toolbox of other constructions from group cohomology and ho-
mology, including cup products (Section 10), changes of group (Section 11), the corestriction
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map (Section 11.5), results on cyclic groups and the Herbrand quotient (Section 12), and
Tate’s theorem (Section 13). We include generalizations of cohomology to profinite groups
(Section 14) and nonabelian groups (Section 15).

1 Projectives and injectives

Let A be an abelian category.! The reader unfamiliar with category theory may assume that
A is the class of R-modules, since we will be primarily working with modules throughout.

Definition 12.1.1: Let A be an abelian category.

1. An object P € A is projective if for every surjection p : M — N and morphism
f: P — N, there exists a unique morphism g : P — M such that f =pog:

M — N
Equivalently, Hom(P, e) is exact (or equivalently, right exact as it is always left exact).?

2. An object I € A is injective if for every injection ¢ : M — N and morphism f : M —
I, there exists a unique morphism ¢ : N — I, such that f =go:

My N

/
%4

I
Equivalently, Hom(e, ) is exact (or equivalently, just right exact).
Example 12.1.2: A free R-module (a direct sum of copies of R) is projective.

Definition 12.1.3: An abelian category A ...

1. has enough injectives if for every object A € A there exists an injective object E
with a monic (injective) morphism A — F.

2. has enough projectives if for every object A € A there exists a projective object P
with an epic (surjective) morphism P — A.

LA category is an abelian category if it is an additive category such that every morphism has a kernel
and cokernel, every monomorphism (injection) is a kernel, and every epimorphism (surjection) is a cokernel.
2The diagram is equivalent to saying that if p : M — N is surjective, then so is the map

Hom(P, M) 222 Hom(P, N), i.c. Hom(P,e) is right exact.
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Definition 12.1.4: A projective resolution of A is an exact sequence
P:--»P 2P p5A50

where each P, is projective.
An injective resolution of A is an exact sequence

0 1
E:0ALE S B S 2
where each E™ is injective.

Proposition 12.1.5: If A is an abelian category with enough projectives (injectives), then
every object has a projective (injective) resolution. In particular, every R-module has a
projective (injective) resolution.

Proof. Build the resolution step-by-step. See Rotman [Rot09], Proposition 6.2-5. For the
second part, note that the category of R-modules has enough projectives and enough injec-
tives. O

2 Complexes

Definition 12.2.1: A complex in an abelian category (for example, the category of R-
modules or abelian groups) is a sequence of morphisms

dn N
C: = Cp 250 e —
such that the composition of any two adjacent morphisms is 0:
dndn+1 - O

We often work with complexes only going off to the left or right (positive and negative
complexes, respectively), and label them

~~-—>Cnd—">Cn,1—>-~—>CO%O
05C0 = .. omt 8 om oy
We will want to work with complexes like they are single objects.

Theorem 12.2.2. The class of complexes in A can be made into an abelian category,
Comp(A) as follows: The objects are the complexes and the morphisms are chain maps
f=(fn):C— C, ie. asequence of maps making the following commute.

dn+1 dn dn—1
—_— Cn+1 E— Cn E— Cn—l —_—

lfn+l lfn

d d’
/ n+1 / n /
Cn—l—l Cn Cn— 1
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Proof. See Rotman [Rot09], Proposition 5.100. O

We will be interested in cohomology and homology modules associated to chain com-
plexes. For this, we have the following notion of what it means for chain maps to be “the
same” (See Theorem 12.3.2).

Definition 12.2.3: Two chain maps f,g : C — C’ are homotopic if there exist a family
of morphisms s, : C\, = C ., such that

fn —gn = d;H_lSn + Snfldn-

In Section 4 we will define the homology modules and cohomology modules from projec-
tive and injective resolutions. To show this does not depend on the choice of projective or
injective resolution, we need the following theorem.

Theorem 12.2.4 (Comparison Theorem). Let A be an abelian category, and suppose we
have two complexes C : -+ - P - Ph - A —>0andC :---P[ - P, - A" - 0 and a
map g : A — A'. Then there exists a chain map f extending g:

P Py A 0

Jfl lfo g

P P —— A ——0.

Moreover, f is unique up to homotopy.
The same is true of complexes going off to the right (reverse the arrows above).

Proof. Rotman [Rot09], Theorem 6.16. O

3 Homology and cohomology

Definition 12.3.1: Given a complex C, define

Z,(C) = ker(d,)

B,(C) =im(d,1)

H,(C) = Z,(C)/B,(C).
H, is called the nth homology module. For upper indexing, we let Z"(C) = ker(d"),
B™"(C) = im(d" '), and H"(C) = Z"(C)/B"(C), and call H" the nth cohomology mod-

ule.

Think of H,, as measuring how far the complex is from being exact at C,.

Theorem 12.3.2. Let A be an abelian category. For every integer n, H, is an additive
functor from Comp(A) — A. Moreover, homotopic chain maps induce the same map in
homology.
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Proof. See Rotman [Rot09], Proposition 6.8. O

Theorem 12.3.3 (Long exact sequence). A short exact sequence of chain complexes

0 c—‘.c- 0

induces a long exact sequence of homology modules

On

) in Pn 1"
7 (AL LNy 5

!
Hnilﬂ...

The map 0, is defined by

Onlch] = it dn1py '] € C_y.

n

Proof. Let H, = H,(C), B, = im(d"™), and Z,, = ker(d") for the complex C, and define
H!, H!, and so forth similarly. By the Snake Lemma, the gray sequence below is exact.

H —»H, —» H/
C' /B, s /By I 1B 5 )
| | |

id;_l idn_l idii_l
)

/ n—1 Pn-1 ”
0 > Zn—l > Zn—l > Zn—l

]

! 1
- H | »H,, —»H

Note that the connecting homomorphism is exactly that in the Snake Lemma. O

4 Derived functors

4.1 Right derived functors and Ext
4.1.1 Covariant case
Given an injective resolution of B,

FF. 0-BLER LS E S
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applying a (covariant) functor 7' gives (after deleting T'B)

0— TE" X% 7t X8 7p, T4 (12.2)

We will primarily be concerned with the case where T'= Hompg(A, e), so the above becomes

Hom(A,d°) Hom(A,d") Hom(A,d?)

0 — Hom(A, E°) Hom(A, E') Hom(A, E?) (12.3)

Definition 12.4.1: Let T" be a covariant functor. The nth (covariant) right derived

functor of T is
ker(T'd™)

(R"T)B := H"(TE®) = S (Tdn 1)

i.e. it is the nth cohomology module of (12.2).
For a R-module F, define

Ext%(A, B) := (R"Homg(A, ¢))B = H"(Homg(A, E?)),
i.e. it is the nth cohomology module of (12.3).

Here d~! is the trivial map 0 — E°. We need to show that this definition does not depend
on the injective resolution chosen.

Proof of well-definedness. Suppose we have two injective resolutions of B:
0—B—"sp 2, p &

fo fi
0 B ' Ev,o d'° Ev,1 art

Let (R"T)B = qeifih and (R"T)B = ;i
By the Comparison Theorem 12.2.4, there is a unique chain map f between the two
resolutions, up to homotopy (the dotted lines above). Apply T to this diagram to get a
chain map T'f,, : TE™ — TE'™. As H,, is a functor by Theorem 12.3.2, T'f induces a map on
the cohomology modules (R"T)B — (R™T)B. Since we can construct a chain map g from
the second to the first resolution as well, (R"T")B — (R™T)B must be an isomorphism.
For the details, see [Rot09], Proposition 6.20. (The argument there is written for left

derived functors, but the idea is the same.) O

4.1.2 Contravariant case

We can define a companion functor ext’ that is contravariant instead of covariant. Given
an projective resolution of A

Py: -2 p 9y p Sy pg oA,
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applying a contravariant functor 7' gives

o Fd1=0, Td_1=0 TP, 1%, Tdo TP, &>T'P2 Tz . . (124)

To define ext, let T'= Homp(e, B).

Definition 12.4.2: Let T be a contravariant functor. The nth (contravariant) right
derived functor of T is

ker(T'd"™)

(R"T)A := H"(TP,y) = im(Tdm 1)

i.e. it is the nth cohomology module of (12.4).
For R-modules A, B, define
exth(A, B) := (R" Homg(e, B))A = H"(Homg(Pa, B))
Theorem 12.4.3. For R-modules A, B,
Exth (A, B) = exti(A, B).

This theorem says that we have two choices when we need to calculate Ext(A, B),
namely,

1. Find a injective resolution of B and apply Hom(A, e) (the Ext perspective), or

2. Find a projective (e.g. free) resolution of A and apply Hom(e, B) (the ext perspective).
Proof. See Rotman [Rot09], Theorem 6.67. O

4.2 Left derived functors and Tor

Next we define left derived functors and Tor analogously. Given a projective resolution of A
PA : .- PQ P1 PQ —> A— O

applying a covariant functor 7' gives

. L% 7p, T4 7P, I TR, T2

To define Tor, let T'= e ®p B.

— 0.

Definition 12.4.4: The nth left derived functor of 7" is
ker(T'd,_1)

(L.T)B := H,(TP,) = nTd)

For A an R-module, define
Torf(A, B) := (L,(e ®z B))A = H" (P4 ®r B)
tor (A B) ( n(A(X)RQ))A:Hn(A@RPB)

(Note Tor?(A, B) = tor®(B, A).)
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Note unlike the case with Ext, we need only consider covariant derived functors: Hompg
is contravariant in the first entry and covariant in the second, while ®p is covariant in both
entries. Similar to Theorem 12.4.3, we have the following.

Theorem 12.4.5. For A, B R-modules,
Tor®(A, B) = torf(A, B).

Proof. See Rotman [Rot09], Theorem 6.32. O

4.3 Long exact sequences

The most important property of the derived functors is that they repair “loss of exactness”
after applying the functor.

Theorem 12.4.6 (Long exact sequence). Let 0 - A — B — C — 0 be a short ezact
sequence of G-modules.

1. Let T be a left exact covariant functor. Then there is a long exact sequence

0—— (R'T)A —— (R°T)B —— (R°T)C —2 (R'T)A —— - -

2. Let T be a right exact covariant functor. Then there is a long exact sequence

— (L4 T)C*> (LoT)A —— (LyT)B —— (LyT)C ——0

The maps 0" are given by the snake lemma.

Proof. The long exact sequences exist by Theorem 12.3.3. (Note that the complexes only go
off to the right/left in the two cases, respectively.) It remains to show the equalities. Take
a projective resolution of A,

d d d,
—2)P2—1>P1—0—>P0i>14—)0

By right exactness of T, the following is exact:

Tdy

TP, TP 125 TA 0.

Hence (LyT)A = TRy /im(TPy) = TA.
The second part is similar. O

176



Number Theory, §12.5

Corollary 12.4.7. We have the long exact sequences

0 — Ext%(M, A) — Ext% (M, B) —— Ext% (M, C') L ExtL (M, A) ——

HOIIlR M A) HOII]R M B) HOII]R M C)
and

.. —— Torf'(C, M)—)Tor0 (A, M) —— Tor}(B, M) —— Torg(C, M) ——0

M®p A M ®p B M®@grC
Proof. Hompg(A, e) is left exact and e ®p B is right exact.
Example 12.4.8: We have the following.

B injective = ExtR(A,B) =0forall A, n >1
A projective = Torz(A, B) =0 for all B, n > 1.

Indeed, recall that Ext is defined by taking an injective resolution of B and Tor is defined
by taking a projective resolution of A, and in these cases we can take the trivial resolutions

0—=—B—-B—=0and0—=-A4—=-A—=0.

Example 12.4.9: Take R = Z. Then a R-module is just an abelian group. Every group H

has a free resolution of length 2:
0—F — Fy— H—0.

Thus ext}(H,G) = 0 and Tor’(H,G) = 0 for n > 2.

5 Homological and cohomological functors

This section is more abstract and may be skipped.

As we saw in Corollary 12.4.7 and Example 12.4.8, the key properties of Ext’, are roughly

the following;:
1. Ext(A, B) = 0 when B is injective and n > 1.
2. Short exact sequences give rise to long exact sequences.

3. In dimension 0, Ext%(A4, B) = Hompg(A, B).
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We have a similar description for Tor.
We abstract the definition for Ext and Tor, by defining homological and cohomological
functors. There are several reasons for doing this:

1. We want to talk about natural transformations between cohomological functors.

2. In the last section we showed the existence of Ext satisfying the above properties (and
similarly for Tor). It turns out that these properties characterize it uniquely. Thus we
can just “remember” these properties and forget the details of the construction.

There are similarly other (co)homological functors, and we sometimes want to show
they are equal. To do this, it turns out we can just construct an isomorphism in
dimension 0, and the rest works out by abstract nonsense. (See Theorem 12.5.2.)

Note in the above characterization of Ext we said Ext(A, B) = 0 for n > 1 when B is
injective. This is useful because every R-module has an injective resolution. In general,
though, we may want to work with a general class of objects, say x (which in our case is the
class of injective modules). The key property is that for every module A there is an injective
module E and an injective morphism A — F, i.e. the category of R-modules has enough
injectives.

Definition 12.5.1: Let (17" : A — B),>¢ be a set of additive functors on abelian categories,
and let x be a class of objects in A. We say A has enough y-objects is every object in A
can be embedded in an object in y.

Supposing A has enough y-objects, (T"),>0 is a cohomological d-functor if the fol-
lowing hold.

1. (T™)n>0 is x-coeffaceable: T"(X) =0 for all X € x and n > 1.

2. For every short exact sequence 0 - A — B — C' — 0 there is a long exact sequence
0= TOA) = -« = T"(A) = T*(B) — T™C) L5 T (A) — -

such that the diagonal morphisms 0" are natural (with respect to maps between two
short exact sequences).

A morphism of cohomological O-functors is a natural transformation 7" : T™ — H" com-
muting with the diagonal maps 0".

There is a similar definition for effaceability and homological 0-functors. We can also
consider (T™),ez, that is d-functors extending infinitely in both directions, replacing the long
exact sequence with an infinite exact sequence extending in both directions.

The following theorem gives existence and uniqueness of (co)homological d-functors.

Theorem 12.5.2. 1. Suppose 0 : T° — T"° is a natural transformation of cohomolog-
ical O-functors in degree 0. Then there exists a unique morphism of cohomological
O-functors T : T — T" extending 1°.
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2. Suppose T",T" : A — B are two cohomological functors, and there is a natural iso-
morphism T° = T"°. Then T™ = T"".
The same is true of homological O-functors, and O-functors extending in both directions.

Proof. See Rotman [Rot09], 6.35. O

For example, Extg is characterized completely by the 3 properties we gave: it is a coho-
mological O-functor by items 1 and 2, and uniqueness comes from knowing it in dimension
0 (item 3). Ditto for Torg.

6 Group cohomology

To apply homology to groups, we will turn a group G into a ring, and consider modules over
that ring.

Definition 12.6.1: Let R be a ring. The group ring R[G] or RG is the ring

R®G—{Zagg:ag€R}

geG

with multiplication given by

(Z agg> (Z bhh> = Z agbpgh.
geG heG g,heq

We will always work with R = Z.
Note that any action of G' on a Z-module makes the module into a ZG-module. We often
just abbreviate “ZG-module” as “G-module.”

Definition 12.6.2: Let G be a group and A, B be left ZG-modules.
1. The diagonal action of G on Homy(A, B) is given by

(9¢)(a) = g(p(g~"a)).
2. The diagonal action of G on A ®z, B is given by

g9la®@b) = (ga) ® (gb).
We now apply cohomology as follows.

Definition 12.6.3: Let M be a G-module. Equip Z with the trivial G-module structure.
The cohomology groups of G with coefficients in M are defined by

H™"(G, M) = Ext2-(Z, M) = H"(Homyq(Z, EM))
= exty(Z, M) = H"(Homgg( Py, M)).
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Note from Theorem 12.4.3, we have two choices in finding H™"(G, M): find a ZG-injective
resolution of M, or a ZG-projective resolution of Z.
There is a nice interpretation of H(G, M).

Definition 12.6.4: Let L, M be G-modules and ¢ be a map L — M. Define the fixed
point functor by the following.

1. Action on modules:
MY ={meM:gm=mforal gecG}.
2. Action on maps: Since ¢(L%) C MY we can define
¥¢ = ¢l
Proposition 12.6.5: As functors,
H°(G, o) = Homyg(Z, o) = .

In particular, the fixed point functor is left exact since Homyg(Z, @) is.

Proof. 7 is equipped with the trivial G-action. A G-homomorphism ¢ from Z to M is
determined by (1), and ¢(1) must be a fixed point. Hence Homyg(Z, M) = MY via the
map ¢ — ¢p(1). O

Remark 12.6.6: This gives us another way to think about group cohomology. Given M,
take an injective resolution 0 — M — EY — E' — .... Applying Homzg(Z,e) to this
resolution is the same as applying ¢, so we get 0 — (E°)¢ — (E1)Y — ... Then H"(G, M)
is the nth cohomology group of this complex.

We will need the fact that cohomology preserves products.

Proposition 12.6.7: Let G be a group and M; be G-modules. Then

H <G, HMz) = T] H7(G. My).
icl iel
Proof. First note that the product of injective modules is an injective module: By definition
a R-module [ is injective iff Hompg(e, ) is exact. Thus, the statement follows from the fact
that Hompg (e,][; I;) = [[; Homg(e, I;), and the fact that a product of exact sequences is
exact.
Thus if EMi is an injective resolution for M;, then []; £ is an injective resolution for
[ M;, and we get

ar (G, I1 Mi> = H" (Homyg (Z, ElLer ™)) = H” <HomZG <Z, HEMi>> =1 H7"(G, M,).
i€l iel icl

O
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7 Bar resolutions

We now describe the cohomology groups, by working with an explicit presentation of Z. (We
use the ext approach.) This will give practical interpretations of H*(G, M) and H?*(G, M).
For proofs, see Rotman [Rot09], Section 9.3.

Definition 12.7.1: Define the bar resolution B(G) to be the exact sequence

& By B -1 By 57— 0
where
B, = Z.G*"
is the free abelian group with basis elements denoted by [z1|- - |x,], and
dn([z1] - - - |2n]) = 21[wa] - - [2n] + Z Vlai] - [ zigipr | |wa] + (=1)"[21] - J2na]-
——

l (12.5)
Let U, C B, be the submodule generated by [z;|---|z,] where at least one of the z;

equals 1, and define the normalized bar resolution to be the quotient complex B*(G) :=

B(G)/U(G).

Note in particular

ds[z|ylz] = z[y|2] — [zyl2] + [z|y2] — [2]y]
dolzly] = x[y] — [vy] + [z]
difz] = 2] — ]
dof] =1

We have Homg(B,,, M) = Homg(ZGD ", M), so it can be identified with the set of functions
G™ — M. Working out the kernels and images, we get the following.

Theorem 12.7.2. We have the following descriptions of H' (G, M) and H*(G, M).

1. Define a derivation (or crossed homomorphism) of G to be a function G — M such
that

d(zy) = d(z) + xd(y)

and a principal derivation to be one in the form
d(x) = a — xa, for some a € M.

Denote the set of derivations and principal derivations by Der(G, M) and PDer(G, M).
Then
HY(G, M) = Der(G, M)/ PDer(G, M).
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2. We have

A GXG = M fey) + [(ry,2) = 2f(y, 2) + [z, y2), f(z,1) = [(1,y) = 0}
{9:GxG— M :g(x,y) =xh(y) — h(zy) + h(x) for some h: G — M} '

The elements in the top set are called factor sets.

H*(G, M)

A particularly important case is the following.

Corollary 12.7.3. Suppose G acts trivially on M. Then
HY(G, M) = Homgy(G, M).
(On the RHS, G and M are thought of as groups.)

Proof. Because the action is trivial, a derivation is just a function with d(zy) = d(z) + d(y),
i.e. a homomorphism. Moreover, any principal derivation is trivial. O

8 Group homology

Definition 12.8.1: Let A be a G-module. Equip Z with the trivial G-module structure.
The homology groups of G with coefficients in Z are defined by

H,(G, A) = Tor2(7, A) = H,(Py @26 A)
= tor’2%(Z, A) = H,(Z @z Pa).

There is similarly a nice interpretation of Hy(G, M), as well as of Hi(G,Z). Given a
group G, define the map ¢ : ZG — Z by € (¥ jec 049) = 3 4ec g, and define

Ig :=ker(e) = {Zagg: Zag:()}.

geG geG

Proposition 12.8.2: As functors,
Hy(G,e) = e/Ige;
i.e. there is a natural isomorphism

H()(G,A) = Z@GA — A/IGA
mar— ma-+ IgA.

Proof. The short exact sequence 0 — I — ZG = 7 gives exactness of
Ic®RcA—7ZGRqA—ZRgA—0
since tensoring is right exact. (G acts trivially on the Z on the right.) Thus,
Hy(G,A)=Z®c A= (ZG ¢ A)/(lc ®c A) = A/IA.
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Proposition 12.8.3: There are canonical homomorphisms H, (G, Z) = I¢/13 = G#.

Here G denotes the abelianization of G, i.e. G/G', where G’ is the derived subgroup,
the (normal) subgroup generated by the commutators aba=1b".

Proof. The long exact sequence in homology for 0 — I — ZG = Z — 0 is

Ig/1¢

The left term is 0 by Example 12.4.8 since ZG is free, hence projective. Thus 0, is injective.
From Proposition 12.8.2, we get the middle two inequalities (since Hy(G, ZG) = ZG | 1cZG =
7). Surjectivity of the map Z — Z gives that it is actually an isomorphism, so exactness
gives 0; is an isomorphism. It remains to show

Io]I2 ~ G/G. (12.6)

Define a map f : G — Ig/IZ by letting f(x) = (z — 1) mod IZ. This is a homomorphism
because

f(zy) = 2y — 1 mod I3
=(z—1)+ (y— 1) mod I2 (x—1D(y—1)€el
= f(@)f(y).
Now G’ € ker f since Ig/I% is abelian (ZG, as an additive group, is abelian), so we get a
map [ : G/G' — Ig/I%.
Now define g : I¢ — G/G' by g(x — 1) = zG’. (Note z — 1,z € G\{1}, is a free basis for
G.) We have

9< > ma(r—1) > my(y—1)>:9< > mxny((xy—l)—(w—l)—(y—l))>

zeG\{1} yeG\{1} 2,yeG\{1}
_ H (xyx—ly—l)mznzG/ — G/
r,yeG\{1}
so g induces g : Ig/I3 — G/G'.
Now f and g are inverse, showing (12.6). O

8.1 Shapiro’s lemma

Shapiro’s lemma will be helpful in computing (co)homology groups, especially in the guise
of Corollary 12.8.8.
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Definition 12.8.4: Let S C G be a subgroup of finite index. Define the induced and
coinduced modules to be?

Ind§ (A) = A @25 ZG.
COlndg(A) = Homzs(ZG, A)

If S = {1} we simply write Ind“(A) or Coind®(A). An induced module of G is a module
in the form Ind“(A); a coinduced module of G is a module in the form Coind“(A).

Remark 12.8.5: If GG is finite, the induced and coinduced modules are canonically isomor-
phic via the below map, so there is no need to distinguish between them.

Homs(ZG, A) = A ®z5 ZG

e Y olgTh) ®zs g.
geG/S

Proposition 12.8.6: If M is a coinduced G-module, and H C G is a subgroup, then M is
a coinduced H-module.

Proof. Write M = Homy(Z|G], A); we can write Z[G] = Z[H| ® B; then we have by adjoint
associativity? that M = Hom(Z[H] @ M, A) = Hom(Z[H], Hom(M, A)). O

The cohomology of coinduced modules and the homology of induced modules are easy to
calculate.

Lemma 12.8.7 (Shapiro’s lemma). The following hold.

H™(G, Coind§ (A)) = H™(S, A)
H,(G,Ind$(A)) = H,(S, A).
Proof. Let Pz be a ZG-projective resolution of Z. Note it is also a ZS-projective resolution,

as any ZG-projective module is ZS-projective.
By definition of cohomology group,

H"(G, Coind§ (A)) = H"(Homge(Pyz, Homzg(ZG, A)))
Y B (Homys(Py @6 ZG, A)) = H™(Homyg(Py, A)) = H"(S, A).

In (*) we used adjoint associativity.
By the definition of homology group,

H,(G,nd$(A)) = H,(Pg @26 (ZG ®z5 A)) = H,(Pz @25 A) = H,(S, A). O

3Be careful; in some books the definitions are reversed. We follow Serre’s definition, which is the opposite
of Milne’s definitions.

4f R, R’ are rings, M is a R-module, N is a (R, R')-bimodule, and P is a R’-module, then there is a
canonical (R, R')-isomorphism Homp (M, Hompg (N, P)) =2 Homp (M ®g N, P).
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Corollary 12.8.8. Suppose that A = @;e; A;i, S = Stab(A4;) (defined as{g € G : gA; = A;}),
and G permutes the submodules A; transitively. Then

H,(G, A) = Hy(S, A;).

If G is finite, then
H"(G,A) = H"(S, 4)).

Proof. We have A = Ind§ A;. If G is finite then A 2 Coind§ A; as well. O

Corollary 12.8.9. If M is an coinduced G-module, then H"(G, M) =0 for alln > 1.
If M is an induced G-module, then H, (G, M) =0 for alln > 1.

Proof. By Shapiro’s lemma 12.8.7,

M = Coind®(A) = H™(G,M)=H"(1,M) =0
M = Tnd“(A) — H,(G, M) =H,(1,M) =
We used the fact that Z is Z[{1}]-projective. O

9 Tate groups

By Corollary 12.4.7, given a short exact sequence of G-modules we get a long exact sequence
in homology and cohomology. We splice these sequences together using the Snake Lemma
to obtain a long exact sequence extending in both directions.

Definition 12.9.1: Let G be a group, S be a subgroup of finite index, and A be a G-module.
Define the norm Ng/g : A% — A% by

Ng/s(a) = Z tjCL,
j=1

where {t1,...,t,} is a left transversal (i.e. coset representatives) of S in G. In particular,
for S = {1} the norm map is

Ng(a) = N(a) = <Z g) a.

geG
Definition 12.9.2: Suppose G is a finite group and A is a G-module. Define the Tate
groups by
H1(G, A), qg>1
AY/NA, q=0
NA/IGA, q=-1
H_, 1(G,A), ¢<-2.

Hi (G, A) =

Here yA denotes {a € A: Na = 0}.
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Theorem 12.9.3. If G is a finite group and 0 - A — B — C — 0 is an exact sequence of
G-modules, then there is a long exact sequence

oo — HYG,A) —» HLYG,B) = HL(G,C) = HE (G, A) — - -

Proof. 1t suffices to prove exactness for ¢ = —1 and ¢ = 0. We apply to the snake lemma to
obtain the following (the top and bottom rows in the middle are the long exact sequence in
homology and cohomology, respectively).

ker Ny —» ker Ng ——» ker N¢

O

H,(G,C) —» Hy(G, A) —» Hy(G,B) —» Hy(G,C) ———» 0
| |

o

00— H°(G,A) —» H°(G,B) —» H(G,C) —— H'(G, A)

T

————————» coker(N4) —» coker(Np) —» coker(N¢)

The maps N4, Ng, N¢ are the norm maps on A, B, and C' after associating Hy and H° with
their descriptions in Propositions 12.6.5 and 12.8.2:

NA/IGA —> NB/IGB —> NC/I@C

]

Hi(G,C) —» A/IcA ——» B/IgB —» C/IcC —————»

lNA iNB iNC }

0————» A ——»B6——» ¢ ———» HY(G, A)

N

» A/NA——» B/NB —» Cg/NC
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9.1 Complete resolution*

5 The description of Tate groups in the last section is somewhat unwieldy (because you can
see the glue marks...). We give a different interpretation here, where the Tate groups at 0
and —1 are less distinguished. Then we use the technique of “dimension shifting” to extend
results for cohomology (or homology) groups to results for Tate groups.

Definition 12.9.4: A complete resolution of a group G is an exact sequence X

X—l X_2*>...

where each X is a finitely generated G-free module, ¢ is surjective, and 7 is injective.
Proposition 12.9.5: Every finite group G has a complete resolution X.

Proof. Take a G-free resolution of Z and its dual (A* = Homy(A,Z)), and splice them
together.

Pl Po Z 0
O\LCRP; P

]

Proposition 12.9.6: Let G be a finite group, A a G-module, and X a complete resolution.
Then the Tate groups are exactly the cohomology groups

HI(G, A) = H"(Homg(X, A)).

Proof. Since any two resolutions are chain-homotopic (going both ways) by the Comparison
Theorem 12.2.4, it suffices to prove this for one resolution. We take a resolution as in

5This section will not be used and can be omitted.
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Proposition 12.9.5 and apply Homg(e, A) to it. We obtain the following.
-2 -1 0 1

-+« —— Homg (P, A) —— Homg (P, A) —— Homg(Py, A) —— Homg (P, A) —— - - -

Lo b O

E—— P1 /e A L Po KRza A L HOHlG(Po, A) L> HOHlG(Pl, A) —_—

ZRq A _ M, Homg(Z, A)

A/IGA AC

The isomorphisms on the left are given by the natural isomorphism
M ®Rza A— Homg(M*, A)
m®a— (f— f(m)a).

The bent complex along the bottom is the complex for Tate cohomology; some diagram
chasing gives that these groups are isomorphic to the cohomology groups in the middle
complex. ]

9.2 Dimension shifting

Given a result or construction in dimension n, we can get the result in dimensions n £+ 1 by

utilizing the long exact sequence 12.9.3 and the two propositions.

Proposition 12.9.7: Let G be a finite group. If M is an induced module then
H}G,M)=0

for all n.

Proof. Since G is finite, induced and coinduced modules are the same. The statement for

homology and cohomology is Corollary 12.8.9; this takes care of all n # 0, —1. For n =0, —1

we calculate H: (G, M) directly. Writing M = A®gz ZG, we see that every element of m can
be uniquely written as > e ag ® g. We find that

MG:{a®Zg:a€A}:N(M)

gelG

NM:{Z%@g:Zag:O}zng

geG geG

so HY%(G, M) = H;'(G, M) = 0. O
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Proposition 12.9.8: Let M be a module. Then there exist (canonical) short exact se-
quences

0—-M— M — M/M—0
0O—-M =M, —-M-—=0

such that M* is coinduced and M, is induced, and these sequences are split as abelian groups
(i.e. as Z-modules, but not necessarily as ZG-modules).

Proof. The desired maps are

M — Coind{}y (M)

m — om(g) = gm.
Z[Gl @z M — M

gRdm— gm

Splitness follows from the fact that these maps have left and right inverses, respectively:
¢ = (1) and m — 1 ® m. (They are only Z-homomorphisms, not necessarily ZG-
homomorphisms.) O

Now suppose G is finite; then coinduced and induced modules coincide. Taking the long
exact sequence 12.9.3 of the above short exact sequences and using Proposition 12.9.7 gives

Hp (G, M) = Hy™ (G, M* /M)
Hp (G, M) = Hp™ (G, M).

Thus we reduce a problem about cohomology in degree n to a problem about cohomology
in degree n + 1 or degree n — 1.

10 Cup products

There is a natural product defined in Tate cohomology.
Define A® B to be A ®y B with the structure of a G-module given by g(a ® b) = ga ® gb
(the diagonal action).

Theorem 12.10.1. Let G be a finite group and A, B be G-modules. There exists a unique
family of bilinear maps indexed by (p,q) € Z?, together called the cup product,

U: HL(G, A) x HL(G, B) — HEY(G,A® B),
satisfying the following four properties.

1. The homomorphisms are functorial in A and B.
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2. For p=q =0, the cup product is induced by the map

A ® B¢ = (A® B)C.

3. If

0—-A —>A—-A4A"—=0
0> A®RB—>ARB—>A"®B—=0

are exact®, and o’ € HY(G, A"),b € HL(G, B), then
(6a"YUb =4d(a" UD)
in HYYYY G, A" ® B). (6 is the map in the corresponding long exact sequence.)
4. 1f

0B —-B—-B"=0
0> ARB - A®B > A B"—=0

are exact, and a € HY(G, A),b" € H}(G, B"), then
aU (8" = (=1)Ps(aU ")
in HPYN G, A® BY).

Proof. We first define the cup product for cohomology groups and then use dimension shifting
to define it for Tate groups.
We use the bar resolution’, so that n-chains are functions G® — A. For p,q > 0, define

U: CP(G, A) x CU(G, B) — C*(G, A® B)

by
(fUgzil-|zpre = f([21] - 2p]) @ g([Tpsa] - - - [7p14))-

For n = 0, we have (f U g)[] = f[] ® g[] which shows property 2 is satisfied. We® can
laboriously verify with (12.5) that

d(fUg) = (df)Ug+ (=1)PfU(dg).

From this we get a well-defined map

U: H?(G, A) x HY(G, B) — H"*(G, A® B).

6Recall ® ® B is right exact, so the content is in left exactness.

"We can also use the standard resolution (not defined here); in that case the map is (fUg)(zo, . .., Tpiq) =
flxo,. ., 2p) @ g(zp, ..., Tptq)-
8i.e. you
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We can verify properties 3 and 4 by calculation.

Now we extend this definition by dimension shifting. Suppose the product is defined for
(p+1,q), we define it for (p, q) as follows. Write A (canonically) as a quotient of a induced
module as in Proposition 12.9.8, 0 — A" — A, — A — 0. Since this is split, so is

0 >A®RB—>A, B —A® B — 0.

Since A, is induced, so is A, ® B (be slightly careful about the G-action here). Thus by
Theorem 12.9.3, we get HE(A) = HEM(A') and HEMI(A) =2 HET (A’ ® B) (naturally), and
thus we can define the cup product

H}(A) < H{(B) = » H{™(A® B)

; -

HPPY( A x HY(B) —— HEMY (A @ B)

Similarly define it for (p, q) given (p, ¢+1), but this time introduce a factor of (—1)? (in order
to make the second condition hold). Note this is consistent with our defintions for p,q > 0,
by conditions 3 and 4. It is not hard to verify that these maps are well-defined, and that
conditions 3 and 4 continue to be satisfied. By the way we defined the maps, it also doesn’t
matter what order we define the maps in (so going from (p+1,¢+ 1) = (p,¢+ 1) = (p, q)
is the same as going from (p+ 1,¢+ 1) = (p+1,q9) — (p, q), for instance).

Given the map for (p,q), conditions 3 and 4 basically force us to define the map for
(p—1,q) and (p,q— 1) as above. Similarly we can dimension-shift in the opposite direction,
and we get uniqueness for all (p, q). ]

Cup products are rather nasty to work with when they aren’t purely in cohomology, so
if we need to do cup product computation, we work in cohomology whenever possible.

Proposition 12.10.2: The following hold:

1. Cup product is associative: For x € H™(G,M), y € H"(G,N), and z € H?(G, P),
(xUy)Uz=2U(yUz) (viewing the equation in H"™" (G, M & N ® P).

2. Cup product is anticommutative: For x € H™(G,M) and y € H"(G,N), z Uy =
(—1)™y Uz,

Proof. Omitted. The idea is to verify the formula in degree 0 and then dimension-shift to
get the general case. O

10.1 Cup product calculations

To compute the Artin map in class field theory, we will need to calculate the cup product
of things in dimensions —2 and 2. We will get there incrementally using dimension shifting
and properties 3—4 of the cup product, first calculating the cup product on dimensions (0, n)
(especially (0,1)), then on (—1,1), and then finally on (-2, 1).
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Theorem 12.10.3. Let G be a finite group and A, B G-modules. If a € A%, let @ denote
its image in H%(G, A), and if Na = 0, let ay denote its image in Hz (G, A). For g € G let
g denote its image in G/G' = H:*(G, 7).
1. (0,n). Suppose n >0, a € A%, and v € H}G,B). Let f, : B — A® B be the map
sending y to a ® y; it induces a map H}G, A) — H} G, A® B). Then

—0 _ n
a v oz = fo(z) € HF(G,A® B).
€HY(G,A) €H}(G,B)

2. (=1,1). Suppose Na =0, and [f] € H'(G, B) is represented by a cocycle f : G — B.
Then

0

a U Lfi :<—Zta®f(t)>.

gy T teG
€H; (G,B) €HL(G,B)

3. (=2,1). Let s € G and [f] € HY(G, B). Then

3 U = f(s), € H;'(G, B).

_\/2 ~—~
€H; (GZ)  eHL(G,B)

Proof. We omit details of the calculations. See Serre [Ser79], pg. 176-178.

1. For n = 0, this follows from definition of cup product. Now use dimension shifting,
with the exact sequence 0 - B — B* — B*/B — 0, B* coinduced.

2. Dimension shift from part 1 with 0 — B — B* — B*/B — 0: suppose V" € (B*/B)%
is sent to f under the diagonal morphism. Write @ U f = ao U d(0") = —d(a@y U b"")
and use part 1.

3. Show that

d(sU [f]) = d(f(s)o)-
Evaluate the LHS using property 3 and part 2.

11 Change of group

We would like to be able to connect (co)homology groups corresponding to different groups
G, G' and different modules over G, G'. This will allow us, for example, to define maps

Res" :H"(G,A) — H"(S, A)
Cor, :H,(S,A) — H,(G, A)
Inf" :H"(G/S, A%) — H"(G, A) SQG.
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11.1 Construction of maps

For there to be a map H"(G,A) — H"(G', A’) we need there to be a map G' — G, with
some compatibility condition on the modules A, A’.

Definition 12.11.1: Let G, G’ be groups, let A be a G-module and A’ be a G’-module.
A cocompatible pair is a pair («, f) where o : G’ — G is a group homomorphism and
f:A— Ais a Z-homomorphism such that

f((ax')a) = ' f(a)

for all #’ € G’ and a € A.
G 225G

o

!/

Let ((Pairs®)) denote the category whose objects are pairs (G, A) and whose morphisms are
cocompatible (a, f).

Define a compatible pair to be a pair («, f) where a : G — G’ is a group homomorphism
and g : A — A’ is a Z-homomorphism such that

f(za) = (ax) f(a)

for all x € G.
G225

|

AL, x

Let ((Pairs)) denote the category whose objects are ordered pairs (G, A) and whose mor-
phisms are compatible (a, f).

Given a cocompatible pair, let P’ be a G’-projective resolution of Z and P be a G-
projective resolution of Z. By the Comparison Theorem 12.2.4 there is a chain map 7(«a) :
P’ — P induced by the map 17 : Z — Z and «, unique up to homotopy. Define

C"(G, A) = Homyg(P,, A) — Homgg(P,, A') = C"(G', A")
g fopor(a)".

Similarly, for a compatible pair, there is a chain map 7(«) : P — P’ induced by 1z : Z — Z
and «; we get a map

(), ® f: Co(G,A) = P, ®z6 A = P, Qzan A' = C,(G'} A)
These maps descend to cohomology and homology, respectively.
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Definition 12.11.2: Define the maps below using the (co)compatible pairs shown.

Name Map on G | Map on M Map
Restriction | i:S—G | M< M | Respg: HY(G,M)— H"(S, M)
Corestriction | 7:5 — G M= M Cor, : H,(S, M) — H,(G, M)
Inflation q:G—G/S| M+ M® | Infg,: HY(G/S, M®) — H"(G, M)
Conjugation | o+ gog™t | g7'm < m H"(G,M) — H"(G, M)

For inflation, we require that S < G (S be a normal subgroup of G).
Proposition 12.11.3: The conjugation map H"(G, M) — H"(G, M) is the identity.

This is important because when we are defining maps between different cohomology
groups, we can be assured that conjugation won’t change it, i.e. we have a canonical map.

Proof. For n = 0 this is the identity map MY — M¢. Since the conjugation H"(G, M) —
H™(G, M) is a map of cohomological functors, and the identity map H"(G, M) — H"(G, M)
is also a map of cohomological functors, and they agree for n = 0, by Theorem 12.5.2(2)
they must be equal for all n.

Alternatively, use dimension shifting. O]

11.2 Extending maps to Tate cohomology

Right now Res" is only defined on cohomology and Cor,, is only defined on homology. We
would like to define them on Tate cohomology.

Proposition 12.11.4: Let GG be a finite group. The maps Res" and Cor,, can be defined
on Tate cohomology, such that the definitions for H}. agree with the original definitions on
cohomology and homology for n > 0 and n < —1, respectively, and such that Res and Cor
are natural transformations compatible with forming the long exact sequence in homology
and cohomology from a short exact sequence. Moreover, Res" and Cor,, satisfy the following
properties.

1. Coryq : H(S, M) — HY(G, M) is the map Ngys : M5 /NgM — M /NgM.

2. Res&}s : H7'(G, M) — H;'(S, M) is the map Cgs : noM/IcM — ngM/IsM, where
Cq/s is the conorm map defined by

Cg/g(a) = Zt;la

where {t;} is a left transversal of G/S. (Equivalently, let {¢;} be a right transversal
and let Cg s(a) == ¥, t;a.%)

9To see this, note £1.5 = t25 iff t; 't € S, iff St;' = St; '
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3. Cor;fG . H7?(S,M) — Hz*(G, M) is the natural map S* — G#. (See Proposi-
tion 12.8.3.)

Proof. First, the construction. We will use Theorem 12.5.2. Let x be the class of coinduced
ZG-modules. Note that the category of ZG-modules has enough coinduced ZG-modules, by
Proposition 12.9.8. Note that { H7(S, e5)} and {H}:(G, @)} are cohomological 0-functors on
the category of ZG-modules, with respect to x (by Mg, we mean think of M as a S-module).
Indeed, any coinduced module for G is coinduced for S by Proposition 12.8.6.1° Since

Resl g : MC/NaM — M5 /NgM, Cory' : ngM/IsM — noM/IcM

are natural transformations, Theorem 12.5.2(1) applies to give unique morphisms Res and
Cor extending Ng/g. (They agree in cohomology and homology with the original definitions
by uniqueness in Theorem 12.5.2(1)).

Alternatively, we can extend the definitions of Res and Cor using dimension shifting
(which is simpler, really).!!

We now calculate the maps using dimension shifting.

1. Use the short exact sequence 0 — M’ — M* = ZG ®; M — M — 0 from Proposi-
tion 12.9.8 to get the vertical isomorphisms in the diagram on the left below. (Note as
before that M* is both G and S-(co)induced.)

CorZ!
H7Y(S, M) —5H NG, M) nM/IsM — x.M/IgM

(ﬂg ({g NS(1®.)\F NG(1®.)JE

0
CorS/G

HY(S, M) —5 HY(G, M). HY.(S, M"Y —— HY(G, M).

The left-hand diagram gives the right-hand diagram, after noting that ¢ is the map in
the snake lemma in the proof of Theorem 12.9.3. From the right-hand diagram it is
clear that the bottom map has to be Ng/g, because Ng 50 Ng = Ng.

2. From 0 — M — M* % M*/M — 0 we get the commutative diagrams

-1
ResG/s

H7Y (G, M* /M) —5 H:'(S, M*/M)  Hz'(G,M*/M)—— Hz'(S, M*/M)

({% Jl% NGoflJ(% Nsofljl%
Res?

HOUG, M) ——=" HY(S, M). MS/NgM ——— MS /NgM.

1ONote this would fail if we take y to be the class of ZG-injective modules, as ZG-injective modules are
not necessarily ZS-injective.
1 Alternatively, we can construct Cor™ explicitly as the map

Shapiro
~

H™(S,M) = H"(G,Coind§ M) — H"(G, M)

where the last map is the change of group map induced by G = G and CoindgM — M given by ¢ —
ST tip(t; ), for some transversal {t;} for S in G. This is just the norm map in dimension 0.
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From Ng = Ngo Cg/g, the top map has to be Cg/s.

3. Recall the isomorphism H; (G, Z) = G was defined using the horizontal maps below.

Hy(S,2) —2 Hy(S, Is) —— Is/ 12— S/’

Jcm lc l

H\(G,Z) —2 Ho(G, 1) 1)1 —— G/

The left square commutes by functoriality of Cor and the right rectangle commutes by
tracing the map in Proposition 12.8.3. O

11.3 Further properties

Theorem 12.11.5. Suppose H is a subgroup of G of finite index. Then Cor™ oRes" is
multiplication by |G : H].

Proof. In degree 0, we have Cor” o Res” = [G : H] because Ne¢yg is just multiplication by
(G : H] on MY. As in the proof of Proposition 12.11.3, the general case then follows from
either Theorem 12.5.2 or dimension shifting. m

Corollary 12.11.6.

1. If G is finite, then |G|H™(G, M) =1 for any n > 0.

2. If G is finite and M 1is finitely generated as an abelian group, then H"(G, M) is finite.
Proof.

1. By Theorem 12.11.5,

H™(G, M) 2= 5™ (1, M) <% HY(G, M)
is multiplication by |G|. But H™(1, M) = 0.

2. By the explicit description of H"(G, M) using the bar resolution, H"(G, M) is finitely
generated. By item 1 it has finite exponent, so it must be finite.

]

Corollary 12.11.7. Let G be a finite group and G, its p-SSG. For any G-module M, the
map
Res" : H"(G,M) — H"(G,, M)

18 injective on the p-primary component.

Proof. Suppose that = € ker(Res). Then [G : G,]z = CoroRes(z) = 0. Since the order of x
is a power of p but p 1[G : G,], we get that z = 0. O
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Corollary 12.11.8. If H}(Gp, A) =0 for all primes p then H}.(G, A) = 0.

We will also need to know how restriction and corestriction affect cup products.
Proposition 12.11.9: The following hold.

1. Res(x Uy) = Res(z) URes(y).

2. Cor(z URes(y)) = Cor(z) Uy.
Proof. See Cartan-Eilenberg [CE56], Chapter 12, or Atiyah-Wall in Cassels-Frohlich [CF69],

p- 107. [

11.4 Inflation-restriction exact sequence

Proposition 12.11.10: Suppose H < G, A is a G-module, and n > 0. If H'(H, A) = 0 for
all 7 with 0 <7 < r, then

0 — H'(G/H, A™) 2% H™(G, A) 2= H(H, A)
is exact.
Proof. We first prove the case r = 1. We show the following.

1. ResoInf = 0: Change of group is functorial (easy to see from the definition), so
Res o Inf is induced by the maps G/H < G <> H and M" — M = M. The first map
is 0 so ResoInf = 0.

2. Inf is injective: Suppose f : G/H — A is a cocycle such that Inf([f]) = 0. Note
Inf([f]) = [fop] where p : G — G/ H is the projection. Inf([f]) = 0 means f(s) = sa—a
for some a € A. Since f is constant on cosets, sa —a = sta — a for all t € H, giving
ta =a,and a € A¥. Thus [f] =0 in H'(G/H, A") = 0.

3. ker(Res) C im(Inf): Suppose f : G — A is a cocycle such that [f] € ker(Res). Since
Res[f] = [f o], this means f(t) = ta — a for some a € A and all t € H. Define the
coboundary g : G — A by g(s) = sa—a for all s € G; let f; = f—g; we have [f1] = [f].

Now f; =0 on H, and by definition of cocycle,

fl(St) = fl(S) + 8f1<t)
Letting t range over H, we get that fi(st) = fi(s), i.e. f is constant on cosets of H.
Letting s € H we have f(st) = sf(t), so im(f) is invariant under H. Thus f descends
to f: G/H — A" ie. f € im(Inf).
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Now we proceed by induction. Suppose the proposition holds for r—1. By dimension-shifting
(Proposition 12.9.8), the exact sequence

0—-A— A" A"JA -0 (12.7)

with A* coinduced gives "' : Hi"Y(G, A*/A) = Hi(G,A). We now show there is a
commutative diagram

0—— H™=Y(G/H, (A*JA)T) 255 gr=1(G, A*/A) = Hr=1(H, A*/A)

J(anl lanl J{anl

0——— H"(G/H, A") —"—— H"(G, A) —=— H'(H, A).

where all the vertical arrows are isomorphisms. We already know this for the middle arrow.
Since A* is G-coinduced, it is H-coinduced (Proposition 12.8.6), so the right vertical
arrow is an isomorphism.
Since H'(H, A) = 0, taking cohomology of (12.7) gives the exact sequence

0— AT — (A9 — (A*/A)"
Recall A* = Hom(Z[G], A), so (A*) = Hom(Z|G/H], A) is G/H-coinduced. Thus we get

the left vertical arrow is an isomorphism.
By (cohomological) functoriality of Inf and Res, the diagram commutes. [

11.5 Transfer

Especially important for our purposes will be the restriction map on the first homology
group.

Definition 12.11.11: The map Vi, s defined by the diagram below
H(G,Z)—=G/G&

lRea lVG—)S

H((S,Z)—=1S5/5"
is called the transfer or Verlagerung.
(The map Res defined on Tate cohomology in Section 11.2 also gives a map on homology.)

Proposition 12.11.12: Let G be a group and S be a subgroup of finite index. The transfer
is given by the following: Let {l1,...,[,} be a left transversal of S in G. Then

Resi (g H g:S’

where the g; € S are such that gl; = l(;)gx(;) for some permutation 7 € S,.
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Proof. By functoriality of Res we have the commutative diagram (cf. Proposition 12.8.3)

Hi(G,Z) —2 Ho(G, I) —— I/ T%

JRQSl lReSO:CG/S lcc;/s

H,(S,Z) —2 Hy(S, Ig) —— I/ IsIG

%,

Hy(S, Is) =——=1Ig/I%

%

where the top two 0;’s are from the exact sequence 0 — I — ZG — 7Z — 0, the bottom 0,
is from the exact sequence 0 — Iy — ZH — 7Z — 0, and the lower right square is induced
by the inclusion Iy < Ig. Replacing H; with G* we get

GG —— I I%

lVGHS lcc/s

S/S/éfg/lsfg

o

Is/Ig

Given g € G/G', it maps to g — 1 in I5/I%. We have
Cays(g=1) =2 L g=1) = gl iy =l = > ilgi= DIy =D (9:—1)  (mod Islg).
i=1 i=1 i=1 i=1
The inverse image of this in S/S" is [[7; ¢:5’, as needed. O
Theorem 12.11.13. Let G be a finite group. Then the transfer map
V:G® — (G
18 Z€ro.

Proof. See Neukirch, [Neu99, VI.7.6]. The proof uses the computation in Proposition 12.11.12.
O

This will be important when we study the Hilbert class field.

12 Cohomology of cyclic groups

The cohomology of cyclic groups is especially easy to understand, and will be very useful to
us: when L/K is an unramified extension of local fields, the Galois group G(L/K) = G(l/k)
is cyclic.
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Theorem 12.12.1. Let G be a cyclic group and x a generator. Let x, € Hom(G,Q/Z) =
HL(G,Q/Z) be the homomorphism sending x to ﬁ Let§ : HLN(G,Q/Z) — H2(G,Z) be the
diagonal map from the exact sequence 0 — Z — Q — Q/Z — 0. The map o U dx, gives an
1somorphism

Hy(G, M) 5 H;#(G, M)

for all G-modules M and r € 7Z.
Hence for alln € Z,

H? (G, A) = yA/DA
HZ'(G, A) = A® /N A.
where D is multiplication by x — 1 .

Proof. Since Q is a divisible group, so is H"(G,Q), by looking at the description of H™ in
terms of cocycles (Section 7). Hence ¢ : HHG,Q/Z) — HZ(G,Z) is an isomorphism and
dXz is a generator of H2A(G, 7).

The short exact sequence 0 — I — ZG — Z — 0 splits because G is cyclic:

€
l—=—=I—2G—Z=—0
D

where € (3 geq ag9) = Y gec ag- Now ZG has trivial Tate cohomology by Proposition 12.9.7,
so the diagonal maps in either direction are isomorphisms:

HY(G,Z) — HA(G, 1)~ H2(G, 7).

Thus we can write dx, = 0°'c for a generator ¢ of H%(G,Z) = Z/|G|Z. Then by Theo-
rem 12.10.1(4),
bU Oy, =bU 8% c =6 (bUc).

It suffices to show that the map Hi.(G, M) =% Hi(G, M) is an isomorphism. But this map
is just multiplication by ¢ for » = 0, so it is multiplication by ¢ for all ». Now by Proposi-
tion 12.11.6 (true for » > 0 and hence true for all r by dimension-shifting) |G|H}(G, M) = 0.
As c is a generator of Z/|G|Z it is relatively prime to |G|; hence multiplication by ¢ is an
isomorphism on Hj,(G, M). This shows the isomorphism Hj.(G, M) = Hi+*(G, M).

For the second part, note H;'(G, A) = yA/DA and H}(G,A) = A9/NA. O
Corollary 12.12.2. Let G be a finite cyclic group. Suppose that 1 — A —- B — C — 1 s
an exact sequence of G-modules. Then there is an exact heragon

HOY(G, A) I HO(G, B) (12.8)
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Proof. We have H%(G, A) = HY.(G, A). O

12.1 Herbrand quotient

Definition 12.12.3: Let G be a finite cyclic group and A a finite G-module. Define the
Herbrand quotient to be

h(A) = h(G, A) = m

for any n.

This is well-defined by Theorem 12.12.1.
The following key properties of the Herbrand quotient will help us in computations.

Proposition 12.12.4: Let G be a finite cyclic group. The Herbrand quotient satisfies the
following.

1. If Ais a finite G-module, then h(G, A) = 1.

2. (h is an Euler-Poincaré function) If 1 - A — B — C — 1 is an exact sequence of
G-modules, then
h(G,B) = h(G,A)L(G,C).

(If two of these are defined then the other is defined.)
3. If G acts trivially on Z, then h(G,Z) = |G|.
4. If f: A — B has finite kernel and cokernel, then h(A) = h(B).

Proof. 1. We use Theorem 12.12.1 to calculate the quotient. We have the exact sequences

0 NA AN NA 0 0——kerD A DA 0.

AG
Hence
INA|[NA| = |A] = |A9|| DA,
giving
|H'(G, A)| = |[vA/DA| = |A°/NA| = |H*(G, A)|.

2. Keeping the notation in the hexagon 12.8, we have

|H(G, A)l

H°(G, A) = |ker fu] - ket fi]

We can similarly calculate the other quantities to get the result.
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3. Let |G| = n, and [n] denote multiplication by n. We have

wG.z)— [HNC.D) _128/NT gl |6l _
I TE G T /Tt kedm)] T 1

4. The exact sequence 1 — ker f — A — B — coker f — 1 gives h(G, ker f)h(G, B) =
h(G, A)h(G, coker f) (split the exact sequence into 2 short exact sequences and use
part 2). The result now follows from part 1. ]

13 Tate’s Theorem

Theorem 12.13.1 (Tate’s Theorem). Let G be a finite group and M be a G-module. Suppose
that for all subgroups H C G,

1. HY(H,M) =0 and
2. H*(H, M) is cyclic of order |H|.
Then given a generator uw € H*(G, M), there is an isomorphism
HYG,Z) 22 HIFA(G, M)
for all r.

This is the main application of group cohomology to class field theory, as this will be the
inverse of the Artin map: for instance, in local class field theory we have

H*(G(L/K),Z) = G(L/K)™
HYG(L/K), L) = (L)) ) Nmy i (L*) = K* / Nmp, g (L*).

The conditions of Tate’s Theorem may seem unmotivated, but keep in mind that they are
basically the key conditions satisfied in the number-theoretic setting, when G is taken to be
a Galois group and M is taken to be a field (or idele group).

(Class field theory was initially proved without group cohomology, but group cohomology
gives a much nicer way to organize and abstract the proof. This theorem is a key part
of that abstraction: isolating the key number-theoretic conditions that result in the Artin
isomorphism. In proving both local and global class field theory, we will spend significant
time showing that the hypothesis of Tate’s Theorem holds. (The key difference in local and
global class field theory is that we put in different things for M.)

Proof. Serre [Ser79], Section IX.8. O
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14 Profinite groups

In this section we study the cohomology groups when G is a profinite group. In this case
topology becomes important. We will apply the results when G is an infinite Galois group.
We find that we have two ways of interpreting the resulting cohomology groups:

1. Imitate the previous construction but work in the category of topological G-modules
instead. IL.e. feed in “category of topological groups” into our cohomology functor.

2. Take the direct limit over finite quotients of G.

Definition 12.14.1: A topological G-module is a G-module that is a topological group,
and such that the map

o:GXxM—>M
(g,m) = gm

is continuous.

We will always give M the discrete topology, so this is equivalent to the following condition:
M= U M.
H open subgroup of G

Indeed, because M has the discrete topology, for the action to be continuous, 7g(p~1(m))
must be open, where g : G x M — G is the projection. This is just the stabilizer of m,
so the stabilizer of m must contain an open subgroup of G. Hence, every m € M must be
contained in some M.

We define H"(G, M) as before, but now in the category of topological G-modules, i.e.

cont

we replace every instance of Homg with Homg™, since in this category the morphisms are
continuous G-homomorphisms. Note that the category of discrete G-modules has enough
injectives.

Theorem 12.14.2. Let G be a profinite group. We have
H"(G, M) =lim H"(G/S, M?)
where the limit is over open normal subgroups S and the maps are the inflation maps
Inf" : H"(G/S, M®) — H"(G/T,M"), SDT.
Proof. Milne [Mil08], 11.4.2. O
We have a similar result if we take the limit over M.
Proposition 12.14.3: Let GG be a profinite group and suppose M = @HT(G,Mi) is a
discrete G-module, and each M; injects into M. Then
H"(G,M) = LHEH”(G,MZ‘).
Proof. Milne [Mil0g], I1.4.4. O
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15 Nonabelian cohomology

In this section we define cohomology H"(G, A) when A is non-abelian. (It was okay for
G to be non-abelian because we saw it in the guise of ZG, but we needed A to be in an
abelian category.) The cohomological construction fails and we instead imitate the results
of Theorem 12.7.2. (The description of H' and H? in Theorem 12.7.2 are useful because
derivations and factor sets are used to classify a lot of things.)

We will only be able to get a “piece” of the long exact sequence. Cohomology also lacks
a lot of structure: we speak not of cohomology groups, because they are now only pointed
sets. We write A multiplicatively, as is the convention for nonabelian groups.

Definition 12.15.1: The category of pointed sets is the category whose objects are pairs
(A,a), where A is a set and a € A, and such that a morphism (A,a) — (B, b) is a function
A — B taking a to b.

The kernel of f : (A,a) — (B,b) is f~!(b). Thus we can define an exact sequence of
pointed sets.

We now define the cohomology (pointed) sets. These will coincide with the definition in
the abelian case by Theorem 12.7.2, except we only retain the structure of a pointed set.

Definition 12.15.2: Let G be a group and A a group with G-action.

1. Define
HY(G,A) =A% ={ac A:sa=aforall scG}.

The distinguished element is 1.
2. Define a 1-cocycle to be a map d : G — A such that
d(zy) = d(z) - xd(y)

and let Der(G, A) be the set of 1-cocycles. Two cocycles dy, ds are cohomologous if
there exists a € A so that!?

do(z) = a™' - dy () - za.

Note this is an equivalence relation; define H*(G, A) to be the pointed set of 1-cocycles
modulo equivalence. The distinguished element is the unit cocycle d(z) = 1.

For an exact sequence of non-abelian G-modules
1AL BSC =1

with i(A) < B, define the coboundary operator ¢ : H*(G,C) — H' (G, A) as follows:
given ¢ € GY, choose any b € p~!(c) and set

§(c) = d where d(s) =i (b~ s(b)).

12The analogue in the abelian case was da(z) = —a + d1(z) + za.
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If furthermore i(A) is in the center of B (so A is abelian), define A : H'(G,C) —
H?*(G, A) as follows: for d. € H(G, C'), choose d;, such that p.d, = d., and set

[A(d)](z,y) = dp(s) - s(dp(t)) - dy(st) "

Proof of well-definedness. Note the coboundary operator is defined by imitating the con-
struction in the snake lemma.

CG

i P ‘L p J
A yB—2 b————c
dy Jdl ldl
Der(G, A) — Der(G, B) (s =i~ (b7 s(b))) —— (s = b7 "s(b))

We need to show that s — b~1s(b) is actually a cocycle; its image is in A because s(b) = b~!
(mod i(A)) by exactness; show that the cohomology class is independent of the choice of b.

The second part is similar. Everything is easy to prove so we omit it. See Serre [Ser79],
Appendix to Chapter VII. O]

Theorem 12.15.3 (Exact sequence in nonabelian cohomology). Let 1 — A LBEB O
be an exact sequence of non-abelian G-modules. Then the following is exact.

1—— H(G, A) —2~ H(G, B) - HY(G, C) —— H'(G, A) -~ H'(G, B) -2 H'(G, C)

A

~

H?*(G, A)

(with the last map present if A is in the center of B).
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Chapter 13

Introduction to Galois cohomology

We will apply group (co)homology as follows: Take a Galois extension L/K and let G :=
G(L/K). Take as a G-module a multiplicative or additive subgroup S of L. The special case
that G is cyclic will come up often, since if L/K is an unramified extension of local fields,
then G is cyclic. Furthermore, the norm map Ng has a natural interpretation:

1. If S C L* then for a € S,

No(a) = [ ola) = Ny x(a).

oeG

2. If S C LT then fora € S,

Ne(a) = o(a) = trr k(a).

oceG

In Section 2 we give an application to Kummer theory (characterizing certain abelian ex-
tensions L of K in terms of L*" N K). Kummer theory will allow us to prove the linear
independence of nth roots.

Finally, we give two interpretations of Galois cohomology groups.

1. HY(G(L/K),Aut(V)) parameterizes algebraic structures defined over K that become
isomorphic in L (Section 3). This is called descent.

2. H*(G(L/K), L*) parameterizes classes of K-algebras “split” over L (Section 4), i.e. it
is the Brauer group.

1 Basic results
We prove two fundamental theorems on the cohomology of L* and L*.
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Theorem 13.1.1 (Hilbert’s Theorem 90). (1) Let L/K be a Galois extension with Galois
group G. Then

HY(G,L*) ={1}.
Moreover, if G = (o) is cyclic and u € L*, then the following are equivalent.
1. Nmy /g (u) = 1.
2. There exists v € L™ such that uw = o(v)v~!.

We will often abbreviate H'(G(L/K), L*) as H'(L/K).

Proof. First suppose G is finite. Let ¢ : G — L™ be a l-cocycle; we have ¢,, = o(c;)c,.
Consider the function

ble) == > ¢,7(e).

TEG

By linear independence of the characters 7 € G, b is not identically zero; hence there exists
e € L* so that b(e) # 0. Operating by ¢ on both sides and using the cocycle condition gives

a(ble)) = Z o(cr)(oT)(e) = Z CorCo—1(0T)(€) = cglb(e) (13.1)

TEG TeG

and ¢, = b(e)a(b(e))™!, so ¢ is a coboundary.
The infinite case follows from the finite case and Theorem 12.14.2.
For the second part, note that H'(G, L*) = ker(N)/im(D) = 0 gives ker(N) = im(D).

Here N is the norm map Nmy x and D is the map o — 1, i.e. the map v — # O

Next we think of L as an additive group.
Theorem 13.1.2. Let L/K be a finite Galois extension. Then
H"(G,L*)=0, r>0.

Proof. From the normal basis theorem 5.4.3, there exists a € L such that {ca:0 € G} is a
basis for L over K. We get that K[G] = L as G-modules by the map

Z A0 > Z AT QL.

oeG oceG

Since K[G] = Ind{Gl}(K),
H'(G,L7) = H" ({1}, K) =0

by Shapiro’s Lemma 12.8.7. O]
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2 Kummer theory

We use Galois cohomology to prove the following.

Theorem 13.2.1 (Kummer theory). Suppose K is a field containing a primitive nth root
of 1. Then there is a bijection between

1. Finite abelian extensions of K of exponent dividing n (i.e. for any o in the Galois
group G(L/K), o™ =1).

2. Subgroups of K* containing K*" as a subgroup of finite index (i.e. subgroups of
K*/K*").

This correspondence is given by
L— K*NL*"
K[B*] + B.

Moreover,
[L:K]=[K*NL": K] (13.2)

(Note in the reverse map, which nth roots we take doesn’t matter because K contains nth
roots of unity.)
In the course of proving this theorem, we will show the following useful proposition.

Proposition 13.2.2: Let K be a field containing a primitive nth root of 1 and L/K an
abelian extension with Galois group G. Then there is a natural isomorphism

K*NL*"/K*" = HY(G, u,) = Hom(G, pt,)

W<Magj>).

In particular, there is a natural isomorphism

KX /K" = HNG(K* [K), ) = Hom(G(K*/K), ).

Proof. Let G = G(L/K), and denote the forward map by B(L) = K* N L*". The key
step is showing that (13.2) holds; we do this by interpreting K* N L*™ as a Oth cohomology
module. The inclusions L D K(B(L)w) and B(K(Bw)) 2 B are easily seen to hold (Step
2), so (13.2) will give that equality holds (Steps 3-4).

Step 1: By Theorem 12.4.6, the short exact sequence of G-modules

r—z"

l—=p, - L ——L" =1
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induces the long exact sequence
1 — HG,pu,) — H(G,L*) = H*(G, L") = H'(G, up) — H*(G,L*) — ---
We need not go further because Hilbert’s Theorem 90 (Theorem 13.1.1) tells us
HY(G(L/K),L*) = 1.

Next, note that H°(G, H) is simply the subgroup of H fixed by G, and that the subfield of
L fixed by G is K. As u, C K, G acts trivially on p, and H*(G, u,) = Hom(G, i) by
Corollary 12.7.3. The sequence becomes

1= i, = K225 KX 0 L*" — Hom(G, 1) — 1,

giving an isomorphism
K*NL*"/K*" = Hom(G, ).

1
The map is 9'(a) = (a — ”("f)>, as shown by tracing through the construction in Theo-

an

rem 12.3.3. This proves Proposition 13.2.2.

K*nLx" a
Lin { y X N xn a% %}i
dy ldl di
pa i 1 . 1
Der(G, pt,,) —— Der(G, L*) (0 N a(a;)) i (a N U(af))
We claim that | Hom(G, i,)| = |G|. Indeed, by the structure theorem for abelian groups,
G decomposes as (Z/n1Z) X - - X (Z/n,Z) where ny, ..., ny, | n. To choose a homomorphism
for G means choosing images for the generators of Z/nZ, ..., Z/n,Z; there are nq, ..., n,
possibilities, respectively, for a total of |G].
Then

IL: K] =|G(L/K)| = [K* L™ : K.

This shows (13.2).
Step 2: Next note the following two inclusions.

1. K[B(L)#] C L: Anything in (K* N L*™)x is in the form (5")% and hence in L.
2. B(K[B+]) 2 B: Anything in B is in the form (b )" and hence in K* N K (B#)*™.
Step 3: We show that K[B(L)«] = L. By the inclusions in step 2,

(13.2)

L2 K] > [K[B(L)7] : K| "= [B(K[B(L)*]) : K*] > [B(L) : K*].
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But [L: K| = [B(L) : K*] by (13.2), so equality holds everywhere. The first equality gives
the conclusion.

Step 4: We show that B(K[Bx]) = B. We apply step 1 with L = K[B#u] to get the
isomorphism

~

B(L)=K*NL*"/K*" = Hom(G, )

a— (a > a(af)) :

Now B C B(L) gets mapped to a subgroup H' C Hom(G, ui,), which can be identified
with Hom(G/H, ui,)'. But as the aw generate L over K and the fixed field of G is K,
Nherr ker h = 1. Thus H = {1}. Hence |B(L)| = |G| = |B|, and B = B(L). O

Corollary 13.2.3 (nth roots are linearly independent). Let S be a set of nonzero integers
so that ¢ is not a perfect nth power for any distinct a,b € S. Then the elements

Vs, se S
are linearly independent over Q.

Proof. Step 1: It suffices to show that for distinct primes pq, ..., px, we have

[Q(/pr, .-, /px) : Q) = n". (13.3)

Then a basis for this extension over Q is formed by taking products of basis elements for the

Q(/p5):
LY P s 0 < ay <n} (13.4)

However, the radicands are exactly the representatives of elements in Q* /Q*™. The elements
of S are all represented by distinct elements of (13.4) modulo Q*, so the theorem will follow.
(To deal with s € S negative, note if s is negative then /s is a not in R.)

We want to use Kummer theory to conclude (13.3). However, Q only has square roots
of unity (£1), so we have to consider all other roots separately. We may as well assume 2 | n.

! The subgroups of G are in bijective correspondence with the subgroups of Hom(G, j1,,) via the map

2 g {h € Hom(G, p1,) : H C ker h} = Hom(G/H, p,)

ﬂ ker h <~ H'
heH'

Indeed, clearly U(®(H)) 2 H, and we have equality since for every g € G\H we can find h € Hom(G, p,,)
with kernel containing H, so that h(g) # 1. Since Hom(G, py,) & G, they have the same number of subgroups,
and this is a bijection.
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Step 2: We first show
QB /o) - Q) = 2, (135)

Let B be the subgroup of Q* generated by py, ..., pr and Q*2. By Theorem 13.2.1,
[@(B2): Q= [B: Q" =2",

as needed.

Step 3: We now adjoin nth roots of unity such that we can apply Kummer theory for nth
roots. Let N be a positive integers such that n | N and Q(y/p1,-..,v/Pr) € Q((n) (every
quadratic extension is contained in a cyclotomic extension; we can take N = 4p; - - - pgn).

However, if we look at K := Q((y), what if elements that aren’t nth powers in Q become
nth powers? Fortunately, this doesn’t happen for n # 2. We show that for even n # 2 and
m € Q not a perfect Fth power,

Vm & Q(Cw).- (13.6)

By taking roots, we may assume that m is not a perfect dth power for any d | n.

Note L := Q(/m,(,) is a Galois extension of @ since it is the splitting field of X™ — m.
Note X™ —m is irreducible over QQ because the constant term of any proper factor must be in
the form m= ¢ Q where 0 < j < n. Hence there exists 7 € G(L/Q) sending /m to (, /m.
Let 0 € G(L/Q) denote complex conjugation. Then

or(¥/m) = o /) = G ¥/
ro(3/m) = 7(3/m) = G /.

Hence G(L/Q) is not abelian. Since all cyclotomic extensions are abelian, L cannot be

contained in an abelian extension, giving (13.6).
Let C' be the subgroup of Q(Cx)* generated by /p1,. .., /pr and Q((x)*2. We showed

above that /m & Q((y)*? for any m not a perfect Zth power so [C': Q((y)*2] = (g)k By
Kummer Theory,

Q. /1, ) Q)] = [Q(CH) : K] = (€ Qe8] = ()
Since Q(y/p1; - -, v/Pr) € Q(Cw) we get

QB /) QB ) = (o) (137)
Combining (13.5) and (13.7) gives (13.3), as needed. O

3 Nonabelian Galois cohomology

Because of the definition of H' in Section 15, we find that we can often interpret H'(G(L/K), A)
as parameterizing certain algebraic structures, specifically a set of them defined over K that
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become isomorphic in L. (This is known as descent because it answers the question, how
many ways can an algebraic structure (or in general, a variety) “descend” from L to K7) In
general,

H'(G(L/K), {automorphisms preserving V over K})
= { K-isomorphism classes that are L-congruent to V'} (13.8)

In this section, we will see several examples where A is an algebraic group. We could
also take A to be an abelian variety (see Silverman [Sil86], Theorem X.2.2, for instance).

In particular, we find in the next section that a special cohomology group classifies algebra
structures over K: the Brauer group.

First, we need the following nonabelian generalization of Hilbert’s Theorem 90 (13.1.1).

Theorem 13.3.1 (Generalization of Hilbert’s Theorem 90). For any finite Galois extension
L/K, letting G = G(L/K),

HY(G,GL, (L)) = H(G,SL,(L)) = 1.
Proof. As in Theorem 13.1.1, given a l-cocycle ¢ : G — GL,(L), consider the function
b:GL,(L) = M, (L)
b(A) :== > c.7(A).

TEG
Note that unlike in the proof of Theorem 13.1.1, we not only have to choose A to be nonzero,
but also invertible.
Also define b on L™ in the same way:

b:L"— L"
b(x) =Y c7(x).
TeG

We show that {b(x):x € L™} generate L" as a vector space over L.> Suppose a linear
functional f : L™ — L vanishes on all the b(x). Then for every a € L,

0= f(blax)) = >_ fle:m(@)7(x)) = 3 7(a) f(er7(x)).
TEG T€G

By linear independence of characters, we get that all the coefficients of the 7(a) must be 0,
ie. f(e;7(x)) for all ¢,,x. But ¢, € GL,(L) is invertible, so f must vanish identically on
L™. We've shown that every linear functional vanishing on {b(x)} vanishes on L"; therefore
span; {b(x)} = L".

Thus we can choose x, ..., X, such that y; = b(x;) form a basis for L" over L. Let A be
the matrix sending the canonical basis e; to the x;. Then (note 7 acts trivially on the e;)

b(A)ej = b(AeJ) =Y;

2Note b is not a L-linear transformation; it is a K-linear transformation.
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so b(A) is invertible.
The the rest of the proof of Theorem 13.1.1 goes through: we have as in (13.1) that

¢o = B(A)r(b(A))",

i.e. ¢is a coboundary. This shows H!(G,GL,(L)) = 1.
For the second part, the exact sequence

det

1—SL,(L) - GL,(L) — L* — 1

gives the long exact sequence 12.15.3

H(G,GL,(L)) %~ HYG, L*) — HY(G, SLy (L)) —— HY(G, GL,(L))

GL,(K) —%» K

As the map on the left is surjective, we get H'(G,SL,(L)) = 1. O

We have now established (13.8) when V' is a vector space: all vector spaces that become
isomorphic in L have the same dimension to begin with so are isomorphic in K, so the right-
hand side of (13.8) is {1}, and if V' = K™, GL,,(L) is the group of automorphisms preserving
V over L, and Theorem 13.3.1 shows the right-hand side of (13.8) is {1}. We now extend
this to other algebraic structures.

To encode an algebraic structure, we consider vector spaces and tensors.

Example 13.3.2:
Let V be a finite-dimensional vector space. The space V& @ V*®? encodes. ..

Structure
vectors

linear functionals
linear operators
bilinear forms
algebra structures

k=l k=l k-

NN == O

We focus on the case p =1, ¢ = 2. Given a tensor Y;v; ® f; ® g; € V ® V*®2 define a (not
necessarily commutative or associative) algebra structure on V' by

vow=Y fi()gw)

Conversely, any algebra structure can be encoded in this way: Take a basis {v;} for V' and
a dual basis f; for V*, and encode the structure by >, ;(v; - v;) ® fi ® g;.

214



Number Theory, §13.3

Definition 13.3.3: Let V' be a vector space over K and z € V® ® VV*®7 be a tensor of type
(p,q). Two pairs (V,x) and (V’,2’) are isomorphic if there is a K-linear isomorphism

FV sV
such that f(z) = a’. Here, f sends

1 Q@ fi® @ fyrr fla) @ flay) @ (fiofH) @ @ (frof). (139

Given (V,z) defined over K, we can consider it over L by extending scalars; denote the
resulting pair by (V, =V @k L, xp).

We say that (V,z) and (V’,2") are L-isomorphic if (V,x.) and (V],2) are isomorphic.
Let By, (L/K) denote the L-isomorphism classes of pairs that are K-equivalent to (V,z). If
L/K is Galois, let s € G(L/K) actonv®@a € Vg L =V, by s(v ®k a) :=v®k s(a) and
let s act on Ay by conjugation:

fS:=s0fos L

Theorem 13.3.4 (Descent for tensors). Let L/K be a Galois extension, G = G(L/K), and
let Ay be the group of L-automorphisms of (V,xr). Define the map

0:Ey.(L/K)— H (G, ApL)
(V'Y (d:or flofo=ftoocofoo™)

where f: (Vi,xr) — (V],27) is any L-automorphism. Then 6 is a bijection.
Proof. We show the following.
1. 0 is well-defined. First, 0(V', 2") is a cocycle as
d(ot) = frotft ot = (flofo Do(f1tft o ] =d(o)od(t).

(See Definition 12.15.2.) Next, we show 6(V’,z’) does not depend on the choice of f:
Let df(0) = f~lofo~! and dy(s) = g 'ogo™t. Then

dy(0) =g lago™ =g f(flofo Yo fTlgo™h = (fg) T ds(0)(fg7")”
so dy and d, are cohomologous.

2. 0 is injective. Suppose §(V/,x]) = 0(V3, x%). We can choose the isomorphisms f; and
f such that fi1f7 = fy'fg for all ¢ € G(L/K). Then (fofy1)? = fofy ! for all
o € G(L/K),ie. fofi!is an isomorphism defined over K. Thus (V/,z}) and (Vy, x})
are K-isomorphic.

3. 0 is surjective. Let ¢, be a 1-cocycle of G with values in Aj. Since A;, C GL(V,), by
Theorem 13.3.1 there exists f € GL(V7) such that

CU:f_lofU

215



Number Theory, §13.4

Let f operate on V& @ V*®4 as in (13.9) and let 2’ = f(x). As v € V&P ®@ V527 and
¢, fixes K, we have

o(x') = [7(o(x)) = [7(x) = foce(x) = f(x) = 2"
Thus 2/ is rational over K (i.e. in V2P ® Vi®?), and (V, 2') maps to c,.
[

Note that since we always take an isomorphism V' — V', we can really consider all the
vector spaces to be the “same,” and just vary the tensors x. If we consider V' =V’ then we
abbreviate f: (Vp,xr) — (V],2,) by f: 2z — 2/

Example 13.3.5: We can use Galois cohomology to classify quadratic forms over a field K.
Let ® be a quadratic form (which corresponds to a bilinear form and can be represented by
a tensor of type (0,2)), and Or(®) be the orthogonal group of @, i.e. linear transformations
that preserve ®. Then H'(G(L/K),Or(®)) classifies the quadratic forms over K that are
L-isomorphic to .

4 Brauer group

The Brauer group characterizes algebras over a field K. We already know a simple way
of making algebras: just consider the algebra of n x n matrices, M, (K). Thus, we will
essentially “mod out” by these when constructing the group.

As we will see, there is an isomorphism to a second cohomology group. Thus, we can apply
results about algebras over K to Galois cohomology, or conversely, apply Galois cohomology
to get information on algebras over K.

First, we need some results from noncommutative algebra. We refer the reader to
Cohn [Coh03], Chapter 5, or Milne [Mil08], Chapter IV.1-2, for the proofs.

4.1 Background from noncommutative algebra

Definition 13.4.1: An algebra over a field K is a ring A with K in its center®. Its
dimension is the dimension of A as a K-vector space, denoted [A : K|. In this chapter we
assume all algebras to be finite-dimensional as K -vector spaces.

An algebra over K is

1. simple if it has no proper two-sided ideals.
2. central if its center in K.

An algebra is a division algebra if every nonzero element has an inverse.

3The center of a ring R is the set of elements commuting with all elements of R.
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Example 13.4.2: The algebra of n x n matrices M,,(K) is a central simple algebra over
K.

Definition 13.4.3: Let A be an algebra over K. We use “A-module” to mean any finitely
generated left A-module V; the map A — End(V) is called a representation of A. The
module (or representation) is faithful if av = 0 for all v € V implies a = 0, i.e. A —
End(V) is injective. A module is simple if it doesn’t contain a proper A-submodule, and
indecomposable if it is not the direct sum of two proper A-submodules. (Note that simple
implies indecomposable, but not vice versa.) A module is semisimple if it is the direct sum
of simple A-modules.*
We say A is semisimple if it is semisimple as a module.

We need some basic results from noncommutative algebra.

Definition 13.4.4: Let B C A be a subalgebra. Define the centralizer of B to be the
elements of A commuting with B:

C(B):={a€ A:ab=bafor all b€ B}.

Theorem 13.4.5 (Double centralizer theorem). Let A be a K-algebra, and V a faithful
semisimple A-module. Consider A as a subalgebra of Endg (V). Then

C(C(A)) = A.
Proof. Milne [Mil08], Theorem IV.1.3, or Etingof [Eti], Theorem 4.54. ]

Theorem 13.4.6 (Wedderburn’s structure theorem). An algebra A is semisimple iff it is
isomorphic to the direct sum of matriz algebras over division algebras.

If A is an algebra over an algebraically closed field K and K, then any semisimple algebra
over K is isomorphic to a direct sum of matriz algebras over K.

Proof. Milne [Mil08], Theorem IV.1.15.

For the second part, we need to show the only division algebra over an algebraically
closed field K is K itself. Suppose D is a division algebra and o € D. As [D : K] is
finite-dimensional, K («) is a finite extension of K. Hence a € K, giving D = K. O

Theorem 13.4.7 (Noether-Skolem theorem). Let f,g : A — B be homomorphisms, where
A is a simple K-algebra and B is a central simple K -algebra. Then there exists b € B such
that

fla)=b-g(a)- b~
foralla € A, i.e. f,g differ by an inner automorphism of B.

In particular, taking A = B and g = 1, all automorphisms of a central simple K -algebra
are inner (come from conjugation). In particular, this is true for M, (K).

4Equivalently, the radical of A is trivial. If it is semisimple the factors in the decomposition are unique
up to isomorphism (Jordan-Hélder).
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4.2 Central simple algebras and the Brauer group

We now define the Brauer group.

Definition 13.4.8: Let A and B be simple algebras over K. We say A and B are similar
and write A ~ B if
AR My (K) = B®g M, (K)

for some m, n.
The Brauer group Brg is the set of similarity classes of central simple algebras over
K, with multiplication defined by

[A][B] = [A ®k B].

The Brauer group Bry, is the subgroup of classes of central simple algebras over K that
are split over L, i.e. such that A ® L is a matrix algebra.

Proof (sketch) that this is a group. We need to check that. . .

1. The tensor product of two central simple algebras is central simple. By Wedderburn’s
Theorem 13.4.6 we can write the algebras as A = M,,,(D) and B = M,,/(D’), where
D, D’ are division algebras. One can show A ®x D’ is simple; hence it equals M, (D")
for some D”. Then A®yx B = M,,,,(D") is simple. It is central because C(A®x B) =
C(A) @k C(B) =K.

2. “~ is an equivalence relation. If A ~ B and B ~ C, then A @ M,,,(K) = By Qx
M (K), BRg My (K) = C @k My(K) for some m,n,n’, p. Then

3. “~” is preserved under the operation ®. If A; ®x M,,,(K) = B; ®x M,,,(K) for
i = 1, 2, then A1 ®K AQ ®K Mmlmg(K) & Bl ®K BQ ®K Mnan(K)

4. A has an inverse. Letting A°PP be the opposite algebra, we find that

Ay AP 2 M, (K), n=I[A:K].

5. The operation is commutative and associative. This follows since tensor product is
commutative and associative.

U

By Wedderburn’s Structure Theorem 13.4.6, each (central) simple algebra is M, (D) =
M, (K)®k D for some (central) division algebra D, so every similarity class is represented by
a central division algebra. Thus to determine the Brauer group it suffices to classify central
division algebras.
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Example 13.4.9: We have
Brg = {R, H}
where H denotes the quaternions: the algebra with basis 1,1, j,k = ij and relations i = 1,
j?> =1, and ij = —ji.
Indeed, by Frobenius’s Theorem, the only finite-dimensional (associative) division alge-
bras over R are R, C, and Hl, and only R and H have center equal to R.

Proposition 13.4.10: For any algebraically closed field K,
Bl"? = 0.
Proof. By Wedderburn’s Theorem 13.4.6, all central simple algebras over K are M,,(K) for

some n. O

4.3 Subfields and splitting of central simple algebras

An important way of studying a central simple algebra is to look at its subfields.

Theorem 13.4.11 (Double centralizer theorem, generalization). Let A be a central simple
K-algebra and B be a simple K -subalgebra. Let C' = C(B). Then C is simple, C(C) = A,
and

[B: K|[C:K|=[A:K].
Proof. See Milne [Mil08], Theorem IV.3.1. O

Corollary 13.4.12. Let A be central simple over K, and L be a subfield with K C L C A.
Then the following are equivalent.

1. L=C(L).
2. [A:K|=|L: K
3. L is the maximal commutative K -subalgebra of A.
Proof. Milne [Mil08], Corollary IV.3.4. O
The following describes the fields over which a central simple algebra splits.

Corollary 13.4.13. Let A be central simple over K. A finite extension field M splits A iff
there exists an algebra B ~ A containing M with [B : K| = [L : K|>. In particular, any

subfield L of A of degree \/[A : K| splits A.
If D is a divison algebra of degree n® over K, and L is a field of degree n over K
(equivalently a mazimal commutative subfield of D), then L splits D, i.e. D = M, (L).

Proof. Milne [Mil08], IV.3.6, and 3.7. O
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Theorem 13.4.14. Every central division algebra over K 1is split over some finite Galois
extension L/K. Therefore

BI’K:BI'?/K: U BrL/K-
L/K finite Galois

Proof. When K is perfect, this follows directly from Corollary 13.4.13. The general case
requires a separate argument; see Milne [Mil08], IV.3.10. ]

Similar to the commutative case, we can define a valuation on division algebras.

Proposition 13.4.15: Let D be a division algebra of rank n? over a local field K. Then
D admits a discrete valuation extending the valuation on K, such that for any a € (0, 1),
|||, := a*® defines a norm on D. The set of integral elements {x : v(z) > 0} is a subring
of D.

5 Brauer group and cohomology

5.1 The Brauer group is a second cohomology group

Definition 13.5.1: Let Bry/k, denote the subset of Bry x consisting of [A] where A®g L =
Mn<L) Note that BrL/K = UnEN BrL/K,n'

Theorem 13.5.2 (Cohomological interpretation of Brauer group). There are canonical bi-

jections
0 : Brrrn — H'(G,PGL,(K))

and canonical isomorphisms

§:Brpx — H*(L/K)
§: Brg — H*(K)

where H*(K) :== H(K/K) = ligL/K fmite Galois H?*(L/K).

Proof. We can represent elements of Bry,x, as algebras of dimension n? over K, that are
L-isomorphic to the algebra M,,(L). By Example 13.3.2, we can encode the algebra M,,(L)
by a tensor of type (1,2). By Theorem 13.3.4,

Bry g, = H' (G, Aut(M,,(L))). (13.10)

By the Noether-Skolem Theorem 13.4.7, every automorphism of M,,(L) is conjugation by an
element of GL, (K). Since the matrices that act trivially by conjugation are just the scalar
matrices, we have the short exact sequence

1 — L* — GL, (L) — Aut(My (L)) = PGL, (L) — 1. (13.11)
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Along with (13.10) this proves the first part.
The long exact sequence 12.15.3 of (13.11) gives
0=HYG,GL,(L)) » H'(G,PGL, (L)) 2% H?*(G, L"),
where the LHS follows from Theorem 13.3.1. Let 6, = A, o 6,,; then §, is an injective map.
We show the following.

1. The ¢, for different n combine compatibly into an injective group homomorphism

§:Br(L/K) — H*(L/K): We need to show
O (A® A") = 0,(A)d, (A"
for any A € Bryx,, and A" € Bry k.
First, note that if a,a’ are tensors encoding the algebras A, A’ on V ® V*®? and V' ®
V*® then = ® 2’ encodes the algebra A ® A’ on (V @ V') @ (V @ V')*®2. Let z, 2’
encode M,,(K) and M, (K), so that z ® 2’ encodes M,,,(K). If f : x — a and
f':a’ — d are L-linear maps, then we have the L-linear map on M, (L),
fofirzerd —-axd.

Now 6,6,y map A and A’ to ¢, = f~1o f7 and ¢, = f""' o f°. Suppose ¢, and ¢,
are represented by conjugation by S, and S, respectively. Now 6,,,, maps A® A’ onto
dy = (f®@ )1 o(f® f)?, which corresponds to conjugation by S, ® S’. Then by the
description of A in Theorem 12.15.2, we see that

O (A @A) = {agr = i [(Se ® S5)0(S7 @ S7)(Sor @ S5,) 7'} = 60 (A)0n(A)

where i, is the inclusion map L* — GL,,/(L). Under the inverse of i, = i, ® i,/,
tensor product becomes simply the product.

2. § is surjective. It suffices to show A, is surjective, where n = [L : K|.> Take an
2-cocycle a,, € H*(G, L*). We need to show that

s = S,0(S,)S; )

for some values of S, € GL,(L). We identify L™ with the group algebra L[G], and let
S, € GL(L[G]) be the map sending 7 to a, o7 (it is invertible as a,, € L*). Then
we calculate for every u € G C L[G],

[Se0(S)u = [a5ru0(ary)|oTU

(o7 Sor|tt = A5 rGoru]oTU.
The right-hand sides are equal since a, , is a cocycle. Hence
U5 = S,0(S8-)S5;

is in the image of A,,.

SIncidentally, this shows that every equivalence class of algebras is represented by one of dimension at
most [L : K]?. This is consistent with results of the previous section.
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3. d gives an isomorphism Brg = H?(K): This follows from Theorem 13.4.14, the follow-
ing easy-to-check commutative diagram (which holds for any K C L C M),

H2(L/K)“% H2(M/K)

| |

BI’L/KC—> BI'M/K,

and taking the direct limit of the maps Bry/x — H?*(L/K).
m
Remark 13.5.3: Milne [Mil08] makes this correspondence more explicit. The relationship
between the two approaches can be seen by choosing a basis for the tensor product V @ V*®2;

the coefficients are called the structure constants of the algebra. (We followed Serre; note
that the isomorphism in Serre is the opposite of the isomorphism in Milne.)

5.2 Exact sequence of Brauer groups

The importance of the Brauer group in class field theory is given by the following proposition.

Theorem 13.5.4. Let M/L/K be Galois extensions. Then there is an eract sequence

0—— H*(L/K) — HXM/K) — H*(M/L)

BI"L/K BFM/K BrM/L

For any Galois extension L/K there is an exact sequence

0—— HX(L/K) —— H*(K) —— H%(L)

BI‘L/K BrK BrL.

Proof. Since H'(L/K) = 0 by Hilbert’s Theorem 90 (13.1.1), the inflation-restriction exact
sequence 12.11.10 with G = G(M/K) and H = G(M/L) gives

Inf

0— H*(L/K) 2% H*(M/K) 2% H>(M/L).

The equality with the Brauer groups follows from Theorem 13.5.2.
Taking the direct limit over all finite Galois extensions M /K gives the second result. [
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6 Problems

2.1 (Artin-Schreier) Let L/K be a Galois extension of degree p, with K /F, a finite exten-
sion. Prove that L = K(«) for some « such that o —a € K. (Hint: Consider a short
exact sequence as in the proof of Kummer theory. However, use the map x + a2 — x
instead of x — P, and consider additive instead of multiplicative groups.)
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Chapter 14

Local class field theory

We now prove the main theorems of class field theory using cohomology. Throughout this
chapter, K, L, etc. will denote nonarchimedean local fields, unless specified otherwise.! The
main steps are the following.

1. Construct the invariant map H*(K"™/K) — Q/Z. (Proposition 14.2.1)

(a) Show that H*(G(K"/K),Uguw) = 0. (Theorem 14.1.1)

(b) From the decomposition K" = Uguw xZ and step 1, we get H*(G(K"/K), K"*) =
H?*(G(K“/K),Z). (Note the projection K"* — Z is the valuation map vgur.)
Relate H?(G(KY/K),Z) to Q/Z using the long exact sequence in cohomology
associated to 0 - Z — Q — Q/Z — 0.

2. Now show that there is an isomorphism Brg := H?(K/K) = H*(K"™/K) (Theo-
rem 14.3.1). Thus we can restrict attention to unramified extensions of K and use step
1. Unramified extensions are easier to deal with! There are two approaches:

(a) By Theorem 13.5.4 there is an exact sequence
0 — H*(K™/K) — Brg — Brgu.

Show that Bryw = 0 by considering central simple algebras over local fields.

(b) Study the cohomology of Uy when L/K is cyclic to conclude that the Herbrand
quotient h(Uyr) is 1. From this get h(L*) = [L : K]. From this calculation and
Hilbert’s Theorem 90 (13.1.1), compute?

[HY(L/K)| =1,

[H*(L/K)| = [L: K].
Conclude that H*(L/K) is cyclic of order [L : K] and hence included in H*(K"/K),
for any finite L/ K.

Local class field theory for R and C is trivial and left to the reader. (The only nontrivial field extension
is C/R.)
2This is the input for abstract class field theory according to Neukirch [Neu99].
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3. Combining the first two steps, we get the invariant map invg : Brx — Q/Z. Show that
this is compatible with restriction and hence that (G(K/K), K) is a class formation.
Note invg restricts to H*(L/K) — i K]Z supposing its image is generated by urx,
Tate’s Theorem 12.13.1 gives an isomorphism

oUu

H72(G(L/K),Z) —" HO(G, L¥)

that sends Froby i to [r] when L/K is unramified. Taking a direct limit, we get a
map K* — G(K®/K). Note we only get a map from G® (norm limitation).

4. Study the Hilbert symbol to prove the existence theorem (See Sections 6-7).

Unfortunately it is quite difficult to trace through the maps to find out what the Artin map
actually is—for this Lubin-Tate Theory is better.

1 Cohomology of the units

For an unramified extension, the cohomology of the units is trivial.

Theorem 14.1.1 (Cohomology of units). Suppose L/K is a finite unramified extension of
local fields with Galois group G. Let Uy, be the group of units of L. Then

H} (G, Up) =1
for any r. Hence H"(G(K"/K),Uguw) =0 for n > 0.

Proof. We will show that
Hp(G,Up) = Hp(G,Up) = L.

Then it follows from Proposition 12.12.1 that all the Tate groups are trivial. The second
part follows from taking the direct limit.
We have
“=U,xnt2UL X7 (14.1)

where 7 is a uniformizer for L. Since L/K is unramified, we can choose 7 € K. Then G
acts trivially on 7, so acts trivially on Z in the decomposition above. Thus (14.1) gives a
decomposition of L* as a G-module (not just as a group). We have by Hilbert’s Theorem 90
(Theorem 13.1.1) and the fact that cohomology respects products (Proposition 12.6.7) that

0=H'(G,L*)=H' (G, U x H(G,7Z).
Hence HY(G,UL) = 1.
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It remains to show H2(G,Ur) = 1. To do this, let m be the maximal ideal of L, Uém) =
1+ m”, and consider the filtration

U =Ux DU SUL >+
Proposition 14.1.2 and 14.1.3 below show that each quotient has trivial cohomology:
HY(G, UL JUf ) = 1.
Then Lemma 14.1.4 gives that H%(G,U) = 1, as needed. O

Proposition 14.1.2: Let K be a complete field with discrete valuation, m be the associated
maximal ideal, and U [((m) =14+ m™. Then we have isomorphisms

Uk /UL =5 U™ ot 2 g
u—u  (mod m) l+ar™—a (mod m)

that preserve Galois action.
Proof. This is Proposition 9.4.8. [

Proposition 14.1.3: Let [/k be an extension of finite fields and G := G({/k). Then

Hy(G,17) = {1}
Hp(G,17) = {0}

for all 7 € Z. Moreover, the maps Nmy;, : [ — k and tr;), : | — k are surjective.

Proof. By Hilbert’s Theorem 90 (13.1.1), H'(G,1*) = 0. Since G is cyclic and [ is finite,
by Proposition 12.12.4, h(I*) = 1, giving H*(G,1*) = 0. Again since G is cyclic, by Theo-
rem 12.12.1, all the Tate groups are 0.
From Theorem 13.1.2, H%(G, 1) = 0 for r > 0.
For the second statement, just note
{1} = Hp(G,1*) = (") /Ne(*) = & / Ny (1)
{0} = HY(G,1T) = 19/Ng(l) = k/ try (1) O

Lemma 14.1.4. Let G be a finite group and M be a G-module. Let
M=M"DM'D...

be a decreasing sequence of G-submodules and suppose M = 1&1]\/[/Mz (i.e. M is complete
with respect to this filtration). If HY(G, M"/M™1) =0 for all i, then HY(G, M) = 0.
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Proof. Let f be a g-cocycle of M. Since HY(G,M/M?') = 0, the long exact sequence of
0— M'— M — M/M" gives HI(G, M) - HY(G, M) and we can write f = go+ f1, where
go = Ohg is a coboundary in M and f; is a g-cocycle in M!. Given f, € HY(G, M™), we can
write

fn = 6hn + fn—l—l
where h,, is a (¢ — 1)-cocycle of M™ and f,,; is a g-cocycle of M™*1. Then

f=0(hi+ha+---),

the infinite series being defined in H471(G, M) since h,, is a cochain with values in M™, and
M is complete with respect to this filtration. O

This proves Theorem 14.1.1. We record the following corollary, for easy reference.
Corollary 14.1.5. Suppose L/ K is a finite extension of local fields. Then
Uk € Nmy g Ur.
Proof. If L/K is Galois, then this follows since by Theorem 14.1.1
Ug/Nmpx Uy = H{(G(L/K),Up) = {1}

so the norm map U;, — Uk is surjective.
For general extensions L /K, consider the Galois closure and use transitivity of norms. [

2 The invariant map

2.1 Defining the invariant maps

Proposition 14.2.1: For any finite unramified Galois extension of local fields L/K there is
a canonical isomorphism

1
[L: K]

vy : HH(L/K) = 7).

Taking the direct limit gives an injective map
inv gkt H*(K"/K) — Q/Z.
Proof. Consider the short exact sequence
15U, - L7 0.

Since H(G,Ur) = 0 for all n by Theorem 14.1.1, taking the long exact sequence gives

0 ~
HXGU7) — H(L/K) = H(G,Z) — HYG-UL).
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We relate H*(G,Z) to a lower cohomology group by considering the short exact sequence

0-Z—-Q—Q/Z —0.

Note H™"(G, Q) is torsion for any n > 0 by Corollary 12.11.6. Since Q is a divisible group,
so is H"(G,Q), by looking at the description of H™ in terms of cocycles (Section 7). Hence
H"(G,Q) =0 for any n > 0. Taking the long exact sequence of the above we get

HUGQT S H'(G,Q/2) S H(G,T) - HAG-QJ,

Thus we get a map

0

o
N

3 1

[L: K]

112

vk HYL/K) S H(G,Z) & HV(G,Q/Z) & Hom(G,Q/Z) %

Z/7.

(14.2)
where the last is defined by taking the Frobenius element o of G and mapping f — f(o).
(Note G is cyclic and o generates G; the Frobenius is a canonical choice.)

Now define invguw = th /K finite Galois unramified [V L/ taking the direct limit under

inflation. Since inflation is functorial, the first two maps in (14.2) commute with it. Identi-
fying H'(G,Q/Z) = Hom(G, Q/Z), inflation sends a map G(L/K) — Q/Z to G(M/K) —
G(L/K) — Q/Z. Moreover, Froby, /k is the projection of Froby i to G(L/K). Hence Infy;/p,

commutes with the inclusion map [L:—IK]Z /7 — ﬁz /Z, and the invy k form a compatible

system under inflation. O]

Remark 14.2.2: Let K be any nonarchimedean complete field (not necessarily local) with
residue field k. Then

H"(L/K) = H"(I/k) x H"(G(L/K),Q/Z).
Indeed, Proposition 14.1.2 and Theorem 13.1.2 still give
Hi(G. U US™Y) = Hy(G.17) = 0

for ¢ > 1. This gives H}.(G, Ug)) = 0 by Lemma 14.1.4. From the long exact sequence
associated to
150" U, U, ul) =21 1

we get
H"(L/K) = H(G,U;,) x H*(G,Z) = H"(G,1*) x H"(G, 7).

In the case of a local field, | was finite so H"(G,1*) = 1.

2.2 Compatibility of the invariant maps

We show that the invariant maps are compatible, in the following sense.
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Theorem 14.2.3. Let L/K be a Galois extension of local fields, and n = [L : K|. Then
Invgw /0 Resg/p = ninvge i

Proof. To do this we have to unravel all those steps we took to define invguw k... We first
prove this for two special cases.

1. L/K is unramified. Let G = G(K"™/K) and S = G(K"/L). We claim the following

commutes.

H?*(K™/K)— H*G,Z) +—— H'(G,Q/Z) 1— Q/Z

J(Res lRes JRes ln
H*(K" /L) —— H*(S,Z) +— H'(S,Q/Z) ~— Q/Z.
For the squares involving Res, this follows from naturality of Res. For the last square,
identify H'(G,Q/Z) = Hom(G,Q/Z); Res becomes simply restriction of homomor-
phisms. Recall that v was defined taking the Frobenius Frob(K™/K) € G(K"™/K)
and sending f € H'(G,Q/Z) = Hom(G, Q/Z) to f(c), and we have
Fl“Ob?(ur/K - FrObKur/L

by Proposition 11.1.4.

2. L/K is totally ramified. Note that G = G(K"/K) = G(K"™L/L) = G(L"™/L) in this
case, from the description of K" in Theorem 8.2.6. We show the following commutes:

H?*(K™/K)— H*G,Z) +—— H'(G,Q/Z) 1— Q/Z

R

H?*(K“/L) — H*(G,Z) +—— HY(G,Q/Z) L— Q/Z.

The first square commutes by commutativity of
7
ln
Z.

(and of course, naturality of cohomology). Here vi and vy, are the valuation maps, i.e.
the projections K* 2 U X Z — Z and L* = U, X Z — 7.

VK
Kurx

Jurx vL

The general case follows by considering L/L't/¥ (totally ramified) and Lz/% / K (unramified).
(See Theorem 2.7.2.) O
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3 HAK/K)= HAK™/K)
We prove the following.

Theorem 14.3.1. The inclusion (inflation) map
H*(K"/K) — H*(K/K)
s an isomorphism.

For short we write H*(K) := H*(K/K).

3.1 First proof (Brauer group)
First proof. By Proposition 13.5.4 there is an exact sequence

0 = HA(K™/K) — H*(K) — H(K™) = Bega7"

The last term is zero by Theorem 14.3.2 below. Thus we get H*(K™/K) = H?*(K), as
needed. ]

Theorem 14.3.2. Let K be a local field. Then Brigw = 0.
We need two lemmas.

Lemma 14.3.3. Suppose D is a central division algebra of rank n?> > 1 over a field K,
and the residue field k is perfect. Then there exists a commutative subfield L of D properly
containing K, unramified over K.

Lemma 14.3.4. Keep the same hypotheses as Lemma 14.3.3. There is a subfield of D of
degree n unramified over K.

Note this is a maximal subfield by Corollary 13.4.13.

Proof of Lemma 1/.3.3. Suppose by way of contradiction that every commutative subfield
L of D properly containing K is ramified. Then the extension of residue fields {/k must be
trivial (see Theorem 2.7.2). Let a € D be integral and m € D be a uniformizer for D. (See
Proposition 13.4.15.) Since [ = k, there exists b € K such that b = a (mod 7), and we can
write a = b+ wb; for some by € Op, where Op is the ring of integers in D. Iterating this
with by, we find

a=b+mb + -+ 7" + 7",

where by,...,b,_1 € Ok and b, € Op. Thus a is in the closure of K(w). But K(7) is
closed (it is a finite-dimensional vector space over K), so a € K(m), i.e. D = K(m) and D is
commutative, a contradiction. O
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Proof of Lemma 14.3.4. Induct on n. The case n = 1 is clear. Let n > 2. By Lemma 14.3.3
there exists a proper unramified extension K'/K inside D. Let D' = C(K'). Since D' C D,
D’ must be a division algebra (a finite dimensional integral domain must contain inverses).
Let its center be K”. The maximal commutative subfield of D’ then has dimension /[D’ : K|
over K", or dimension /[D’ : K”|[K" : K] = /[D’ : K][K” : K] over K. This is at most n,
since the field is also contained in D. But \/[D’: K][K’: K] = n by the double centralizer
theorem 13.4.11, so we must have K" = K. Thus D’ is a division algebra with center K’. Its
degree over K is less than n?, so by the induction hypothesis, D’ has a maximal commutative
subfield L containing K, of degree /[D’ : K'|, and unramified over K’, hence over K. We
calculate

[L:K|=[L:K'K :K]=[D:K|K':K]=\[D:K|[K':K|=+/[D:K]
where we used Theorem 13.4.11 in the last step. This finishes the induction step. ]

Proof of Theorem 14.5.2. Suppose D is a central division algebra over K™ of rank n%. Then
lemma 2 furnishes a subfield of K" of degree n, unramified over K. Hence n = 1, and D
is trivial. Thus Brguw = 0. This proves Theorem 14.3.2 and hence Theorem 14.3.1. O

3.2 Second proof (Herbrand quotient calculation)

3.2.1 Herbrand quotient calculation
We first need the following lemma.

Lemma 14.3.5. Given a local field L, there exists an open subgroup V of U with trivial
cohomology, i.e. HI(G,V) =20 for all q.

Proof. The idea is to compare a multiplicative G-module V' with an additive G-module (more
accurately, compare the filtration of V'), and use the same argument as in Theorem 13.1.2.
By the normal basis theorem, LT has a normal basis {o(«) : ¢ € G}, i.e. it is free over
K[G]. Let A = Y ,eq Okgo(a).* By multiplying a by a power of mx we may assume that
a € Op. Suppose that
W?(OL g A g OL-

Let M =75 'A, V =1+ M and VD = 1 + 7% M. Note that

M-MCrP2?A-AC agmi a0 C rgnitt P A C e M.

3If char(L) = 0 there is a faster proof: Note that e” is a topological isomorphism from a neighborhood of
0 in the additive group L to a neighborhood of 1 in the multiplicative group Or. Moreover, it preserves the
action of G because the fact that G acts continuously on L gives

e — Z (UZ') ) — Z U(;’" ) — ge®.

n=0 n=0

Now Theorem 13.1.2 applies directly.
4Warning: A is a Ox[G)-module; we don’t know it is an Or-module.
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This shows that
1. V is a subgroup: Indeed, (1+ M)(1+ M) C 14+ M+ M - M C 1+ M by the above.

2. VIVl =2 A/rr A as G-modules. Indeed, if my, my € M, then for some mz € M, we
have

(14mhemy) (147hms) = 147k (my+my) +maimgms = 1+7% (mi+my)  (mod it M),

Hence
HYG, VO vy = HUG, M/nxgM) = 0

for each ¢, since M/mM is an induced module over G (and has trivial cohomology by
Shapiro’s Lemma 8.1). (By construction M /7 M = Ind®[(7% 1 aOk) /(7 2aOk)].) Lemma 14.1.4
applied to V finishes the proof. n

Proposition 14.3.6: Suppose L/K is cyclic of degree n. Then

hU,) = 1.
h(L¥) = n.

Proof. Choose V' as in Lemma 14.3.5. Since V is open, Up/V is finite. By Proposi-
tion 12.12.4(1), h(Ur/V) = 1. Hence

h(UL) = h(V)h(UL/V) = 1.
By Proposition 12.12.4(3), h(Z) = |G| = n. Since L* = Uy, x 7% we get
h(L*) = h(UL)h(Z) = n.
[

Theorem 14.3.7 (Class field axiom for local class field theory). Let L/K be a cyclic exten-
sion of degree n. Then

Proof. The first follows directly from Hilbert’s Theorem 90 (13.1.1). For the second, we have
|H*(L/K)| = h(L*)|H'(L/K)| = n using Proposition 14.3.6. O

We want to show that |H?(L/K)| = n for all Galois extensions L/ K, and in fact H*(L/K)
is cyclic of order n. We proceed in 2 steps.
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3.2.2 First inequality

We show that for all Galois extensions L/K, |H*(L/K)| > [L : K]. In fact, we show the
following.

Lemma 14.3.8. Let L/K be a Galois extension of local fields of degree n. Then H*(L/K)
contains a subgroup canonically isomorphic to %Z/Z.

Proof. We prove this using Theorem 14.2.3, which relates the invariant maps on K" /K
and L™ /L. By Theorem 13.5.4, we have the exact sequence 0 — H?*(L/K) — H*(K) —
H?(L). Inflation and restriction commute by functoriality of change of group, so we have
the commutative diagram with exact columns

0 0 (14.3)
H*(L/K) < ker(Res)

HY(K)« 2 OH2(Kv /K)

Res Res

H2(L) « 2 OF2(K™ /).
By Theorem 14.2.3, the map H*(K"™/K) — H?(L" /L) corresponds to the multiplication-
by-[L : K| map after identifying both sides with a subgroup of Q/Z through the respective

invariant maps. Hence ker(Res) = £Z/Z. The top map exists and is an injection because
the other two are (4-lemma). Hence 17Z/Z — H*(L/K), as needed. O

3.2.3 Second inequality
Next we show |H?(L/K)| <[L: K], so |H*(L/K)| =[L : K].

Lemma 14.3.9. Let L/K be a Galois extension of local fields of degree n. Then H*(L/K) =
A

Proof. We already know that |H*(L/K)| = [L : K] for L/K cyclic (Theorem 14.3.7). We
prove that |H*(L/K)| = [L : K| by induction on the degree.

By Corollary 9.4.12, G(L/K) is solvable. Thus, if G(L/K) is not cyclic, it has a normal
subgroup G(L/K"). By Theorem 13.5.4 we have an exact sequence

0— H*K'/K)— H*(L/K) — H*(L/K')

[H*(L/K)| < [HX(K'/K)| - [H*(L/K")| = [K" - K][L: K] = [L: K].

By Lemma 14.3.8, equality holds. O
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3.2.4 Finishing the proof

Second proof of Theorem 14.3.1. Take any element a € H?(K/K); it is in H*(L/K) for
some finite Galois L/K. The top injection in (14.3) is an isomorphism by Lemma 14.3.9,
and we get a € H*(K"/K). O

4 (Class formations

The preceding sections show that
(G(K/K),{G(L/K) : L/K finite Galois}, K)

is a class formation. That is, it satisfies the basic axioms that allow us to obtain the
conclusions of class field theory. With the abstraction of class formations, when we prove
global class field theory, we only have to verify the axioms and we will get the desired
conclusions in the same way as in local class field theory.

4.1 Class formations in the abstract

Definition 14.4.1: An abstract Galois group is a group G with a family of subgroups
of finite index {G}cx such that

1. (Closure under intersection) If Ly, Ly € X, then there exists M such that

G, NG, = Gar.

2. (Closure under superset) If G;, C G’ C G are subgroups, then G’ = G for some K.
3. (Closure under conjugation) For every s € G and L € X there exists L’ so that

sG Lsil =G -
This definition is motivated by the fact that these are the key properties of Galois groups.

Proposition 14.4.2: A topological Galois group G(€2/K,) with all its closed subgroups, is
an abstract Galois group.

Proof. By the fundamental theorem of infinite Galois theory 5.8.4, the closed subgroups of
G(Q2/Ky) are exactly those in the form G(2/K) with Ky C K C Q. The above properties
correspond to the following facts from Galois theory.

1. G(Q/K)NG(Q/L) = G(Q/KL).

2. The subgroups of G(€2/Ky) containing G(£2/L) correspond to intermediate extensions
between Ky and L.
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3. sG(Q/K)s™! = G(Q/sK). O
We transfer some terminology about Galois groups to the abstract case.

Definition 14.4.3: Let (G, {GL}Lex) be an abstract Galois group. The elements of X are
called fields. The field Ky with G, = G is called the basefield. For Gy C G, define [M : L]
to be [GL : Gy]; we say M/L is a Galois extension if Gy, < G, and write

G(M/L) = G/Gu

(called the “Galois group” of M/L). We say M /L is abelian, etc. if G(M/L) is abelian, etc.
The field M such that G, NG, = G}y is called the composite of L; and Ly, and denoted
by LiLo; the field L' such that sGps~! = G is denoted by sL.

Note every extension M /L is contained in a Galois extension: Since [Gf, : G] is finite
G has finitely many conjugates sGyrs~t in Gp; by the axioms Gy = N, sGrs~! for some
M’; called the Galois closure of M/L.

Definition 14.4.4: A formation is a triple (G, {Gk}rex, A) where (G,{Gk}kex) is an
abstract Galois group and A is a discrete topological G-module (see Definition 12.14.1). Let
AK = AGK.

Define the norm Nmp, g : A, — Ag by letting Nmy x(a) = [locc/x) /a1 /k) 0(a) for
any L' Galois over K.

For L/K Galois, we define H"(L/K) := H"(G(L/K),Ar). We can define inflation,
restriction, and corestriction maps in the natural way, with Resg,, = Resg,/g,, and so

forth.

Definition 14.4.5: A class formation is a formation (G, {Gk}kex, A) with a homomor-
phism invyx : H*(L/K) — Q/Z for each Galois extension L/K, such that the following
hold.

1. H(L/K) = 0 for every cyclic extension of prime degree.
2. invy k is an isomorphism from H?*(L/K) to ﬁZ/Z.
3. (Compatibility under inflation) For any finite extension M/L,

iIlVM/KOIHfM/L = iIlVL/K.

Hence we can define inv : lim  H *(L/K) — Q/Z. (This axiom implies that inflations
are injective on H?, so we can think of H(K) :=lim H*(L/K) as Ur H*(L/K).)

4. (Compatibility with restriction) For any finite Galois extension L/K,

invy oResg/ = [L: K]invg .
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Define the fundamental unit of L/K to be

. 1
uL/K = IHVKl <[L - K]) .

Proposition 14.4.6: Assume a formation satisfies axiom 1. Then for every Galois extension
L/K,
HY(L/K)=0.

Proof. First we show this when [L : K] is a prime power p™. Induct on the degree. The base
case is given. Every p-group has a subgroup of index p, so there is K € K’ C L such that
G(K'/K) has order p. By the inflation-restriction exact sequence 12.11.10, we get

0~ I GRT M (1) B E T,

the first and last terms are 0 by axiom 1 and by the induction hypothesis. So H'(K/L) = 0.
For general L/K, this shows H'(G(L/K),, AL) = 0, so the result follows from Corol-
lary 12.11.8. [

0

Proposition 14.4.7: Assume a formation satisfies axiom 2. Transferring the action of Res,
Cor, and Inf to the subgroups of Q/Z, we get the following diagram:

M
[M:L]
L H*(M/L) —*= 5t Z/Z L
[L:K] Corp C 5 Resg /1, i C j[L:K]
K H*(M/K) =% 5 Z/Z K H(L/K) 25, Tr 2/ 7
Infpr/p i

(Note Corp,x o Resk/r, = [L : K].) Moreover (passing to the limit), the following hold.

1. For every extension L/K,
Resy,r, : H*(K) - H*(L)
is surjective.
2. For every extension L/K,
Corp/k « H*(L) — H*(K)

is injective, and
invg o Corg g = invy, .
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3. For every s € G, letting s* : H*(K) — H?*(sK),

inveg os™ = invg .

Proof. The surjectivity of Resg,, in the diagram comes directly from the injectivity of invg
and invy o Resg/ = [L : K]invg.
For the action of Cory, /g, note

invg o Corp ko Resk/, = invg o[L : K| = invy o Resg/r

where the first follows from Theorem 12.11.5 and the second from the axiom. Surjectivity
of Resg/r, gives invg o Corp /g = invy, as needed.

Items 1 and 2 now follow from taking the direct limit.

For 3, let the basefield be Ky; note the map s* : H*(K,) — H?(sK,) = H?*(Kj) is
the identity by Proposition 12.11.3, so inv,x, os* = invg,. For arbitrary + € H?*(K), by
surjectivity of Resg/;, we can write 2 = Res K/L(xo). Since Res and s* commute (transport
of structure),

Inv,g(s*r) = inveg (s* Resg,/x T0) = inver Resgi sk, (8"00) = [sK : sKo]invsg, (z0) = invg ().
]

The reciprocity law follows from the properties of class formations.

Theorem 14.4.8 (Abstract reciprocity law). Let (G,{Gk}rex,{Ax},invy k) be a class
formation. Then there is a isomorphism

Hi?(G(L/K), 2) 5~ HY(G, Ay)

G(L/K)* Ax/Nmp, k(Ar)

Here Nmy,/x means Ng, /g,. Denote the reverse map by ¢r, k.

Proof. The identifications are from Theorem 12.8.3 and Definition 12.9.2. Axioms 1 and 2
for class formation give that the two conditions of Tate’s Theorem 12.13.1 are satisfied. [

This map is hard to calculate directly because cup products on negative Tate cohomology
are hard to deal with. The following helps us by transferring the cup products to nonnegative
Tate groups.

Theorem 14.4.9. Keep the above hypothesis. Then for any x € Hom“"™(G(L/K),Q/Z) =
HYG,Q/Z) and a € Ak,
X(¢r/k(a)) = invg(a U dyx).

Here @ denotes the image of a in H}(G(L/K),Ar) = Ar/Nmy x Ar, and 6 is the diagonal
morphism corresponding to the exact sequence 0 — 7 — Q — Q/Z — 0.
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Note this characterizes the reciprocity map since knowing the image of an element of an
abelian group under all homomorphisms to Q/Z is equivalent to knowing the element itself.?

r

Proof. Suppose x(é1/x(a) = .
By the definition of the Artin map as the inverse of up/x U e, we have

a=ur/xUork(a)

We now calculate the following (for easy reference, we note which cohomology groups the
elements are in).

a Uody = U U o
N \9’3 [ur)x U dr/i(a)] \)ﬁ
0 2 2 —92 2
= ur/k Uor/r(a)U x| associativity
; 5 %
= ur/k U[0(dr/x(a)U x )] Theorem 12.10.1(4)
1 ~— Y
=ur/k UO(x(or/K(a))) Theorem 12.10.3(3)
—_—— —
2 0
r
== uL/K U ) <E)
2 0
=uL/kUY_r (14.4)
-~
=TuL/K Theorem 12.10.3(1)

invg(@Udy) = % = X(¢L/K(a))-

In (14.4), we use the map in the snake lemma to calculate § (%) it pulls back to = € Q =
H;'(G,Q); the norm maps it to r = n -~ € Q = HY(G,Q) 2 HY(G,Z). In the second-
to-last line, we note that e U r is simply multiplication by r in dimension 0, so Theorem

12.10.3(1) tells us it is multiplication by r in dimension 2 as well. O

We need several naturality properties of the reciprocity map.

5Tt may seem odd to calculate x o ¢1,/K instead of ¢,/ directly but keep in mind that for general L/K,
Froby,/k (p) is only defined to be a conjugacy class, and it is natural to look at the action of characters on
conjugacy classes because characters are class functions.
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Theorem 14.4.10. Let M/L/K be Galois extensions. The following are commutative.

CoroszL/K

Ay ——5 Ay Ag—t== 4,

d’M/Ll d)AI/KJ ¢M/KJ/ \P)M/L

G(M/L)® o G(M/K)® G(M/K)*FE"=G(M/L)®

natural

A —F 5 Ay Ak

é
\P)L/K l(ﬁsL/sK J/d)AN

G(L/K)®™ — G(sL/sK) G(M/K)® —— G(L/K)®™.

Proof. First note that the maps in the first diagram are corestrictions and the maps in the
second diagram (on the right) are restrictions by Proposition 12.11.4.
From axiom 4 of Proposition 14.4.5, we have

ReSK/L (UM/K) = UMm/L-

We will use Proposition 12.11.9, about the commutativity of cup products with restriction
and corestriction. The first diagram follows from

Cor%/K(x Uunyr) = Cor%/K(w UResk/r(um/k)) = Cori/K(x) Uunyk, € G(M/L)™.
The second diagram follows from
Res?(/L(x Uunyk) = Resf_(aL(x) U -

The third diagram follows from the fact that the map s* : AL — A g takes up g to usr sk

For the last diagram, let x be a character on G(L/K), which gives a character xu;/x on
G(M/K) using the projection G(M/K) — G(L/K). By Theorem 14.4.9 we have, for any
character Yy,

X/ (Onyic(a)) = Invg (@ux Uoxm/x) = invg(@rx Uox) = x(¢r/k(a))
where @/, Gz i are the images in HY(M/K) and HY(L/K), respectively. O
The fourth diagram means that the maps ¢,k are compatible, so we can define

¢K = @¢L/K A — Gab.
L

(Note A = |JAH))

Theorem 14.4.11 (Norm limitation). Let (G,{Gxk},{Ak},invr k) be a class formation.
Let L/K be an extension and E/K be the largest abelian subextension. Then

NmL/K AL = NmE/K AE
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Proof. Let L& be the Galois closure of L. Transitivity of norms (just look at the definition
of norm...) gives us C. Conversely, suppose a € Nmp/ Ap. Let G = G(L#!/K) and
H = G(L'/L). Since E is the largest abelian subextension of L# abelian over K and
contained in L, the subgroup of G fixing it is G’H. We have the commutative diagram

¢Lgal/L

AL%H/HI

Nmyp  x i

¢Lga1/K

AK%G/G/

o |

G/G'H

where ¢ is induced by inclusion. Because a € Nmpg,x Ap, ¢p/x(a) = 1 in G/G'H. Thus
bre i (a) € G'H/G', and ¢pea i (a) is in the image of ¢ and hence i0 ¢/, and there exists
b€ Ap such that ¢rea/p(a) = i(¢ps/r(b)). Then

¢Lgal/K(a) = i<¢Lgal/L(b>) = ¢Lgal/K(NmL/K(b))-

This means m € ker(¢psa k) = Nm e i (Ap); say it equals Nm g g (c). Then

a=Nmp/r(bNmpe;(c)) € Nmp/(Ar),
as needed. O

Definition 14.4.12: A subgroup S of Ag is a norm group if there exists an extension
L/K such that S = NmL/K(AL)

Theorem 14.4.13 (Bijective correspondence). Let (G, {Gk}, {Ak},invy k) be a class for-
mation. Then there is a bijective correspondence between finite abelian extensions of K and
the set of norm groups of Ak, given by

L— NmL/K(AL).

Furthermore, this is an inclusion-reserving bijection that takes intersections to products and
products to intersections:

NmL_L//K(AL.L/) == NmL/K(AL) N NmL//K(AL/)
NmLmL'/K(ALmL') = NmL/K(AL) : NmL’/K<AL’)-

Finally, every subgroup of Ak containing a norm group is a norm group.

Proof. Abbreviate Nmy x(Ar) by Np.
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First we show Ny, = Ny N Np.. By reciprocity,

NL N NL’ = ker(¢L/K) N ker(¢L//K) (;) ker(qﬁLL//K) = NLL’

where (%) comes from compatibility of the ¢ and the fact that the map G(LL'/K) —
G(L/K) x G(L'/K) is injective.

If L € M, then N, © N, from transitivity of norms. Conversely, if N, O Ny, then
by the above N = NNy = Npy. Thus [Ag @ Np| = [Ak : Npuy), and reciprocity gives
IL:K]=[LM: K],ie. LM = L,ie. L C M. Thus, L — N is an inclusion-reversing
bijection.

Next we show that every subgroup containing a norm group is a norm group. Sup-
pose N, € N; we show N is a norm group. We have that ¢,k maps N isomorphically
onto G(L/K'), where K' = L?/x(N) the fixed field of ¢r,x(N). Consider the following
commutative diagram from Theorem 14.4.10:

Ax —2E (LK)

oy |

G(K'/K).

From this we find
N = ker(qﬁK//K) = NK’

as needed.

Finally, we show Ny~ = Np - Np.. Note L N L' is the largest extension contained in
both L and L', while Ny, - Ny, is the smallest group containing both N; and Ny, and it is a
norm group by the above. Since L — N is an inclusion-reversing bijection, we must have
NLﬂL’:NL'NL’- ]
4.2 Class formations for local class field theory

As promised, we apply the results of the last section to (G(K/K), K) where K is a local
field. (In the global case we will set A to be the ideles instead.)

Theorem 14.4.14. Let L be a local field. Then
(G(K/K),{G(L/K) : L/K finite Galois}, K)

is a class formation.

Proof. We verify the axioms of class formations.

1. HY(L/K) = 0 for every cyclic extension of prime degree, by Hilbert’s Theorem 90
(13.1.1).
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2. Take the composition of the isomorphism H?*(K) = H?*(K"/K) of Theorem 14.3.1
with the invariant map H?*(KY/K) — Q/Z to get

invg : H*(K) — Q/Z.

The maps invyx : H*(L/K) < H*(K) — Q/Z are isomorphisms onto their image,
which much be ﬁZ/Z.
Now we verify that

invy oResk/ = ninvg, n=[L:K].
This follows from the following commutative diagram. From Theorem 14.2.3, the

right square commutes; from the fact that inflation commutes with restriction (by
functoriality), the left square commutes.

inVKur/K

H2(K) 2 g2(K™ ) K) —5Q/7Z

oY

lReSK/L RESK/L n

iIlVLur/L

H?(L)+—= H*(L"/L) —5Q/Z.
(Note that the target of the restriction in the middle is H?(K" /L), which is a subgroup
of H*(L™/L).) O

Applying results about class field theory, we get the main results of local class field theory,
restated below.

Theorem (Local reciprocity law, Theorem 11.2.1). For any nonarchimedean local field K,
there exists a unique homomorphism

ox : KX — G(K®/K),
called the local Artin (reciprocity) map with the following properties.

1. (Relationship with Frobenius map) For any prime element m of K and any finite un-
ramified extension L of K, ¢x(m) acts on L as Froby k(7).

2. (Isomorphism) Let pr, be the projection G(K®/K) — G(L/K). For any finite abelian
extension L/ K, ¢ induces an isomorphism ¢r x : K> /Nmp gk (L*) = G(L/K) mak-
ing the following commute:

KX —— % L GKY/K)

dL/K

K>/ Ny e (L) 5 G(L/K).
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3. (Compatibility with norm map) For any K C K', the following diagram commutes.

K Px G(K’ab/K/)

JNmK//K l‘lKa,b

K* -2, QK /K)

Proof. By Theorem 14.4.14, (G(K/K),{G(L/K) : L/K finite Galois}, K) is a class forma-
tion. By the Abstract Reciprocity Law applied to Ax = K, we thus have an isomorphism
K*/Nmyx L* = G(L/K)*. These maps are compatible by the first and fourth diagrams
in Theorem 14.4.10.

Next we show that ¢x () acts on L as Froby,x. For the first, we use Theorem 14.4.9,

which says
X(Pr/K (7)) = invg (TUdX).

We calculate the invariant map on 7 U dy, recalling that the map HY(G,Q/Z) — Q/Z is
evaluation at the Frobenius:

H*(L/K)————— H%(G,Z) +—2— HY(G,Q/Z) ——— Q/Z

TUdxy ——v(m)Udxy =1Udx 1Uy x(Froby, k).

Thus x(¢1/x(m)) = x(Froby k) for all characters x on G(L/K), and ¢k (7) = Froby k.
We will prove uniqueness in Section 8.1 O

Proof of norm limitation, Theorem 11.2.6. This follows directly from Theorem 14.4.14 and
Theorem 14.4.11. ]

5 Examples

Before we move on to the existence theorem, we seek to understand the reciprocity map a
bit better.

5.1 Unramified case

The reciprocity map is easiest to understand for unramified extensions.

Example 14.5.1: Suppose L/K is an unramified extension of local fields of degree n (pos-
sibly infinite). Then the reciprocity map is

¢ryrc s KX/ Nmp(L*) = K* /7" Ux — G(L/K)
a— Frobz(/a%.
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Proof. There are many ways to see this. We know that any uniformizer maps to Froby, k.
But the uniformizers generate K>, so ¢ /x must be the map a Frobz(/a}(. As Froby i has
order n, the kernel is 74Uk

Alternatively, in the proof of Theorem 11.2.1 above, run the argument with arbitrary a
instead of . O

5.2 Ramified case

To understand the reciprocity map on ramified extensions, we have the following.

Proposition 14.5.2: For any Galois extension of local fields L/ K,
o1k (Uk) € I(L/K),
where I(L/K) is the inertia group.

Proof. By Theorem 2.7.2, L'(®/%) /K is the maximal unramified subextension of L/K, so
Uk C ker(gzﬁLz(L/K)/K) from Example 14.5.1. This means that ¢k (U ) projects trivially on
G(L'EB) K, ie. ¢rx(Uk) C I(L/K). O

In fact, the reciprocity map relates filtration on the unit group Uy with the filtration on
ramification groups (cf. Section 4.2), so Proposition 14.5.2 is just the beginning of the story.

Theorem 14.5.3. The reciprocity map transforms the filtration
K*/Nmy,(L*) D Uk /Nmpx(Uy) D US /Nmy (UF ) D -

into the filtration
GL/K)2G’=I(L/K)DG(L/K)! D ---.

Proof. This uses more about local fields and local symbols than we’ll prove. See Serre [Ser79],
Chapter XV or Neukirch [Neu99], V.§6. O

Example 14.5.4: For the totally ramified extension Q,((ye)/Q,, the reciprocity map sends

pZ(l + (")) — G(Qp(prVQp(CpT))-

The RHS is the rth upper ramification group G".

Explicit computation of the reciprocity map in the ramified case is difficult without
Lubin-Tate Theory.
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6 Hilbert symbols

To prove the existence theorem, we need to show that every closed subgroup of G occurs as
a norm group, i.e. as the kernel of some Artin map ¢,x. To do this, we explicitly construct
field extensions L/K that give these norm groups. We will construct Kummer extensions,
extensions that come from adjoining an nth root. We focus on these extensions for several
reasons.

1. Recall that we don’t have a way to directly calculate the action of ¢ k. Instead, we
calculate indirectly by Theorem 14.4.9: If we know x(¢r/x(a)) for all characters on
G(L/K), then we have determined ¢r,,/x(a).

An easy source of characters comes from Kummer Theory 13.2.2, since the group of
characters is isomorphic to a cyclic group.®

2. We want to show that certain subgroups of norm groups are also norm groups. After
verifying several topological properties of ¢x, we can reduce this to a statement about
pth powers/roots of norm groups. In the abstract existence theorem 14.7.2; properties
1 and 3 are easy to check; they are basically the reductions that allow property 2 to
be sufficient.

Recally from Proposition 13.2.2 that K*/K*" = Hom(G(K*/K), p,). Thus the characters
we get are in bijection with elements of K*/K*". We can also consider a € K* as inside
K> /K*" and this gives us a sort of “duality”: the Kummer pairing. We will see eventually
that this is the source of reciprocity laws (Section 1), so these symbols are good for more
than just proving the existence theorem.

We assume throughout that K contains a nth root of unity, and char(K) 1 n.

Definition 14.6.1: Let G = G(K*/K). Define the local symbol

(, )n s HY(G,Q/Z) x H*(G, K**) — H*(G, K™) = Brg
KX

(x,b) = bUdx
Here § is with respect to the exact sequence 0 — Z — Q — Z/Q — 0 and b is the image of
K** in H%(G, K*¥).

We will drop the subscript n when the context is clear.

Since cup product is bilinear and ¢ is linear, (, ) is bilinear. If K is local, by Theo-
rem 14.4.9, we have for any Galois L/K and any character xy on G(L/K),

invg (X, ¢r/x(a)) = invi(a U dx) = x(or/x(a)). (14.5)

As promised, we now transfer this action to K*/K*".

6 Artin-Schreier theory, from exercise 13.2.1, is another source of characters.
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Definition 14.6.2: Suppose K is a local field, and let G = G(K*/K). For a € K*, define
the character as in Proposition 13.2.2 by
o(an)

o) =250, e (6z/z) = 1 G,

1
an

where G = G(L/K) and L = K (ar). Here we choose a root of unity ¢ to make a correspon-
dence 2Z/7 = p,.
Define the Hilbert symbol by

1
K* x K* = Brgn| = -Z/Z = u,
n
(a,b) == (Xa,b) = bUdXq.

If K is a global field, let (a,b), denote the Hilbert symbol where a,b are considered as
elements of K.

Note that the image is in %Z/Z, not just in Q/Z, because ny, = 0.
We'll abuse notation and not make a clear distinction between Brg[n] & 1Z/Z = pu,,

where Brg([n| denotes the n-torsion subgroup of Brg. The first isomorphism is given by
invyg and the second by % <> (. We transfer the y, from being defined on pu, to %Z/ Z, then

transfer back from Bry[n] = 17Z/Z to u, at the end, so we may as well use the formula (14.5)

for the y, treated in H*(G, py,).
The following relates the Hilbert symbol to the Artin map.

Proposition 14.6.3: We have

(CL, b) _ [¢L/K (nb)] ( %)

\/a
where L = K(/a).

Proof. Formula (14.5) gives (remember we're identifying Brg = %Z/Z > i,; by abuse of
notation we drop the “invg” because it is an isomorphism)

(CL, b) = (Xa; (bL/K(b)) = Xa(¢L/K(b)) = [¢L/K%(%)

where L is any field Galois over K, containing /a. m

Theorem 14.6.4. The Hilbert symbol descends to a nondegenerate skew-symmetric bilinear
map

KX/KXTL > KX/KXTL — fn
satisfying the following.

L (a.b) =1 iff b€ Nm 2 (K(an)").



Number Theory, §14.7

2. Ifae K*, x € K*, and 2" — a # 0, then
(a,2" —a) = 1.
In particular, (a,—a) =1 = (a,1 — a).
Proof. Everything that went into defining (,) was linear in either variable (cup products,

evaluation homomorphisms, snake lemma morphism), so (, ) gives a bilinear map K* x K* —

-
Suppose x is an element of order n. Then its kernel ker(x) has index n in G(K*/K).
Under the Artin map this corresponds to a extension L, of degree n, such that ker(y) =

¢ (Nmy, /i (Ly)). Then

(X, 0) = x(¢x (b)) =0 = éx(b) € ker(x)
iff b € Nmp /g (L)
We apply this to x = x,. Note that y has order [K(a%) : K] and Xa(G(KS/K(a%))) =0.
Hence QSK(NmK(a%)/K(K(a%)X) C ker x,. By comparing indices in G(K*/K), equality holds,
giving the first item.

For the second item, note that
n—1 o
o —a=T] (@ - Gla*)
=0
(for any choice of nth root). The factors in the product can be grouped into conjugates over
K, so 2" — a is a norm from K(aw)/K. Then (a,z" — a) = 1 from the first item. Setting
x=0,1 gives (a,—a) =1 and (a,1 —a) = 1.
To show skew-symmetry, note from item 2 and bilinearity that

1 = (ab, —ab) = (a, —a)(a,b)(b,a)(b, —b) = (a,b)(b, a).

To show nondegeneracy, suppose b € K* such that (a,b) = 1 for all a € K*; we show
b € K*". The condition (a,b) = 1 translates into x,(¢x (b)) = 1 for all a. Now the image
of ¢r is dense in G(L/K)* (because it is surjective for every finite extension L/K, and
G(L/K) has the profinite topology). Hence x, = 0. This means an € K, ie. ae K. O

Corollary 14.6.5. Suppose K is a local field, K(a%)/K is unramified, and b is a unit in
K. Then (a,b) = 1.

If K is a global field, then (a,b), = 1 in K, unless either a or b is not a unit in K,, or
K(a%)/K is ramified (which happen at finitely many places).
Proof. Since K(a=)/K is unramified, Ux C Nm_ . (K (ax)*). The result now follows

(am)/K
from Theorem 14.6.4.
The second part says that (a,b), = 1 if a, b are units in K, and K (ax)/K is unramified,
which is clear from part 1. O

Remark 14.6.6: In fact, (a,b) = i(x, U xs) where i : H*(G,Z/nZ) — Brg. (See Serre, p.
207.) This explains the symmetry better but takes more work to prove.
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7 Existence theorem

We show that the existence theorem follows from several further (topological) axioms on
formations. We then prove that in local class field theory, these axioms are satisfied.

7.1 Existence theorem in the abstract

First, a definition.

Definition 14.7.1: Let (G,{Gk}rex,A) be a class formation. The universal norm
group Dy of K is the intersection of all norm groups of Ag:

DK = ﬂ NIIlL/K(AL).
L/K

Theorem 14.7.2 (Abstract existence). Suppose that (G, {Gk}kex,A) is a formation sat-
1sfying the following conditions.

1. For every extension L/K, the norm homomorphism has closed image and compact
kernel.

2. Let [p] denote the map x — px on A. For every prime p, there exists a field K, such
that for K containing K, ker([p]|a,) is compact and im([pl|a, ) contains Dk.

3. There exists a compact subgroup Ux of Ak such that every closed subgroup of finite
index in Ax containing Uk is a norm group.

Then a subgroup of Ak is a norm group iff it is closed of finite index.

If the conclusion holds, nAx C Dy for every K, because nAg is closed of finite index
and hence a norm group. Conversely, Dx C ,>1 nAg because every norm group N has
finite index so n kills Ax /N for some n. Furthermore, Dy must be divisible: else we could
find a norm group N O Dk, and n such that nN 2 Dy, even though nlN is still of finite
index. (Note we write Ax additively here, but in class field theory, Ax = K and nAg
actually means A%.) The most important condition is item 2, because it will give us these
two conditions. This gives us a large set of norm groups, and items 1 and 3 (which are more
topological in nature) will give us the rest of the desired norm groups.

Proof. Step 1: Suppose axiom 1 holds. We show that for every extension L/ K, Nmy, /x(Dy,) =
Dg.

By transitivity of norms, Nmy g (Dr) C Dg.

Conversely, suppose a € Dg. Since a € Dy, for any extension M/L, Ay contains an
element b such that Nmy;/x(b) = Nmy x Nmy;/,(b) = a. Thus
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is nonempty. Since Nm has compact kernel, the first group is compact; since Nm has closed
image, the second group is closed; thus S, is compact. Since the Sy, for all M/L form
a directed system of compact subsets, S = Ny Sy is nonempty. Any element of S is an
element of Nmz/lK(a) N Dy. This shows a € Nmy,/x(Dy).

Step 2: Suppose axioms 1 and 2 hold. We show Dy is divisible and

DK = n TZAK.

n>1

First we show that for every prime p, pDx = Dk. Let L be a field containing K,
a € Dk, and set
SL = [p]_l(a) N NmL/K AL.

Since [p]~!(a) is compact (as ker([p]|a,) is compact by axiom 2) and Nmp, x Ay is closed,
S, is compact. Now this set this nonempty: since a € Dg = Nmy, g Dy, by step 1, we can
write a = Nmy gz, v € Dy. By axiom 2, x = py with y € Ak, sob:= Nmp,xy € S;. Then
Nzok, St is nonempty as in step 1. Hence a € pDg.

This shows pDg = Dk, and we get Dg = ,>1 nDg C Np>1 nAk.

For the other direction, note that na is the norm of any extension of degree n, so
Nn>1 MAx C Di.

Step 3: Assume all the axioms. We prove the theorem.

First, note that any norm group is closed by axiom 1, and has finite index by the reci-
procity law 14.4.8. Indeed, by transitivity of norm, it suffices to consider Galois extensions,
and the reciprocity law says Nmy, x(Az) has index equal to G(L/K)*.

Conversely, suppose S is a closed subgroup of finite index n. We will find a norm subgroup
contained in S and then apply Theorem 14.4.13. Since Ak /S has order n, we get Dx C
nAg C S, so

(Nl (NNUg)=DxknUgCS.

N norm group

Since N NUk are compact (N is closed and Uk is compact) and S is open (closed subgroups
of finite index are also open), there exists N such that

NNUg CS.

Note Ux + (N N.S) is closed of finite index in Ax because N, S are closed of finite index;
we show we can replace Ux with Ux + (N N.S) above:

NN Uk +(NNS)) CS.

Suppose a € Ug and @’ € N NS such that a +a € N. Thena € N, but NNUg C S so
a € S as well. Thus a+ a’ € S, as needed.

Now N N (Uk + (N N.S)) is is closed of finite index containing U, so is a norm group
by axiom 3. By Theorem 14.4.13, we get S is also a norm group. O
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7.2 Existence theorem for local class field theory

Proof of Theorem 11.2.3. We verify that the class formation for LCFT satisfies the three
axioms of Theorem 14.7.2.

1. To see that the norm map is closed, note that
NmL/K(LX) M UK = NmL/K(UL)

because an element is a unit iff its norm is a unit. As Uy, is compact and Nmy,x is con-
tinuous (Proposition 8.1.6), Nmy, /x (Uy) is compact and hence closed. Now Nmyp, /5 (L)
is a union of translates of Uy, therefore closed as well.

The kernel of Nmyx is a closed subset of Uy, hence compact.

2. Take K, containing all pth roots of unity. The kernel of the pth power map is the pth
roots of unity, which is a compact set. Suppose K 2 K, and let b € Dk be a universal
norm. Then (a,b) = 1 for all a by Theorem 14.6.4. Since the pth power Hilbert symbol
is nondegenerate on K*/K*? a € K*P. Thus Dg C K*P.

3. Take Uk to be the group of units of K*. The closed subgroups of finite index containing
Uk are just 72Uy for n # 0; these are the norm groups of unramified extensions of
degree n by Proposition 14.5.1. (Note these extensions exist—just adjoin appropriate
roots of unity.) O

Proof of Theorem 11.2.5. This follows from Theorem 14.4.13, Theorem 14.4.14 (class forma-
tion for LCFT), and the existence theorem just proved. O

Note the existence theorem gives the following.
Corollary 14.7.3. The universal norm group Dy is {1}.

Proof. All open subgroups of finite index are norm groups by the Existence Theorem 11.2.3.
The intersection of all open subgroups of finite index is {1}, as N, (1+ (7™))7"% = {1}. O

8 Topology of the local reciprocity map

We now prove that ¢k gives a topological isomorphism K* — W(L/K).

Proof of Theorem 11.2.4. By Proposition 14.5.2, ¢k (Ux) € I(L/K), so we have the com-
mutative diagram

1 Uk K~ - / 1

b e ]

11— I(L/K)— G(L/K)—— G(l/k) — 1.
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where the rightmost vertical map sends 1 to the pth power Frobenius (p = |k|). The vertical
maps factor as

1 — Uk /Nmyp/x(Uy) — K*/Nmp g (LX) —— 2/ fZ—— 1 (14.6)
%{‘f’L/K %J/‘bL/K gl
1 — I(L/K) G(L/K) ——G(l/k) — 1.

where f = [l : k]. Recall ¢ = Wm, ¢r/k. The intersection of all norm groups is {1} by
Corollary 14.7.3, so ¢ is injective on K*.
In forming ¢x = 1&1 . ¢r/K, we are really considering the embedding

KX e KX = @KX/NmL/K(LX) = G(Kab/K)'
L

Decomposing K>/ Nmp,/x(L*) as in (14.6), we have that

1. @L Uk/Nmyp g (Ur) = Uk since Uk is compact, hence complete, so Ux = I(K*/K).
2. lim, 2/ Z = Z.

Thus K* < KX is the embedding Ux x 72 — Uy X 7L,
Recalling that W (L/K) is the inverse image of Frob” C G(k/k), we get ¢r/x : K* —
W(L/K) is a topological isomorphism. In summary, we have the diagram

1 Uk K~ z 1

T
%JqﬁK =k J:“

1 — I[(K*/K) —— W(K»/K) ———— Frob” ———— 1

~ |

G(K™/K) —— Frob” = G(k/k) —— 1

8.1 Uniqueness of the reciprocity map

Finally, we prove uniqueness. This finishes all the proofs of local class field theory.
We first restate Lemma 11.6.7.

Lemma. Suppose that K is a nonarchimedean local field, K" is the maximal abelian unram-
ified extension of K, and L is an abelian extension containing K. Let f : K* — G(L/K)
be a homomorphism satisfying (1) and either (2) or (2)':

1. The composition K* ER G(L/K) = G(K"/K) takes a to Frobjeur s (m)"().
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2. For any uniformizer m € K, f(7)|k, = 1, where

Ky = L%,

2’. For any finite subextension K'/K of K, we have

F (N (K7)) e = {13

Then f equals the reciprocity map ¢k .

Proof of Lemma 11.6.7. 1t suffices to prove this for L = K?2. We have the split exact
sequence

11U > K571, (14.7)

where the splitting is determined by the map Z — K* sending 1 — m, and the map
K* — Uk sending a — —f%. Under the Artin map, (14.7) gets sent to the split exact
sequence of topological groups

1= I(K*/K)=GK/K™) = W(K®/K) = W(K"™/K) =7 — 1
by Theorem 11.2.4. This gives the exact sequence
1 — GK*/K"™) - G(K™/K) = G(K"™/K) — 1,

where the splitting is by the map Z = G(K™/K) — G(K*/K) sending 1 — ¢x (7). This
identifies G(K?"/K") with the quotient group G(K,/K) where

K. = L@x@) — [¢r(m)

™

If (2)" holds, then for any uniformizer m, we have that 7 € Nmg /5 (K"*) for every finite
subextension K’ of K. Then (2) gives that f(7)|x, = 1. Then (2) holds.

We now show if (1) and (2) hold, then f = ¢. Indeed, (1) and (2) imply that ¢(7)|guwr, =
f(7)|kwr, for any uniformizer 7. But K™K, = K* and the set of uniformizers generate
K> (any unit is the quotient of two uniformizers). Hence ¢ = f. O

Proof of uniqueness in Theorem 11.2.1. Suppose ¢’ is another map satisfying the conditions
of Theorem 11.2.1. It suffices to show ¢’ satisfies the conditions of Lemma 11.6.7 with
L = K?®. By assumption it satisfies (1). For condition (2)’, we have ¢x(7)|x, = 1 by
definition of K ;. Hence 7 is a norm from every finite subextension of K. By condition 2 of
Theorem 11.2.1, this shows @,/ x (Nmgr /i (K'™)) = {1} for every subextension K'/K of L,
as needed. Hence ¢’ = ¢. O
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Problems

1. Using ¢k, construct a natural bijection between the following two sets.

e continuous characters W (K /K) — C* (i.e. continuous representations W (K /K) —
GL;1(C)).

e continuous character K* — C (i.e. continuous homomorphisms GL;(K) —
GL(C)).

This is the “local Langlands correspondence for GL; over K.” Local class field theory
generalizes more naturally in this form.
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Chapter 15

Global class field theory

To prove the global reciprocity law we need to do two things, namely construct a map
¢ I/ K> Nmy 1 = G(L/K),

and show that it is an isomorphism. To show it is an isomorphism, we need to show that
the two sides have the same cardinality:!

The first inequality “>” will be shown using cohomology, with lots of Herbrand quotient
calculations. The second inequality “<” is most easily shown with L-functions, but can also
be shown with a more complicated cohomological argument.

To construct a map, there are two approaches. We can define ¢ to be the map whose
components are the local Artin map, and use the properties of the local Artin map given
by local class field theory. Alternatively, we can construct it directly in the global case,
without using local theory, and get local class field theory as a corollary. We will take the
first approach. For an account of the second, see Lang [Lan94].

1 Basic definitions
First, some basic definitions.

Definition 15.1.1: Define the action of G(L/K) on I, by permuting the places: For an
idele a = (ay)yev, , define oa by
(0a)o@) = o(ay).

Definition 15.1.2: Define the inclusion map I — I by

(av)vevy = <(av)w\v>v€VK7

'More precisely, we use this to show the invariant map is an isomorphism, then get the Artin map from
the machinery of class formations.
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i.e. it is induced by componentwise inclusions K, — L". Let the inclusion map Cx — C,
be induced by the above inclusion.
For an infinite extension M/K, define

y= lim I, Cy= lm Cp

KCLEM KCLEM
where the limit is taken over finite Galois extensions L/K.

For short, let H*(L/K, A) denote H"(G(L/K), A) and H*(K,A) := H"(K/K, A). As
in the local case, H"(L/K) denotes H"(G(L/K), K*).

Proposition 15.1.3: Let L/K be a Galois extension and G = G(L/K). The inclusion map
I — I; sends I = ]1%’v and the inclusion map Cg — Cp, sends Cg = Cg.

Proof. The first part holds because G acts transitively on all the places in L dividing a single
v € Vg, so any element of I¢ has to be constant on all w | v, i.e. in the image of If.
For the second part?, take the long exact sequence in cohomology associated to

1—-L* =1, =-C; —1

to get
1— H(G,L*)—— H(G,1;)) — H°(G,Cr) — HY(G, L)

If = Ik

where the equality on the right is Hilbert’s Theorem 90 (Theorem 13.1.1) and the map

Ix — C¢ is induced by inclusion. Thus C¥ =i /K> = Ck. O

2 The first inequality

In this section we will prove the following.

Theorem 15.2.1 (First inequality of global class field theory). If L/K is cyclic, then
/KX Nmy I > [L: K]

To prove the inequality, we first express the left-hand side in terms of cohomology. Letting
G =G(L/K), we know that

H%(G, CL) == CK/ NIIIL/K CL = HK/KX NmL/K ]IL.

2which isn’t obvious, because we're taking quotients here
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Then noting that the Herbrand quotient (with respect to G) of Cy is h(Cp) = %,
T b
we have that

To calculate h(Cp) our plan is as follows.

1. First express C;, in terms of something involving a finite set of places; we find T so
that
I, = L*I%.

(Proposition 15.2.2). Then calculation shows that h(Cp) = :g%, where Ul denotes
L
the T-units in L.

2. Compute h(I7) = [[yes no. Note I3 is a direct product, not a restricted direct product,
so we can just take the product of the Herbrand quotient of the factors. Breaking up
the places into G(L/K )-orbits, we can calculate h(I7) using the corollary to Shapiro’s
Lemma 12.8.7.

3. Compute h(U7) = %HUES n, by relating it to a lattice of codimension 1 in R® by the
log map, where s = |S|. (See ANT, Chapter 5.) We use the fact that the Herbrand
quotient of a full lattice depends only on the vector space it resides in (Theorem 15.2.5)
to change to a more convenient lattice whose basis consists of vectors representing the
s places in U7, i.e. the lattice A = [[yes Zew.

The set S breaks up into G(L/K)-orbits, so the lattice breaks up into induced S-
modules, and we can calculate h(U}) using again using Shapiro’s Lemma 12.8.7.

4. Putting all the steps together gives
h(CL) =n,

as needed.

2.1 Reduce to finite number of places

Proposition 15.2.2: Let L be a number field. There exists a finite set of places T of L
such that
I, = L*I%.

Proof. This basically follows from the finiteness of the class group.
For the first part, consider the map p : I, — Cl, defined by sending

(av)vEVL = H pv(ap)‘

v=vpeVP

(Map a to the prime ideal whose valuation at each prime equals the valuations of the cor-
responding coordinates of a.) The kernel—the set sent to the principal ideals—is L*I} ",

257



Number Theory, §15.2

where V' is the set of infinite places. Thus we have an isomorphism Iy /L*IV™ — Cl3.
The latter is finite; take the inverse image of a set of generators A. We can choose finite
T containing V> so that the coordinates of elements of A are units outside of 7. Then I7
generates I /L*, as needed. ]

2.2 Cohomology of 17 and I

Proposition 15.2.3: Let L/K be a Galois extension of number fields. Let S be a set of
places in K and let 7 := 1% where T'= {w € V;, : w | v for some v € S}. Then for any i > 0
we have
HY(G.I}) = [] H(G(L'/K,), L") x [[ H(G(L"/K,),U").
vES vgS
This is also true for Tate groups if G is finite.
In particular, if L/K is cyclic, and S contains all ramified places, then

HY(G,19) =1
H*(G,I}) = H Z/Z
UGS
= H nv
vES

where n, is the local degree [L,, : K,], for any w | v.

Proof. We have

= 1] Ly x T] Uu

weT wgT

where U, := Uk, . We calculate the cohomology groups of each factor.

H (G, 11 Lj,) =H (G, 11 HL;>
weT veS wlv

= H H (G, H Li) cohomology respects products, Proposition 12.6.7

vES

wlv
=[] H(G", L") by Corollary 12.8.8 to Shapiro’s Lemma
veS
=[] H(G(L'/K,), L") (15.2)
veS

L =1, (15.3)
HveS Z/Z =2 .

3cf. Example 11.5.10; there TV is written as Uy.
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For ¢ = 1, the last result follows from Hilbert’s Theorem 90, and for ¢ = 2, it follows
from the fact that invg, : H2(G(L'/K,), L") = -L7Z/7Z is an isomorphism (a consequence
of the class formation for LCFT, Theorem 14.4.141, or actually just Theorem 14.3.1 and
Proposition 14.2.1).

For the units, we have,

H (G [ Us ) =]] H(G(L"/K,),Uy) Proposition 12.6.7  (15.4)
wgT vgS
=1 if T unramified, by Theorem 14.1.1.  (15.5)

For the general case, take the product of (15.2) and (15.4). For the special case, take the
product of (15.3) and (15.5). The Herbrand quotient calculation follows directly. O

If we consider the full group I, we get the following result. (We won’t need this until
Section 5.)

Proposition 15.2.4: For any Galois extension L/K with Galois group G and any n > 0,
we have

"G, 1)~ @ H'(LY/K,).

veVK

This is also true for Tate groups when G is finite.
In particular, we have

1. HY(G,I,) = 0.

2. H*(G,1L) = Bvevy - 17/7.
Proof. We have
I, = lim I5.
Sﬁite
Hence using Proposition 12.14.3,
HY(G 1) = (G, limy )
s
= lim A" (G, 17)
hgls HUES Hn(GU7 va) X HUQS Hn(GU, Uv) = @UEVK Hn(Gv, va), general case
=L n=1
@vEVK %Z/Z7 n=~2

where the last statement follows from Proposition 15.2.3.
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2.3 Cohomology of lattices and U/

Proposition 15.2.5: Suppose G is finite cyclic, V' is a finite real vector space and R[G]-
module, and M, N are two lattices in V, stable under the action of G. Then

h(M) = h(N).
(If one is defined, so is the other.)

Proof. We proceed in 2 steps.

Step 1: We show that M ®7 Q = N ®z Q as G-modules. We know M @z, R =V = N ®zR.
Suppose V' = R"™. Choose bases {5;} for M and {7;} for N. Let B(o) and C(o) be matrices
representing the action of a generator o € G on these bases.* A linear map M ®zR — N®zR
represented by a matrix A with respect to {f;} and {7;} is a isomorphism of G-modules if

A-B(o)=C(0) - A.

These determine a system of homogeneous linear equations in the entries of A, with coeffi-
cients in Z, since B(o) and C(o) have entries in Z.
Letting the solution space be W C M,,»,(R), we have

because Gaussian elimination never needs to leave the world of Q. Hence we can find a
basis for W contained in M,,»,(Z), say {Ai,...,Ax}. By the existence of an isomorphism
between M ®z R and N ®z R, there exist ai,...,a; € R such that a;A; + -+ + ap Ay is
nonsingular, i.e.

det(ai Ay + - - + apAx) # 0.

The left hand side is hence a nonzero polynomial in the a; since it has coefficients in the
infinite field Q it has a solution over Q. Taking A to be the corresponding linear combina-
tion, we get the desired G-isomorphism M ®7; Q — N ®7z Q.

Step 2: We have an isomorphism f : M ®z Q — N ®7 Q; by scaling f (since M, N are
finite-dimensional lattices) we may assume f restricts to f : M — N. Now N/f(M) is
finite; hence by Proposition 12.12.4(1) and (2),

W(N) = hW(M)W(N]f(M)) = h(M).

O

Proposition 15.2.6: Let L /K be a finite cyclic extension of number fields of degree n. Let S
be a set of places in K containing the infinite places and 7' = {w € Vj, : w | v for some v € S}.
We have

A(UT) =~ T

weT

4@ cyclic is not important here; we could work with all elements of G.
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where U} denotes the T-units in L and n,, is the local degree [L,, : K,], where w | v.
Proof. Consider the map L : UL — R” defined by letting
L(a) = (nfalw)wer

where | - |, is the normalized valuation. Then L(a) is a lattice of dimension |T'| — 1 by

Dirichlet’s S-unit theorem 5.3.2; it is in the hyperplane where the sum of coordinates is 0

(take the log of the product formula 19.1). The kernel of L consists the roots of unity in L,

pN L, which is a finite group. By Proposition 12.12.4(1)—(2) applied to 1 — uNL — UL —
L(UL) = 0,

h(UL) = h(uN L)M(L(UL)) = h(L(UL)) (15.6)

Let G(L/K) act on RT by permuting the coordinates corresponding to the places. Note

that L is a G-module homomorphism with respect to this action. Let x be the vector
(1,1,...,1); note it is fixed by G(L/K). Note that

AN=LUNH®((1,1,...,1)Z
is a full lattice in R”. By Proposition 12.12.4(2)—(3), we have
h(A) = h(L(U]))h(Z) = n - h(L(U})). (15.7)

Consider the lattice A’ = Z* in R”, where e, is the vector with 1 in the v position and 0’s
elsewhere. By Proposition 15.2.5, h(A) = h(A’). Since G permutes the places above v € S
transitively, we have

h(A) = h(A') = h (@ ewZ)

weT

=h <@@ewZ>

veS wlv

= H h <EB ewZ> cohomology respects products, Proposition 12.6.7

veES wlv

=[] MG", Z) by Corollary 12.8.8 to Shapiro’s Lemma

veS

=[[1G"] Proposition 12.12.4(3)

vES

~IIn.

veES
Together with (15.6) and (15.7), we get
1
hUL) = =h(A) = = T] ne. O
n
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2.4 Herbrand quotient of Cj,
Lemma 15.2.7. If L/K is a cyclic extension of number fields of degree n,

Proof. Choose a set of places T for L containing the ramified places and satisfying the
conditions of Proposition 15.2.2. Enlarge T" so it is stable under G(L/K). Using Proposi-
tions 15.2.3 and 15.2.6, we have that

h(Hg) HUES Ny

(C1) = h(ETE/L") = WIE/IE 01 17) = oty = et —
O
Proof of Theorem 15.2.1. We have
[/ K> Ny (Ip)| = [Hp(G, Cr)| = h(Cy)|Hp (G, CL)| > n
by Lemma 15.2.7. [

2.5 The Frobenius map is surjective

Using the first inequality, we can already prove surjectivity of the Artin map, defined on
ideals.

Proposition 15.2.8: Let L/K be a finite abelian extension, and S be a finite set of primes.
Define the map
Vi I° = G(L/K)

by setting 11,/ k (p) = Froby k (p) for primes p ¢ S and extending to a group homomorphism.
Then 11,/k is surjective.

Proof. Let H = im(¢r;x). By compatibility of the Frobenisus map, Frobgu k(p) is the
image of Froby k() under the projection G(L/K) — G(K"/K). Hence the map (LRI
I° — G(KH"/K) is trivial, giving (K)? = K, for every v ¢ S, and

H?{ g NmKH/K ]IKH.

However, K*I3. is dense in Iy by the weak approximation theorem 7.3.4, so K*I3 =
K> Nmgu g Ign = I, But by the First Inequality 15.2.1,

(K" K] < [Ix : K Nmyn e Ign] = 1.
Hence K = K, ie. H=G. O
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3 The second inequality

We give two proofs of the second inequality, an analytic proof and an algebraic proof. The
first has the advantage of being short and sweet, while the second has the advantage of
staying completely within the algebraic realm, i.e. not requiring knowledge of L-functions.

Theorem 15.3.1 (Second inequality for global class field theory). For any extension L/K
of degree n, and G = G(L/K), we have

1. |HY(G,CpL)| and |H*(G, Cy)| divide n.
2. (HT90 for ideles) |H'(G,Cyp)| = 1.
In particular,
/K> Ny I| < [L: K].
3.1 Analytic approach
We first show the inequality |Ix /K> Nmp, g 1| < [L: K].

Proof of inequality. Let ¢ be admissible for L/K, i.e. such that Ug(1,¢) € Nmp, g (I.). By
Proposition 11.5.9 we know that Ix /K> Nmy kI = I} /Pg(1,¢) Nmp x(I7). We show that

15+ Pre(1,¢) Nmy (1)) < [L: K.

Let H = Pg(1,¢) Nmy /i I7 and let x be a nontrivial character of I}/ H, viewed as a character
of I,/ Pk (1,¢).
Define the Hecke L-series L(s, x) by

Lc<37X) = H 1 _lx(p) = Z >s§*'§§s)’

pte Nps alc

where equality follows from expanding the product. Define
m(X) = Ordszl LC(S7 X)

Since Lc(s, x) = (s — 1)™Xg(s, x) for some g(s,x) nonzero at s = 1, taking logs gives
1

s—1

InLc(s,x) ~m(x)In(s — 1) = —m(x) In

)

Taking the sum over all characters of I}S;(m gives

InCx(s) + > InLu(s, x) ~ [1 -3 m(x)} In ! (15.8)

X#1 X#1 s—1
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where we use the fact that (x(s) := L(s, 1) has a pole at s = 1.
On the other hand, by the Taylor series expansion for In,

()
o) =-Tm(1- g ) = F S ARSI - S @) ¥

S
pte n=1 ptc Rel¢/H PER, ptc p

1

where in the last step we grouped together the primes based on what they are modulo H.
This is greater than the sum if we only include primes with f(B/p) =1 (P in L). Again we
are off by at most a constant if we only include primes splitting completely in L, because
the ramified primes are at most a finite subset. We can then “unrestrict” to all the primes
of L, and be off by at most a constant in a neighborhood of 1, because the other terms are
in the form p}s for f > 1.

Let h = [I°™ : H]. We get, for s — 1%,

1
InCr(s)+ > ILu(s,x)~>, > x(R) D =
Al X Rel*/H pER, pim ~ P
1 0, R£H
ZO0M)+h > ; Zx(ﬁ)z{ ’
pesmIl/ i) P X h, R=H.
h 1
~O(1) + N Z o N primes above each p
O(1) + ﬁ In((s)
N oL
h 1
~0(1)+ —1 :
o) + N " s—1
Combining this with (15.8) gives m(x) = 0 (since % > 0) for all x # 1, and h < N, as
needed. O

3.2 Algebraic approach

The steps are as follows.
1. Carry out some preliminary local computations.

2. Consider the case where L/K is an extension such that G(L/K) = (Z/nZ)", and K
contains the nth roots of unity. Note this is a Kummer extension, so we can characterize
it in terms of L*" N K. This will make computations easy for us.

We construct an explicit set £ with
E C Nmyp gl C k.

We have (I : K* Nmy g Iz] | [[x : K*E], so it suffices to show the latter equals n'.

264



Number Theory, §15.3

3. Show this.

4. This implies the cyclic prime case, and that the cyclic prime case implies the general
case.

This section is incomplete; see Cassels-Frohlich [CF69], pg. 180-185.

3.2.1 Local computations

Proposition 15.3.2: Let K be a local field with |u, N K| = m, i.e. K contains m nth roots
of unity. Then

(K% K = 28
7]y
and -

Proof. There are two methods: appeal to the structure of K* or calculate a Herbrand
quotient. O

3.2.2 Constructing F

Since L is a Kummer extension we can write it in the form K(/ay,..., /a,). Let S be a
set of primes satisfying the following conditions.

1. S contains all infinite places.
2. S contains all divisors of n.
3. Ix = K*I3-. (This is possible by Proposition 15.2.2.)

4. S contains all prime factors in the numerator and denominator of all a;, i.e. the a; are
all S-units.

Define

E=]]Ky" <[] £ x [] U..

veS veT vgSUT

Lemma 15.3.3. &/ C Nmy, /k [;.

We want to calculate [Ix : K*FE] but K*FE is hard to deal with. E however, is not,
because to calculate the index of E we can appeal to Proposition 15.3.2. Thus we use the
following group theoretic fact.

Proposition 15.3.4: Let B C A and C be subgroups of a group G. Then
[CA:CBJ[CNA:CnB]=[A:B|.
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Then
1" : £}

Ip: K*E| = [K*I5YT . K*E)| = .
L | = 1T ] [K*NIPT . KX N E]

See Cassels-Frohlich.

3.3 Finishing the proof
Now we prove Theorem 15.3.1.

Proof of Theorem 15.5.1. Step 1: We show the theorem when [L : K] is prime. In this case,
both the first and second inequality hold, so

|]¥72«(C7Y7 CL)| = [HK K~ NHIL/K(HL)] = [L . K]

Since h(Cr) = n by Lemma 15.2.7, we get |HL(G,Cr)| = 1. Finally, note H2(G,Cpr) =
HY%(G,Cp) because G(L/K) is cyclic.

Step 2: We show the theorem when [L : K] is a prime power, by induction on the exponent.
Suppose |G| = p". Every p-group has a normal subgroup of index p. Let H <G be such a
group; it corresponds to H = G(L/K") for some extension K’/K of degree p. The inflation-
restriction exact sequence 12.11.10 gives

Inf

0— HY(G/H,Cyx) 25 HY(G,C) X% HY(H,C,)

~————
=0 by prime case =0 by induction hypothesis

Thus H'(G,Cr) = 0. This shows part 2. Using H'(G,Cyr) = 0, the inflation-restriction
exact sequence gives

0 = H*(G/H,Cx) 2 H*(G,CL) 2% H*(H,CL)
—_———
order p order |pn—1

by the case for cyclic extensions and the induction hypothesis. This shows |H?(G, Cp)| | p".
Finally,

‘H%(G, CL)| = [CK . NIHL/K CL] = [CK . NmK//K(CK/)][NmK//K(CK/) . NIHL/K(CL)]

Now [Ck : Nmgr/x(Cgr)] = p by the cyclic case, and the surjection Nmg/ /i : Cgr/ Nmy g (Cp) —
Nmg x(Ckr)/ Nmp,x(Cpr) and the induction hypothesis gives that the second factor divides
p"~L. This finishes the induction step.

Step 3: We show the theorem holds in general, using Corollary 12.11.7: the map
Res" : H"(G, M) — H"(G,, M)

is injective on the p-primary component. Using step 2, for n = 1, this gives us that p {
H3(G,Cy) for any p, i.e. Hi(G,Cp) = 0. For n = 0,2, this gives that v,(|H"(G, M)|) <
v,(|H™(Gp, M)|) < v,(G), giving part 1. O
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3.4 Local-to-global principle for algebras

The fact that H'(G, Cr) = 0 also gives the following corollary.

Theorem 15.3.5 (Brauer-Hasse-Noether Theorem). Let L/ K be any Galois extension with
Galois group G. Then the map

HA(G, L) — @ HXG", L")

veVK

1s injective. A central simple algebra over a number field K is split over K iff it is split
locally everywhere.

Proof. Taking cohomology of 0 — L* — [, — C — 0 gives

Y@G,Cp) — H*(G, L*) —— H*(G, 1) — - (15.9)

Here H'(G,Cr) = 0 directly from HT90 for ideles (Theorem 15.3.1), and equality on the
right comes from

BrK( @vEVK BrKU

(G 1L) = ép H*(LY/K,)
veVK
(Proposition 15.2.4). Brauer group is H? by Theorem 13.5.2. Injectivity of the bottom map
gives the result.
(We do need to check that in the above diagram, the map Brx — @,cv, Brg, is exactly
the map sending an algebra to its reduction over every local field. This is a matter of tracing
the long windy road between Br and H? and left to the reader.) ]

4 Proof of the reciprocity law

To construct the Artin map in the local case, we constructed the invariant map invy :
H?*(K"/K) — Q/Z. Then we used the fact that H*(K™) = 0, i.e. every a € H*(K) splits
in an unramified extension, to conclude that H*(K) = H*(K"/K).

In the global case we will construct the invariant map invg : H*(K./K,Ix.) — Q/Z,
for a certain infinite cyclotomic extension K.. Then we show H?(K.Iz) = 0, i.e. every
a € H?*(K,Iy) splits in this cyclotomic extension, to conclude H*(K, I) = H*(K. /K I ).

We construct the global Artin map by taking the product of the local Artin maps:

OL/K - HK — G(L/K)
¢L/K H ¢v av (1510)

veVK
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(Only a finite number of the factors—those where LV/K, is ramified or a, ¢ U,—are not
equal to the identity.)

We need to show that K* C ker ¢ k, so that it factors through Ix/K* - Nmy /x Ip.
Consider the following two properties.

(A) Define the map ¢k as in (15.10). The map ¢ /x takes the value 1 on the principal
ideles K* C Ig.

(B) For all « € H*(G(L/K),L*) = Bryk,

inv(a) := > inv,(i(a)) = 0.

veVK
Note in (B), inv, is defined as follows.

Definition 15.4.1: Define inv, as the following composition:

H?(Gy,po
( )

inv, : H2(G,1,) —29/% g2(@G, 1)) H2(Gy, (L)) ™ Q)7

where p, : I, — (L¥)* is the projection map. (This looks complicated, but it is just what
you think it is.)

We prove (A) for all finite abelian extensions of number fields and (B) for all finite Galois
extensions of number fields.

We first show that (A) holds for a special class of extensions, and then use an “unscrew-
ing” argument to show (A) and (B) hold for more general extensions. The plan of attack is
as follows.

1. Show (A) holds for Q(¢n)/Q.
2. Show (A) holds for all cyclotomic extensions.

3. Show that (B) holds for « split by a cyclotomic extension.

4. Every a is split by a cyclic cyclotomic extension, so (B) holds for all o € H2(K, K ).
5. Show that (A) holds for all abelian extensions.

Note that (A) is a statement about Hy;> — HY while (B) is a statement about H2. We
“transfer” the problem from (A) to (B) so that we can apply our characterization of ¢, in
terms of the local invariant map (Theorem 14.4.9). First, we need an analogue of Theo-
rem 14.4.9 in the global case.

Lemma 15.4.2. Let G = G(L/K). Forallv € Vi and all x € HY(G,Q/Z) = Hom(G, Q/Z),
we have inv,(AUX) = Xo(dv(ay)). (Xo is the restriction of x to G, and @ is the image of a
in HY(G(L/K),1;). Hence

inv(@Udx) = inv,(aUdx) = x(é(a)).
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Proof. Since restriction commutes with cup products (Proposition 12.11.9) and with §, we
have

inv,(@Udy) = inv(p, Resg/c, (@Udx))
= inv(p,(@) Udxy) Resg)a, (X) = Xv
= inv(ch U 5X»U) = Xv(ﬁbv(av))‘

We invoked Theorem 14.4.9 in the last step.
Taking the product gives the second statement:

x(0(a) = x (IT6u(a)) = (6 (@) = X imv, @ 5x)

4.1 (A) holds for Q(¢,)/Q
Proposition 15.4.3: For any m € N,

bcm)/0(Q) = 1.

First reduce to the case where m = p is prime. We give two approaches.

Proof 1. By Example 11.4.3, we know the ideal version of global class field theory holds for
all cyclotomic extensions of Q. Note the maximal unramified extension of Q, is included in
Q,(C) for all p (Theorem 8.2.6). Hence by Theorem 11.6.6(2), there is a map ¢’ satisfying
the conditions of the idele version of GCFT, except that ¢ may not equal ¢g. Letting ¢!
be the restriction of ¢’ to K, we have (on G(Q((x)/Q))

¢'(a) = ¢ilar) [] oh(an) = [] dulan) = ¢'(a) (15.11)

UEV(g veEVD

where the middle inequality is pending a proof that ¢ = ¢r. We check this is true.

Since ¢ is a map R/R.y — G(C/R), it suffices to show complex conjugation is in the
image of ¢/. We have G(C/R) = G(R(7)/R), so consider ¢' on G(Q(i)/Q). As ¢'(Q*) =1,
we have by (15.11) and the fact that Q(7)/Q is only ramified at 2 that on G(Q(i)/Q),

1=¢'(=7) = ¢5(=T)¢7(=T)¢r(-T7)

Now —7 =1 (mod 8) so —7 € Nmg,(;)/0,(Q2(¢)*), and ¢5(—7) = 1. We have v;(—7) =1, so
¢'(=7) equals the Frobenius element, complex conjugation. Hence ¢g(—7) is also complex
conjugation.

Thus (15.11) holds, and we have ¢g(c..)/0(Q") = dg..)0(Q) = 1, as needed. O

Proof 2. Use explicit computations of local symbols, obtained from Lubin-Tate theory. See
Cassels-Frohlich [CF69], p. 191. O
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4.2 (B) holds for all cyclomic extensions

We prove the following more general proposition.

Proposition 15.4.4 (Devissage): ° If (A) is true for L/K, then (A) holds for
1. any subextension M /K and
2. any extension LK'/K'.

For an extension K'((,)/K’, apply the proposition with L = Q(¢,) and K = Q to obtain
the following.

Corollary 15.4.5. (A) holds for all cyclotomic extensions.
Proof of Proposition 15.4.4.

1. For any place v, ¢prv/k, is the composition of ¢rv/k, and the projection G(L"/K,) —
G(M"/K,). Since the global map is the product of the local maps, ¢k is the com-
position of ¢/ and G(L/K) — G(M/K). Hence ¢pr/x(K*) = 1.

2. Let L' = L - K'. We have a natural inclusion G(L'/K') — G(L/K). The local Artin
map is compatible with basefield extension with respect to the norm map. Since the
norm on ideles is computed componentwise, it follows the map ¢ = [],ev, ¢» is also
compatible with field extensions.

bt
I — 5 G(L' /K"

leK’/K JZ

e 2% G(LIK).

Suppose a € K'*. By commutativity and (A) for the extension L/K, we have

70 ¢L//K/(a) = QSL/K[NmK//K(a)] = 1.
~—_———

eKX

Since i is injective, this implies ¢x/x/(a) = 1. m

4.3 (A) for cyclotomic implies (B) for « split by cyclic cyclotomic

This follows from the more general proposition:

Proposition 15.4.6: If L/K is cyclic, then (A) implies (B).

®Devissage means “unscrewing” in French.

270



Number Theory, §15.4

Proof. Since L/K is cyclic, we can take Y € H'(G,Q/Z) to be a generating character. We
have the following commutative diagram.

K e — % G(L/K)

[P P

H2(G,L*) — H*G,1,) ™ — Q/Z.

The left-hand square commutes by functoriality of cup products; the right-hand square com-
mutes by Lemma 15.4.2. Recall #Udy is an isomorphism for G cyclic, by Proposition 12.12.1.
Hence if a € H*(G, L*), then it is equal to b U dy for some b € K*, and

inv(a) = inv(b U dx) = x(¢r/x (b)) = 0.

In the last step we use (A) to give ¢,k (b) = 0. O

4.4 (B) for cyclic cyclotomic implies (B) in general
It suffices to prove the following.

Theorem 15.4.7. For any B € H*(K) there exists a cyclic cyclotomic extension L/ K such
that B maps to 0 in H*(L). R
There ezists a cyclotomic extension K. C K((w) with G(K./K) = Z such that the
inclusion map
H*(K,/K) — H*(K)

18 an isomorphism.

We first give a criterion for 8 to map to 0 in H?(L), then find a cyclotomic L/K where
this criterion holds.

Lemma 15.4.8. Let « € H*(K). Then Resg; (o) = 0 in H*(L) if and only if [LY :
K,|inv,(a) = 0 for every v € V.

Proof. By the Brauer-Hasse-Noether Theorem 15.3.5, Resg,r(a) = 0 in H*(L/K,L*) iff
Resg/r (o) = 0 in H*(L"/K,, L") = 0 for all v. Since invg, is an isomorphism, this is true
iff invg, Resg, () = 0 for all v. But we know

invg, Resk, /v (o) = [L" 1 K, inv,(a),
from the class formation for LCFT (Theorem 14.4.14). O

Lemma 15.4.9. Suppose K/Q is a finite extension and S be a finite set of places of K.
There exists a cyclic cyclotomic extension LK such that

m | [LY : K,] for every finite v € S
2| [LY: K,] for every real v € S.
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(The second condition is just equivalent to L being complex.)

Proof. First consider the case K = QQ. Note that for an odd prime ¢,

G(Q(6)/Q = (Z/d") =Z/(q—1)a" " =ZL[(q—1) xZ/q" "

Let L(q") be the subextension of Q(¢,~) with Galois group Z/q¢"~!. Becuase Q, only has a
finite number of roots of unity, v,([L(¢") : Q,]) — 0o as r — oo.
Similarly for ¢ = 2,

G(Q((r)/Q) = (Z)27) 2 ZJ2 x ]2 2.

The subextension Q((yr — (5') corresponds to the automorphisms ¢ ~ ¢° with s = 1
(mod 4), which form a group isomorphic to Z/2"2. Let L(2") = Q(Cyr — (') (note this is
complex), then similarly lim, . v2([L(2") : Q]) = co. Now take

L= [] L(g")

qi|2m

for r; large enough. As it is a compositum of cyclic cyclotomic extensions of relatively prime
degrees, L is cyclic cyclotomic.

Now suppose we are given general K. First construct Q((,)/Q satisfying the conditions
for Q with m[K : Q]. Then take L = K((,). We have [K"((,) : K"] | m for finite primes v

of Q since [KV: Q,] | [K : Q].
We can take K. = Us.r; K- [gies L(Q?) ]

Proof of Theorem 15.4.7. We know inv,(a) = 0 except for a finite number of primes, say
primes in S. Suppose minv,(«) = 0. Use Lemma 15.4.9 to get L = K ((y) such that works
for m and S. Then by Lemma 15.4.8, Resg,r(a) = 0 in H*(K(Cn)). O

4.5 (B) implies (A) for all abelian extensions

This will follow from the following proposition.
Proposition 15.4.10: If L/K is abelian, then (B) for L/K implies (A) for L/K.

Proof. Let a € K*. By Lemma 15.4.2, for any character ¥,

x(or/k(a)) =inv( aUdx )=0.
——
€H2(L/K,L*)

Hence ¢ k(a) = 0. O
We have now proved the following.

Theorem 15.4.11. The following hold.
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(A) For an abelian extension L/K, define the map ¢r x as in (15.10). The map ér/x
takes the value 1 on the principal ideles K* C Ig.

(B) For any o € H*(K/K),
inv(e) := Y inv,(a) = 0.

veVE

5 The ideles are a class formation
We now complete the proof of global class field theory by showing that the ideles are a class
formation and invoking the theorems in Section 4. In the local case, the G-modules in the
class formations are the fields themselves, but in the global case, the G-modules are the
ideles.
Theorem 15.5.1. Let K be a global field. Then

(G(K/K),{G(L/K) : L/K finite Galois} ,C)

1s a class formation.

Note that C%(?/L) = Cy, for each L by Proposition 15.1.3.

Proof. We check the axioms in Definition 14.4.5.

Step 1: First, H'(G(L/K),Cr) = 0 for every cyclic extension of prime degree (in fact every
finite extension), by Theorem 15.3.1.

Second, we need maps invy,x : H*(L/K, Cg) = Q/Z. Right now we just have a map
iIlVL/K : H2(G(L/K>,]IL> — Q/Z

We need to show invy, x “factors through” H*(G(L/K),Cp). We also need to show com-
patibility with inflation and restriction, and that

1

invyx : H*(G(L/K),CL) = TR

77

for all L/K. It is hard to show this directly, except in the cyclic case, when we know the
first inequality holds. As we will see, though, showing the cyclic case is enough, because by
Theorem 15.4.7, every element of H*(G(K/K),C) is contained in H*(G(L/K),Cy) for
some cyclic (in fact, also cyclotomic) L/K.
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Step 2: Consider the following commutative diagram, whose columns are inflation-restriction
sequences.

0—— H*(L/K, L) —2— H*(L/K,1;) —2—~ H*(L/K,Cr)

Inf Inf \ Inf

mv

0—— H2(M/K, M*) 2 HX(M/K, L) $H2(M/m A/

Res Res \ Res

inv

0—— H2(M/L, M*) —2— HX(M/K,1y;) —2~ H2(M/L, C)) Q/Z

inv

Q/Z.

The columns are exact by the inflation-restriction exact sequence (Proposition 12.11.10) and
the following:

1. H(M/L, M*) = 0 by Hilbert’s Theorem 90 (Theorem 13.1.1).
2. H'(M/L,T;;) = 0 by Proposition 15.2.4.
3. HY(M/L,Cy;) = 0 by Theorem 15.3.1.

The rows are exact because they come from the long exact sequences of 0 — L* — I —
Cr — 0and 0 — M* — Iy — Cy; — 0, and the fact that H! of Cr, Cy, is trivial (again
by Theorem 15.3.1).

Step 3: Next we show the maps inv are compatible with inflation. Indeed, since we have a
class formation for local class field theory (Theorem 14.4.14), for every w | v we have the
diagram

JInfLw/Lw J{Z

invg,

H*(K,) ———Q/Z.

Now H*(G(L/K),Ik) = @yev, H* (G, (L¥)*) by Proposition 15.2.4 and inv = Y ey, inv,,

so inv is compatible with inflation.

Step 4: Thus, we can take the direct limit over M, noting direct limits preserve exactness,
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to get (we will explain the dashed and dotted lines)

0 0 0 (15.12)

0—— HX(L/K,L*) -2 H2(L/K,I;) 2 H*(L/K, C})
Inf Inf \ h \iHV1

nf ~
' invy J\\\;‘
0—— H*K,K*)—2— H*(K,Iz) —2— H?*(K, C%) iz7/Z

K

Res Res Res

— i - R > X ¥
0—— H*(L, L") —%— H*(L,I%) Lﬂ#(Lm Q/Z
invsg N
Q/Z.
Step 5: Now we show the maps inv, are compatible under restriction. Again, since we have
a class formation for local class field theory (Theorem 14.4.14), we have the diagram

invg,

—4Q/Z
JRGSKU/Lw [Lw:KU]

H*(L,) =4 Q/Z

H?(K,)

Using H*(G(L/K),1x) = @uev, H* (G, (L)*), we can write an element of H*(K,If) as
X = (Zy)vevy, where z, € H*(G,, (K,)*). On degree 0, Resg,, is the diagonal imbedding
Ix = I¢ < T, of Proposition 15.1.3, so on degree 2,

Resi/x = ((Resie iz, 20),,) € B DHIGWR),

veVK veEVEK wlv

The invariant map then sends this to

SN vy, (Resk, /n, o) = D Y MwpwilVg, Ty =n Y iV, &, = ninvg X,

vEVEK wlv veEVEK wlv vEVK

using the fact that [L : K] = 3,y /v, Where n,, is the local degree.

Step 6: By Theorem 15.4.11, the bent maps are complexes, i.e. im(i;) C ker(inv;) for all
three rows.

Thus the maps inv; factor through the images im(p;), for j = 1,2, 3 to give the maps inv’,.
Be careful: we have only so far defined inv} : im(p;) — 1Z/Z, and not inv; : H*(L/K,C) —
%Z/Z. We want to show that for certain extensions L/K, the p; are in fact surjective, so
the map inv/ is an isomorphism H?*(L/K,CL) — 1Z/Z.
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To do this we orders of im(invy) and |H?*(L/K,Cp)|. Again, we use H*(L/K,I}) =
Doevy %Z /Z (Proposition 15.2.4). Making this identification using the invariant maps inv,,
the invariant map takes (a,), € @uevy n—{jZ/Z to0 Yvevy @p. Thus im(invy) = WZ/Z
and

lim(invy )| = lem, (n,).

We have that
lem, (n,) = [im(invy)| = [im(inv})| < [im(p,)| < |[H*(L/K,Cp)| < n, (15.13)

where the last step is the second inequality. We don’t get any information out of this unless
lem,, (n,,) = n. For certain extensions L/K, we do know it is true, though.

Step 7: We show that if L/K is cyclic, then lem,(n,) = n. Let S be the set of ramified
primes and infinite places of K. By Proposition 15.2.8, G(L/K) is generated by the elements
Frobp/k (p) for p & S. Now <Fr0bL/K(p)> is sent to a subgroup of index n, in G(L/K). Since
G(L/K) to be generated by these elements, we must have lem,(n,) = n.

Then equality holds everywhere in (15.13), we have the exact sequence

1
0— H*L/K,L*) = H*(L/K,I;) = H*(L/K,Cp) = ~7]7 — 0,
n
where the map H?(L/K,1,) — +7Z/Z is the invariant map.
Step 8: Taking the direct limit over all L C K, (as defined in Theorem 15.4.7) we get

0—— H*(K,K})—— H*(K./K,I,) — H*(K./K,Cg,) ©Q/Z——0

J]Inf Jlnf J]Inf

00— HY(K) —— H%(K, I) Q/Z

where the top row is exact. By Theorem 15.4.7, the left vertical map is an isomorphism.
The middle map is also an isomorphism because Theorem 15.2.4 gives that it is the map

D H(K:/K.) = D H(K,).

vEVEK vEVEK

This is surjective because H?(K'/K,) = Q/Z via the invariant map, K? being the directed
union of L, with [L, : K,| arbitrarily divisible. Hence it is an isomorphism. Finally, the
right vertical map is clearly an isomorphism. Thus the bottom row is short exact and invg
gives an isomorphism H?*(K,C%) — Q/Z, i.e. the map invy in (15.12). Restricting to
H?*(L'/K,Cyp), it is an isomorphism to ﬁZ/Z for any L', as needed. ]

We are now ready to reap the rewards of our hard work.
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Theorem (Global reciprocity, Theorem 11.6.1). Given a finite abelian extension LK, there
is a unique continuous homomorphism ¢, that is compatible with the local Artin maps,
1.e. the following diagram commutes:

e — 25 G(L/K)

KX —%G(LV/K,).
Moreover, ¢r i satisfies the following properties.

1. (Isomorphism) For every finite abelian extension L/K, ¢k defines an isomorphism
¢k : Cre/Nmy(Cp) = I /(K* - Nmy g (1)) = G(L/K).

2. (Compatibility over all extensions) For L C M, L, M both finite abelian extensions of
K, the following commutes:
G(M/K)

drM K
pL

e Z5G(L K)

Thus we can define ¢ := @L/K betian OL/K @S @ map L — G(K®/K).

3. (Compatibility with norm map) ¢ is a continuous homomorphism Iy — G(K®/K),
and the following commutes.

I~ G(L®/L)

JNmL/K J{'|Kab

T 255 G(K®/K)

Proof. By Theorem 15.5.1 and the abstract reciprocity law (Theorem 14.4.8) we get isomor-
phisms ¢ ;- : Cx/Nmp/r Cp, — G (L/K) satisfying the required compatibility properties.
We only have to check that ¢/ /K = OL/K (recall we defined ¢,k as the product of local
maps). From Theorem 14.4.9, for every character x, (¢}, (a)) = invi(aUdx). But this
is also true for ¢ /x by Proposition 15.4.2. Hence ¢r,x = ¢’L/K, as needed.

Uniqueness is clear from the condition that ¢ restricts to the local Artin maps. O

6 Existence theorem

We now prove the existence theorem for global class field theory.

277



Number Theory, §15.6

Proof of Theorem 11.6.3 and Theorem 11.6.4. This involves explicitly constructing norm groups
and calculating norm indices, which overlaps with Section 3.2. The proof is omitted for now.
See Cassels-Frohlich [CF69], pg. 201-202.

Theorem 11.6.4 now follows from the Existence Theorem and Theorem 14.4.13. O

Finally, we prove that ¢x gives a topological isomorphism I /K*(KX)? — G(K*/K).
This finishes the proof of all theorems of global class field theory.

Proof of Theorem 11.6.5. First we prove that ¢y is surjective. We know that ¢y, /x : Ix —
G(Hk/K) is surjective, where H is the Hilbert class field (See Definition 5), since this is a
finite extensions. Thus it suffices to show ¢, /k : Ix — G(K®/Hy) is surjective.

We know that for each place v of K, ¢x : K, - W(K?/K,) is surjective (Theo-
rem 11.2.4). Restricting to U,, we get that ¢x|v, : U, - [(K*/K,) = I,(K*/K) is sur-
jective. Since K* ([Tyevy Uy) /K™ C Ik, it suffices to show [[yev, L.(K*/K) = G(K*/K).
Let K*>" denote the maximal abelian extension of K unramified at v. We have by Theo-
rem 2.7.2 that

[T LK™/ = T GUe™/Keb) =G(Kab/ N Ksb“r) = G(K/Hy)

since Hg is the maximal abelian extension unramified at all places. This shows surjectivity.
To show the kernel is K*(KX)° note that this is exactly the intersection of all open
subsets of finite index in Ix. O
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Chapter 16

Applications

In this chapter we give several important applications of class field theory to number theory,
rewarding the reader for reading the difficult proofs in the last few chapters (or conversely,
motivating the reader to read the proofs).

Why is class field theory useful? It relates a field K to its Galois group G(K**/K), so
transfers information about the extensions of a field into information contained in the field
itself, or conversely, relates the behavior of elements in the field K, to their behavior in
various extension fields. Moreover, because the global Artin map is constructed from the
local Artin maps, questions in number theory involving global fields like Q can be understood
by patching together information from its completions (local fields). In the chapter, we will
use the full power of class field theory to give solutions to the following problems.

Throughout, we will assume that K is a number field.

1.

Reciprocity laws: We show, roughly, that whether a prime p is a perfect nth power
modulo ¢, depends only on ¢ mod p (actually, some multiple of p). Reciprocity hence
shows that the Legendre symbol (f), is like a group homomorphism in both the top
and bottom. The Artin isomorphism will give us the homomorphism in the bottom.

Local-to-global principle: We show the Hasse-Minkowski theorem: a quadratic
form has a solution in K iff it has a solution in every completion of K.

Density of primes: We prove the Chebotarev density theorem on the distribution
of prime ideals in a number field.

Splitting of primes: We show how a prime p splits in an abelian extension L/K
depends only on p modulo a ray class group, since splitting behavior can be expressed
in terms of the Artin map (Proposition 11.1.3). We show this characterization is unique
to abelian extensions, and give some examples for splitting in nonabelian extensions.

Maximal unramified abelian extension: We characterize the maximal unramified
abelian extension Hg of a number field K, and show that all ideals of K become
principal in Hg. Hpg can be computed for quadratic extensions using the modular
function j, which we show in Chapter 17.
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6. Primes representated by quadratic forms: We relate quadratic forms to primes
using the Gauss correspondence (Theorem 4.5.1), then use the Hilbert class field to
characterize which primes are represented by a given quadratic form.

7. Artin and Hecke L-functions: We use class field theory to show that for abelian
extensions, all Artin L-functions are Hecke L-functions. This is useful because it is
relatively easy to show Hecke L-functions satisfy nice properties such as analytic con-
tinuation and functional equation. This was Emil Artin’s original motivation for class
field theory.

Finally, we describle how class field theory fits as the “l-dimensional case” of the Langlands
program.

1 Reciprocity laws

First we interpret and generalize the Legendre symbol using class field theory. We derive
a generalize reciprocity law using class field theory, and then specialize to quadratic, cubic,
and biquadratic reciprocity.

Reciprocity laws take two forms. The first is as follows.

Theorem 16.1.1 (Weak reciprocity). Let K be a number field containing all nth roots of
unity. Let p be a fived prime. Then there exists a modulus m and a finite subset S €
I/ Pk1(m), such that for all p relatively prime to m,

p is a perfect nth power mod ¢ <= (¢ mod Pk (m)) € S.
In fact, S is the kernel of a certain homomorphism Ix(m)/ Py (m) — fi,.

This tells us that whether p is a perfect nth power modulo ¢, depends only on the modular
properties of ¢, and is moreover characterized by a group homomorphism. However, it does
not give an efficient method to actually determine whether p is a perfect nth power modulo
q. To get this we turn to strong reciprocity.

We know that the Legendre symbol (;) (and its generalizations to nth powers, (;)n),
is a homomorphism in the upper component as well, so it is natural to relate these two

—1
homomorphisms: what is their ratio (g) (%) ? This will give us a natural algorithm to
n n

compute the Legendre symbol (%) . We will prove strong reciprocity at the end of this
n
section, after we discuss the Hilbert symbol.

1.1 Weak reciprocity and the Legendre symbol

The key observations linking reciprocity to the Artin map are that a is a perfect nth power
Np—1 -1
modulo p iff ¢~ % = 1 (mod p) (just like (%) — oz in the quadratic case), and the

homomorphism a — o™ can be linked to the Frobenius map.
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Definition 16.1.2: Let K be a number field containing an nth root of unity, and let p be
a prime ideal with an L 91p. Define the Legendre symbol (%) to be the unique nth root
of unity ¢ such that
Np—1
(=an (mod p).
To see this is well-defined, note the following two points.
1. The nth roots of unity are distinct modulo p because n L p. Hence % is an integer.

Np—1

2. (a7 )*=1=1 (mod p) by Fermat’s little theorem so a™
nth root of unity.

is equivalent to a unique

Proposition 16.1.3: Let K be a number field containing an nth root of unity, let p be a
prime ideal with an L 91p. Then a is a perfect nth power modulo p iff (%) =1

Proof. Let the residue field of p be k. As k* has order 91p — 1 and is generated by 1 element,

a is a perfect nth power modulo p iff o = (%) =1. O

a

Proposition 16.1.4: (5) is a group homomorphism factoring through O /p.

Proof. Clear. O

How can class field theory give us an expression like this? Well, the Frobenius element

Np—1
corresponding to p acts like taking the 9p power modulo p. How do we get to a w7 By
acting by the Frobenius on /a instead.

Proposition 16.1.5: The following holds:

(2) - [M/K%(@

where L = K({/a).

Proof. First note p { an implies that K (/a)/K is unramified at p, by Theorem 8.2.5.
By definition 7k (p) is the homomorphism that sends b to > modulo p. Thus

n Mp-1
W) (Va) = /a ¥ =a 7 Ya (mod p).
But /a satisfies X™ —a = 0, so (p, L/K) must send {/a to (/a where ( is some root of

unity. The above equation shows that we must have ( = (5) , as needed. O

We define (%)n for any b € I}?a) by extending multiplicatively the map (%), originally

. . L 0)]( %
defined for primes p. Equivalently (by Proposition 16.1.5), define (%) = W.l
We can now prove weak reciprocity.
"'We can extend the definition to all prime elements p by definining (%) = %\/Z))(W, then extend
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Proof of Theorem 16.1.1. By Proposition 16.1.5,

(z)n _ [ %)/;ép)](%)'

(16.1)

Taking a = p and p = (q), we get

(p) _ Wrym/x(@I(¥/D)
q/, /P '

Let m be the conductor of K (/p)/ K. Since ¥k yp)/x is an homomorphism on I /i( Py 1 (m))
(Theorem 11.4.1), its kernel contains i(Pg 1(m)). In other words, when ¢ € i(Px1(m)), then
(Q) _ Wk(ya/x@I(VP) _ id(%/p)

b vp =~ = 1 and p is a perfect nth power modulo gq. O

1.2 Strong reciprocity and the Hilbert symbol

To prove strong reciprocity we need to actually compute (16.1). Supposing p is a principal
ideal (b), our statement about reciprocity seems to suggest that b and a play similar roles in
the equation:?

b/n Va
However, (16.2) is not symmetric. We seek to symmetrize it.

But look at Proposition 13.2.2. Equation (16.1) is the character corresponding to the
element a € K*. Using the map in Kummer Theory, we can get the equation symmetric in
a and b. In fact, we did this already when we defined the Hilbert symbol.

If motivation was lacking when we defined the Hilbert symbol, hopefully this clears things
up: it explains and clarify the duality in @ and b observed above by making it symmetric in
a and b.

Proposition 16.1.6: Let b { n be prime in K and K} the completion at b. Let (), :
Ky /K" x K /K™ — u, denote the Hilbert symbol. Then for a L b,

a
((I, b)b,n = <6)
In general, if K ({/a)/K,(a) is unramified,

(—1)v(@v®) gulb) p=vla)
™ n .

n

(0.D) 7 = (

where (a,b),,, denotes (a,b),, when a,b are considered in K,.

the definition of (%) to encompass any b € K* by multiplicativity. For instance, in the case n = 2, this
gives the Jacobi symbol. For b = 2, (%) tells us whether a is a perfect square modulo any power of 2.

2Caution: we're using the Artin map on ideals; we write Y1k (b) to mean vr /i ((b)). In contrast,
¢r/K(b) = 1since b € K.
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Proof. Proposition 16.1.5 and Proposition 14.6.3 give

(2) _ Wyx®)](Va) _ [Yr,k0)](/a)

b . {‘/a = {’/a = (a,b)bm.

k

For the second part write a = mu and b = 7%« where u, 4 are units, and use bilinear-

ity 14.6.4 to compute

(mIu, 7)) = (7, 78" ) (u, )" (u,u’) = 1 since K({/a) unramified, 14.6.5
. . k
= (7, —)7* (7, (=1)*u/)? (E) by the first part
T/ n
CruN\k
= ((=1)Fd/ 7)™ <—) (m,—m) =1, Theorem 14.6.4(2)
T/ n
B _l)kul —Jj (u)k
N ™ n T/ n
ko /1—j

™

()
(),
o

(_ 1)1} a)v(b)av(b) b—v(a) )

The last main ingredient is the product formula for Hilbert symbols.

Theorem 16.1.7 (Product formula for Hilbert symbols). Let K be a number field containing
the nth roots of unity. Then

II (a,0), = 1.

veEVK

Proof. Using the fact that the global Artin map can be written as the product of local Artin
maps,

H ¢KU(%)/Ku(b> = ¢x(b) =1,

veVK

o( Va)

because ¢k is the identity on K. Now operate on this by the character x(o) = ~va € K
and use Proposition 14.6.3 to get

II (@.0)y = I x(dr(va)yx(®d) = 1.

vEVEK vEVEK

3

Combining Proposition 16.1.6 and 16.1.7 gives the strong reciprocity law.
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Theorem 16.1.8 (Strong reciprocity). Let K be a number field containing a primitive nth
root of unity and suppose a,b,n are pairwise relatively prime. Then

(5).(2), = I

Suppose b,n are relatively prime and a is a prime diwiding n. Then

(3) = T @b

n v|noo

Proof. Suppose a, b, n are pairwise relatively prime. For a number ¢ let S(c) denote the finite

places v where v(c) # 0. We calculate (E)n and (g)n using multiplicativity. We have

D.(), - (i) () |
n . - v vr(a (b) - H Trvﬁ( ) ) (CL) - H va(a)
<b)n (CL n HﬂES(b) mon(b) Hﬂ'GS(a) on(a) reS(b) r€S(a)

B H a vr (b) H (b>—vw(a)
v E€S(b) Tn vr€S(a) T/ n
a v (b) b—vw(a)
-1 (9" 1 ()
vr€S(D) n vr€S(a) n
= I] (a.0)s ][ (a,b), by Proposition 16.1.6
veS(b) veS(a)
= II (a,b). (a,b)c =1, (a,b), = 1 when a,b € U,, 14.6.5
vinoo
= H (b, a),
v|noo

where in the last step we used the product formula 16.1.7, which tells us [,ev, (a,b), = 1.

Now suppose a is a prime dividing n. Then again using multiplicativity, Proposi-
tion 16.1.6, and the fact that (a,b), =1 for v | noo, n 1 a (Corollary 14.6.5),

<%) - H <a)vﬂ(b): H (a’b)v: H(a’b)v-

n vr€S(b) T veS(b) v|noo

O

In practice, we can compute the action of the Hilbert symbol for each v | noo, since
K}/KS™ is a finite set. We will carry out these computations in the cases n = 2,4, for

K =Q and Q(7).
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1.3 Quadratic and biquadratic reciprocity

We derive quadratic and biquadratic reciprocity using Theorem 16.1.8.

Theorem 16.1.9 (Quadratic reciprocity). Let p,q be odd primes. Then

F)-cr (- (-

Proof. The first follows from definition of the Legendre symbol. By strong reciprocity 16.1.8,

(i) = (2,p)2

Py (q) _
<q> <p> (P @)
Let U® denote 1+ (2) in Q.

1. We have (2,p); = 1 iff p is a norm from Qy(v/2) (Theorem 14.6.4), iff p is in the form
22 —2y% in Q,. Looking at this modulo 8, we must have p € {1,5}2Z. This is sufficient
as we know [Q5 : NmQQ(\@)/@Q(@Q(\@)X)] = [Q2(v2) : Q] = 2, so we must have

Nmg, (3/0,(Qa(v2)*) = {1,5}2% Hence (2,p)s = 1 iff p = 1,5 (mod 8), iff 2 is

even. This gives
2 P21
(0)-cr
p

2. We have (p, q). = 1 iff ¢ € N := Nmg,(,5)/0,(Q2(/p)*), iff ¢ is in the form z* — py?.

(a) If p = 1 (mod 4), then 2% — py? can attain any odd residue modulo 8. Since
[@Q : N] = [Qa(/D) : Q2] <2, we have U®222 = Q3* C N. Since N contains all
residues modulo 8, U2?2 C N. Hence q € N, and (p, )2 = 1.

(b) If p = 3 (mod 4), then 2% — py? cannot be 3 (mod 4). Hence N = U®2% and
g€ N iff g=1 (mod 4). Hence (p,q); =1iff ¢ =1 (mod 4).
—1

It remains to note (—1)%'%1 = 1 iff either p =1 (mod 4) or ¢ =1 (mod 4). O

Theorem 16.1.10 (Biquadratic reciprocity). Suppose p,q are primes in Z[i| with p,q = 1

(mod (1+i)?). Then
(2), - (),

Note every prime contains an associate that is equivalent to 1 (mod 4).

Proof. Note p=1 (mod (1+1)3) means p=1 or 1 +2i (mod (1 +14)3).
By strong reciprocity 16.1.8,

-1
D q -1
- - =q,p A4 = P, q .
<Q>4 (p)4 (7:P)2a = )274

We have (p,q)24 = 1 iff ¢ € Nmg,(, 5)/0,(Qa(,/p)*). Consider 2 cases.
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1. 9Mp =1 (mod 8). Equivalently (writing out p = a+bi and calculating the norm), p = 1
(mod 8). We can calculate that (1 4+ i)%U®) C N := Nmg, (5.0)/0.0) (Q2(y/P, 7)), s0
q € N. (The calculations are lengthy, but here’s the idea: by examining the structure
of Qy(i), or using Proposition 15.3.2, we find that Qo(i)** = U (1 +4)*2. Hence the
norm group N satisfies

UD(1+4)" C N C Qy(i)*

and has index at most 4. Now calculate the norm of enough numbers in Q3 (,/p, %) until
we can determine (1 +)*2U®) C N. Using a computer algebra system is advised.)

2. Mp =5 (mod 8). Equivalently, p =5 (mod 8). We can calculate that (1 +4)*ZU®) C

NmQQ(\/@/%(QQ(\/ﬁ)X) but (1 + 22)(1 + i)4ZU(3) Q NmQ2(ﬁ)/Q2(Q2(\/]_))X). Hence
(p,q)a=1iff g =1 (mod 4), i.e. iff Ng =1 (mod 8).

In the case where 9p, Mg = 5 (mod 8), we have (p,q)7 = (p,¢*)s = 1 but (p,q)s # 1 so
(p7 Q)4 = -1 O

1.4 Reciprocity for odd primes

We give an algorithm for finding reciprocity laws for Q(¢,)/Q for p prime, and then specialize
to p = 3.

Theorem 16.1.11. Let p be an odd prime, let K = Q((,), and let v be the valuation
corresponding to 1 — C,. Let m =1 — (,. Then the elements

™
771:1_7T:<p
772:1—7T2

np=1—m"

generate K /K)P, and (a,b), is the unique skew-symmetric pairing K, x K — p, satisfying
the following.

1. (m,m’)v = (771',77i+j)v(77i+j7T]j)v(ﬁz'+j,7T)Ej~

1, 1<i<p-—1
¢, 1=p.

2. (niaw)fu - {

Moreover, if i +j > p+1, then (a,b), =1 for alla € UD and b € UV,

We start with the following lemma.
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Lemma 16.1.12. Let K be a number field containing pth roots of unity. Let ¢ be a primitive
pth root of unity, m =1 —(, and p a prime dwiding 7. Suppose a =1+ 7wPc withm=1—(
and ¢ € O,. Then for all b,

(CL, b)p =( trg/my, (€)vp (b)

We will just need the case where K = Q((,), in which case k = F,,.

Proof. Because a ¢ p, K(¥/a)/K is unramified by Lemma 8.2.5. We have (cf. Proposi-
tion 6.2.2)

-1
c—1 Y
(1—mp—1

= G-m-1

= 7 —prP P+ p=0
— 7"'=—p (mod pr)

and we get
Pl

5 =—1 (mod p). (16.3)

Let a = ¢/a be a pth root of a, and write « = 1 + 7z, where x € L. Now o™ —
a = 0 becomes (1 + mx)? — (1 + 7Pc) = 0. Hence z is a zero of the polynomial f(X) =
L (14 mz)? — (1 + 7Pc)). Using (16.4), we find that f(X) is integral, so € Oy, and that
modulo 7,

1
f(X) = — (a"a" + pra —7’c) =2’ —x —c (mod )
T

Let 9p = p/. Letting o be the Frobenius, we find that o(z) = 27’ (mod p). Note that
=@+ =2+ (mod p).
Hence by induction
ox)=a" =z 44+ +--- 4+ =z +trgm, (©) (16.4)
in k. Now by Proposition 14.6.3,

(a,1), = Peateria(®))(e) _ 0"0(a)

« «

To get the second equality, note that by construction, ¢, (a)/x, (7) is the Frobenius element;
as Kr(a)/K; is unramified, Ux, C ker ¢k, (a)/k, (Example 14.5.1), and the Artin map
depends only on v(b). We have

(a,b), = ¢" where ("a = " («);
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to find n we reduce both sides modulo pr. We calculate

Ca=(1-m)(1+7mz)=1+ (z—1)7r (mod p7) (16.5)
= ("a=1+(z—n)r (mod pr) (16.6)
0"®(z) = x4+ v(b) tryr, (€) (mod ) by (16.4) (16.7)
= 0"®(a) =1+ (z +v(b) tryr, (€))7  (mod pr). (16.8)
Matching (16.6) and (16.8) gives n = —v(b) try/r,(¢) and
(a,b), = ¢"O "5 @ (mod 7).
0

In particular, note that (a,b), = 1if a = 1 (mod 7P*!). By nondegeneracy of the pairing
(Theorem 14.6.4), we get that a € (K.)?. Hence UV C (KX)P.

Proof of Theorem 16.1.11. Note that n; generates UW /U and 7 generates KX /(KX )PUM,
As mentioned above, U®*) C (KX)P so 7, my,...,1n, generate KX /(KX)P. Since the group
has order ﬁ = pP™! (Proposition 15.3.2), these generators are independent.

We use a relation between the 7;,7; to derive the first relation. Namely, we have % +
i+j

i
(77 M) 1
Niti  Miti/

Mitj
by Theorem 14.6.4. Note (a,—1) = 1 for any a because —1 is a pth power. Expanding the
above bilinearity gives

72 =1 so

1= (nj, 7 0:) Mg, ™ 00) " iy —=Mitg) Wiy = 1) (0, igg)
1 1
= (nj,m) (nj,7’) (772'+j7W)_J<7]i+j>77i>_1(7]j;ni—l—j)_l
~—
:1,77]-+7rJ:1
= (106:05) " Migegs ©) 7 Mg 03) ™ (Mies )
= (’fh"’fb') = (77i777i+j)(77i+j>nj)(niﬂ'ﬂr)ﬂ
This shows item 1. For item 2, note for 1 <4 < p — 1 that since n; + 7 = 1,

1= (77i77ri) = (niaﬂ)i — 1= (%W)-

For ¢« = p, we use the lemma to find

(s ) = ¢ = €

because k = I,.

Note that if i +j > p + 1, then n,,; € UPTD C (KX)P so item 1 gives that (n;,n;) = 1.
Now as a skew-symmetric bilinear pairing (7;,7;) is determined by items 1 and 2, because we
can expand (7;,7;) using item 1, then repeatedly expand factors (the indices increase each
time) until we only have factors in the form (e, 7), and use item 2 to get a value out. O
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We now use this to derive cubic reciprocity.

Theorem 16.1.13 (Cubic reciprocity). Let K = Q(w), where w = (3 = _1%‘/?3 For
a=+1 (mod 30k), write
a=%£(1+3(m+ nw)).

Then

) = (Z>3 ifbLa, b=+1 (mod 30k)
)

Note that if ¢ #Z 1 (mod 3) is prime, then 3 { [F| so any element of ¢ is a cubic residue.
Note any element of K relatively prime to 3 can be written in the from w’(1 — w)’a where
a=%£1 (mod 30k).

Proof. First suppose a,b =1 (mod 3). By Strong Reciprocity 16.1.8,

GL(2), o

Note a,b € U® so by Theorem 16.1.11, (b, a)s = 1. This shows the first equation.
For the second, letting m = 1 — w, note that

(1—7)1 —7%f = 1+ 3w)*A + 32w+ 1) € [1 +3(8 + (26 + a)w)|JUW
Setting @« = n — 2m and § = m, we get
ac(1—a)"2m(1 —73myW
(1—a)>"(1 7% € aU™

Now Theorem 16.1.11 tells us

(w, 1 =m?) = (m,m2) = (3, M) 2 =w
(w, 1 —=7°) = (n1,73) = 1

(m,1 —7?) = (o, m) 1 =1

(m,1—7%) = (g3, m) ' =w .

Thus
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As an application, we show the following.

Theorem 16.1.14. If ¢ =1 (mod 3) is a prime, then 2 is a cubic residue modulo q iff q is
in the form
q=x* 427y  for some x,y € Z.

Proof. Since ¢ = 1 (mod 3), ¢ splits in Ok as aa@. By multiplying by a root of unity, we
may assume « = 1 (mod 30k), i.e. « is in the form o = 3(z + yw) £ 1. In order for 2 to
be a cubic residue, it must be a cubic residue modulo a. If a®* = 2 (mod «), then @ = 2
(mod @), so it would also be a cubic residue modulo @ and hence modulo g.

Now (%) = 1iff (%) = 1, by Cubic Reciprocity 16.1.13. Since 2 remains inert in O,
and the only cube in F} is 1, we get that o must actually be in the form

a=6(z+yw) £ 1.

Taking the norm gives
p=(6x+3y+1)*+27y°

This is in the form 22 +27y?; conversely, any prime in the form z/? 42732 must have 2’ = 1
(mod 3), and hence is in the above form. O

2 Hasse-Minkowski Theorem

The global Artin map can be expressed as the product of local Artin maps. From class
field theory, we get various “local-to-global” results such as the Hasse-Brauer-Noether The-
orem 15.3.5 and the Hasse Norm Theorem 16.2.2. The most famous is the local-to-global
principle for quadratic forms, the Hasse-Minkowski Theorem.

Definition 16.2.1: A quadratic form is said to represent a if there is a solution to
¢(X1,...,X,) =awith (zq,...,2,) # (0,...,0). A quadratic form representing 0 is said to
be isotropic.

(For a review of quadratic forms, see Chapter 4.)

Where class field theory comes in is that a quadratic form in 2 variables representing
a number a can be interpreted as a norm equation, a = z? + by?. We can write this as
a=(z+yvb)(x —yvb) = Nmye( 5k (T + yv/b) when vb ¢ K. Class field theory gives us
a local-to-global theorem for norms, the Hasse Norm Theorem. This will prove the n = 2
case of Hasse-Minkowski. Then a series of elaborate reductions will prove the local-to-global
principal for any number of variables.

2.1 Hasse norm theorem

Theorem 16.2.2 (Hasse norm theorem). Suppose L/K is cyclic. Then a is a global norm
iff it is a local norm everywhere: a € Nmp x L™ iff a € Nmpo, g, L** for all v € V.
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Compare this to the proof of Theorem 15.3.5.

Proof. The forward direction is clear.
Let G = G(L/K). Take the long exact sequence in Tate cohomology of

0—>L"—1I,—-C,—0
to get the top row of the following.

Y@, Cr) —— HAG, LX) ——— S H(G, ;) ————— - - (16.9)

0 ———— K*/Nmy/x L*—— @Ppevy K/ Nmpg, (L")

We explain the bottom row. First note the equalities of H% are by definition of H3,
plus Proposition 15.2.4. Next note cohomology is 2-periodic because G is cyclic (Propo-
sition 12.12.1), and H3(G, Cr) = 0 by Theorem 15.3.1 (HT90 for ideles), so

H:'(G,Cp) = H1(G,C) = 0.

Then (16.9) gives that the map K*/Nmy /x L™ < @uev, K/ Nmg, (L) is injective. If
a € K* is a norm in every completion, then it is 0 in @Pyev, K/ Nmg, (L"), hence 0 in
K*/Nmypkx L*, hence a global norm. O

2.2 Quadratic forms

We prove the following.
Theorem 16.2.3 (Hasse-Minkowski). Let K be a number field. The following hold.

1. A quadratic form f defined over K represents a iff f represents a in every completion
K,.

2. Two quadratic forms over K are equivalent iff they are equivalent over every completion
K,.

First we note that item 1 implies item 2.

Proof that 1 implies 2. The forward direction is clear. For the reverse direction, induct on
the rank n, n = 0 being the base case. Suppose f, g are equivalent over every completion
K,. Suppose f represents a. Then f represents a over every K,. Since g ~ f over every K,
g represents a over every K,. By item 1, g represents a.

Thus we can write f ~ aX? + f/, g ~ aX?+ ¢. Now aX? + f' ~ aX? + ¢ over every
K, implies (see Serre [Ser73, IV.1.7, Prop. 4]|) f' ~ ¢ over every K,. By the induction
hypothesis, f" ~ ¢ over K. Thus f ~ g. O
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Next we show that we can reduce item 1 to a statement about quadratic forms repre-
senting 0.

Lemma 16.2.4. Suppose char(K) # 2. An nondegenerate isotropic quadratic form over K
represents all of K.

Proof. Let B be the bilinear form associated to q. Suppose x # 0 is such that ¢(x) = 0. Since
q is nondegenerate, there exists y such that B(x,y) # 0. Then ¢(x+ay) = a?q(y)+2aB(x,y)
attains every value as a ranges over K. 0

Lemma 16.2.5. A quadratic form q(Xy,..., X, 1) represents a iff ¢(X1,..., Xp_1) — aX?
represents 0.

Proof. For the forward direction, suppose q(z1, ..., Z,_1) = a. Then q(zy,..., 2, 1)—a-1% =
0.

For the reverse direction, let (z1,. .., z,) be asolution. If z,, = 0 then ¢(xy,...,z,) = 0so
q represents 0. Thus ¢ is isotropic and represents a. If x,, # 0 then ¢ (;C—i, . x”*) =a. O

? Tn

Thus it suffices to prove item 1 of Hasse-Minkowski for a = 0. Specifically, item 1 for
forms with n variables is a consequence of item 1 for @ = 0 for forms with n + 1 variables.
We now prove Hasse-Minkowski. Every quadratic form over a field not of characteristic 2
can be put in diagonal form, so it suffices to consider diagonal forms. By scaling, we may
assume one of the coefficients is 1.

2.2.1 Proof for n <2

For n =1 the theorem is trivial. For n = 2, we need the following.
Lemma 16.2.6. An element a € K is a square iff it is a square in every completion K,.

Proof. (cf. the proof of Proposition 15.2.8) The forward direction is clear.
So suppose a is a square in every completion. Then K,(v/a) = K so Nmy (a)/x, Ko(vVa)* =
K. This shows Nm( /z)/x (Ix(/a)) = Ix. By the first inequality 15.2.1,

[K(va) : K] < [Ig : Nmye( )5 Txa)] =1

so K(y/a) = K, i.e. ais a square in K. O

Now a quadratic form
¢ X,)Y)=X?*—aY?

represents 0 iff a is a square (it rearranges to (%)2 = a), so q represents 0 over K if it
represents 0 over every K,.
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2.2.2 Proof for n =3
As promised, we re-express the condition for p(z) to represent 0 as a condition on norms.

Lemma 16.2.7. Let K be any field. A quadratic form
(X,Y,Z) = X* - bY? - cZ?

represents 0 iff c € NmK(\/E)/K(K(\/E)X).

Proof. Note if q(x,y,z) = 0 with z = 0, then b must be a perfect square. If b is a perfect
square then K (v/b)/K is trivial and ¢ is trivially a norm.
So it suffices to consider solutions with z # 0 and b not a perfect square. In this case,

2 —by* —cz?=0
iff
o (€ b - B8 S (- HY)
O

By the Hasse Norm Theorem 16.2.2, ¢ € NmK(\/E)/K(K(\/E)X) if this is true for every
completion K,. Combined with the lemma above, this gives Hasse-Minkowski for n = 3.
We will need the following in the proof for n > 5.

Lemma 16.2.8. The form f = X?—bY?—cZ? represents 0 in a local field K, iff (b, c), = 1.
Moreover, f represents 0 in K, for all but a finite number of places v.

Proof. Note f represents 0 iff ¢ € NmK(\/E)(K(\/B)X), which is equivalent to (b,¢), = 1 by
Theorem 14.6.4. Only finitely many of these are not equal to 1 by Corollary 14.6.5. [

2.2.3 Proof forn=4

We reduce the n = 4 case to the n = 3 case (but for a different field extension) by the following
string of equivalences. The brilliant idea here is to turn the quadratic form equation into a
quotient of norms.

Theorem 16.2.9. For any field K, the following are equivalent, for a,b,c € K*.
1. The form f(X,Y,Z,T) = X? —bY? — cZ* + acT? represents 0 in K.
2. ¢ is a product of norms from K(\/a) and K(v/b):

c € NIHK(\/E)/K(K(\/E)X) NmK(\/E)/K(K(\/Z)X)
3. ¢ € Ny iy i (van) (K (Va, Vb)),
4. The form g(X,Y,Z) = X% — bY? — cZ? represents 0 in K(\/ab).
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Proof. (1) <= (2): If (z,y,z,t) is a solution with 2? — at* = 0, then z* — by* = 0 as
well. Then a,b are squares in K and (2) is clear. So it suffices to consider solutions with
22 — at? # 0. In that case,

% — by?
22 — at?

= (= Vby)(z + Vby)(z = Vat) " (z + Vat) ™,

2 —byP —cttact? =0 <= c=
and this has a solution iff (2) holds.

(4) <= (3): Applying Lemma 16.2.7, we see (4) is equivalent to ¢ being a norm from

K(\/Bv \/%)/K(\/%) But K(\/E’ \/%) = K(\/a> \/5)

(2) <= (3): This is the hard part. We consider the field extensions

L= K(ya, Vb)

e
K( /a) L7 = K(v/ab) LI'=K
\K/

If any of a,b, ab is in K*? then the result is clear: If a € K*? then both (2) and (3) are true
for any ¢, since K(y/a) = K and K (y/a,vb) = K(vab). If ab € K*? then K(\/a) = K(v/b)
so both (2) and (3) are equivalent to ¢ € Nmy (/g /x (K (v/a)*).

Now assume a, b, ab ¢ K*. In this case G(K(vab)/K) = 7Z/2 x 72 with the 3 subex-
tensions corresponding to 3 subgroups. Let o be the non-identity element fixing K (y/a), 7 fix
K(Vb) and p = o7 fix K(v/ab). (Le. o switches +v/b and 7 switches ++/a.) We convert the
statements in (2) and (3) into the language of Galois theory, using the fixed field theorem.

Note (2) is equivalent to the following:

Lo = (V)

(2)":  There exist z,y € L, o(z) =xz,7(y) =y, zp(x)yp(y) = c.
To go between these statements take
¢ =z—at,y=1x—Vby
and note p conjugates both /a and Vb. Similarly, (3) is equivalent to the following.
(3)":  There exists z € L, zp(2) = ¢;

just take 2 = (z — vby)(z — y/az). To go from (2) to (3)' just take z = xy. To go back
from (3) to (2)’ requires more work. Given z, let u = 222 Now o(u) = u and up(u) =
2200w = 1 Since o(u) = u. ie. u € K(ya), and G(K(va)/K) = {1,7|ka}: by

c2
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Hilbert’s Theorem 90 (13.1.1) there exists © € K(y/a) (i.e. x satisfying o(z) = x) such that

% =u. Set y = @. We've chosen z satisfying the conditions. For y, note

T(y) = (z) TP=0
o) @,
_ < " zo(z)

Finally, zyp(zy) = p(z)p(p(z)) = c. This shows (2)) = (3)’ and finishes the proof. O

Now we show Hasse-Minkowski holds for n = 4. By (1) <= (4) in Theorem 16.2.9,
Hasse-Minkowski for f = X? —bY? — ¢Z? + acT? over K is equivalent to Hasse-Minkowski
for g = X2 — bY? — ¢Z? over K(v/ab), and we have already proved Hasse-Minkowski for
n = 3.

2.2.4 Proof forn>5

We now prove Hasse-Minkowski for n > 5. We proceed by induction. The idea is to “replace”
aX? + X2 by just cX?.
Suppose it proved for n — 1, and write

f(X1,..., X)) =aX?+bX3 — g(Xs,..., X,).
Suppose f represents 0 in each K,. Then there exists ¢, such that
aX?+0X: =c, = g(Xs,...,X,)

has a nontrivial solution in K,. By Lemma 16.2.8, there exists a finite set S such that g
represents all elements of K, when v € S. We only need to focus on v € S.

Note K% is open in K by Theorem 8.1.5. By the Weak Approximation Theorem 7.3.4,
there exists ¢ such that ¢ € ¢, K? for all v € S. Since ¢, is in the form az? + bz, so is c.
Then ¢ = g(X3, ..., X,) has a solution for all v.

Thus

(X, Xs,...,X,) = cX? = g(Xs,...,X,)

represents 0 in all K,,. By the induction hypothesis, it represents 0 in K as well. Then f rep-
resents 0: if ¢ = ax? + bz then replace the solution (z, 3, ..., x,) with (xz1, T2, T3, . . ., Tp,).
This finishes the proof.

We now use Hasse-Minkowski show that most quadratic forms in n > 5 variables represent

0.
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Lemma 16.2.10. A form f = X? — bX? — c¢Z? + acT? represents every nonzero element
over a local field K unless K =R and f is positive definite.
A form f in n > 5 wvariables over K represents 0 unless K is real and f is definite.

Proof. First we show that if f does not represent 0 in K, then a,b € K*?, ab € K*?, and ¢ &
Nz K(vVa)* = Nmy s K(vb)*. Ifaor bisin K*? then f clearly represents 0, so a, b ¢
K*?. By ~ (1) = ~ (2) of Theorem 16.2.9, ¢ € Nmy( /a)/x (K(v/a)*) NmK(\/g)/K(K(\/g)X).
If K(y/a) # K(v/b), then the norm groups are distinct groups of index 2 in K*, by the cor-

respondence between norm groups and extensions. Then their product must be all of K*|
a contradiction. Hence, K(y/a) = K(v/b) and ab € K*2. Then ~ (2) becomes simply
¢ & Nmg(/a)rx(K(Va)*).

Conversely, suppose a,b & K*? ab € K*% andc & Nmy(a) K(vVa)* = Nmy 5 K(Vb)*.
Let N := Nmy( /a),x(K(y/a)*); as noted it has index 2 in K*. Then

{2 = by® — c2* + act® : 2,y, 2, t € K not all zero} = {z* — by’} — cfz* — at’} = N —cN

where A + B denotes {a+b:a€ Abe B}. Since c ¢ N, 0 ¢ N —cN. Since N — ¢N is
invariant under multiplication by elements of /V, it is a union of cosets of N. Suppose that
N —cN # K*. Then N — ¢N is either N or ¢V, and

{N —¢N,cN — ¢*N} = {N,cN}

SO
N —¢N +¢N — N =N +¢N.

If =1 € N,then N+c¢N = N —cN is ¢N or N, which is a contradiction because 0 is in the
LHS above. Hence —1 ¢ N. Then

(N —cN)—(¢cN —c*N) € {N —cN,cN — N} = {N,cN}

Now ¢,—1 & N imply —c € N, so (N —cN) — (cN —*N)=N+ N+ N+ N € {N,cN}.
We have 12 +12 +12 4+ 12 =22 ¢ Nand 32 +4> =52, so N+ N+ N+ N = N and
N + N = N (as it is a union of cosets). This implies that there exists a choice of sign in
K: K* is the disjoint union of the closed semigroups N of “positive” elements and —N of
“negative” elements. If K is p-adic then this cannot happen as we must have N D Z = K
where ® denotes closure in the v-adic topology. The only possibility is K = R. Because N
consists just of positive numbers, f is positive definite. This proves the first part.

For the second part, write f(Xi,...,X,) = g(X1,...,X,1) — a, X2, By the first part,
9(X1,...,X,_1) represents every element of K* unless K = R and g is positive definite.
(Just consider g(X7,...,X4,0,...,0).) In the first case, g represents a, so f represents 0.
In the second case, g represents all positive reals, and f fails to represents all reals iff a,, is
negative, i.e. f is positive definite. m

Corollary 16.2.11. A form f in n > 5 variables represents 0 in K unless there is a real
place v with f positive definite in K,.

Proof. This follows directly from Lemma 16.2.10 and the Hasse-Minkowski Theorem 16.2.3.
O
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3 Chebotarev density theorem

Definition 16.3.1: The density of a set of primes S in K is d if

<
J— pig P ES I < N}

N=oo  {p|Mp < N}

The Dirichlet density of a set of primes S in K is ¢ if

1
. ZPES (_)’t s
6 = lim 71}3
s—1t  In 51

(Note that 3, ﬁ ~ In ﬁ as s — 17 by a weak version of the prime number theorem for
number fields.)

Note if a set of primes has density d, then it has Dirichlet density d (an exercise in
partial summation), but a set of primes having a Dirichlet density may not have a well-
defined density.

Theorem 16.3.2 (Chebotarev density theorem). Let L/K be a finite Galois extension of
number fields, and let C' be a conjugacy class G. The set of prime ideals p of K such that
(p, L/K) = C has density %

In the special case that GG is abelian, the conjugacy classes are just elements and they
occur with density ‘—é' An especially notable case is the following.

Example 16.3.3 (Dirichlet): Let n € N and & be relatively prime to n. Then the set

{q prime | ¢g=k (mod n)}

has density ﬁ.
Indeed, Chebotarev gives that the density of ¢ where (¢, L/K) is a specific element is

ﬁ. By Example 11.1.6, this gives that the density of ¢ being a specific (relatively prime)

residue modulo n is ——.
(n)

Example 16.3.4: If L/K is a Galois extension, then the density of primes of K splitting

in L is ﬁ

Indeed, a prime splits completely iff (p, L/K) = 1, by Proposition 11.1.3.

3.1 Proof

We prove a weaker form of the Chebotarev Density Theorem, with Dirichlet density. We
will need the following.
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Theorem 16.3.5 (Dirichlet’s theorem for number fields). Let K be a number field, let H be
a congruence subgroup modulo m, and let K be a class in Iz /H. The set of prime ideals p

of K such that p € K has density ﬁ
.
Proof. See Lang [Lan94, VIIL. §4] for the proof with Dirichlet density. O

In the proof below, we use “density” to mean “Dirichlet density.”

Proof of Chebotarev Density Theorem 16.3.2. We can’t deal with nonabelian extensions di-
rectly, so the idea is to reduce to the abelian case as follows. Consider L/L7; this is cyclic.
A prime B in L with (B, L/K) = o descends to a prime B’ such that (', L/L7) = o|r-.
Since L/L? is abelian, these primes P’ are characterzed by a modular condition, and we
can find their density using Theorem 16.3.5. Then we will relate the density of primes with
(p, L/K) = C to the density of primes with (3, L/K) = o.

L SL,O’
Le 1:% SL/
K

S={p:(p,L/K)=C}.

Note that fixing o € C, p € S iff there exists P | p in L such that (P, L/K) = o.
Suppose o € C has order f. Then L/L? is a cyclic extension of degree f. Let ¢ be the
conductor of this extension. The Artin map gives an isomorphism

Let

I, /H = G(L/K°)

for some congruence subgroup H.
Let SL, be those primes in L whose Frobenius element is o

Spo ={B: (B, L/K) =0},

(Note that Uyec SL» gives all primes above those in S.) Let Sy, be those primes in L' := L
below a prime in L'

Sy = {mﬁLU Z‘BE SL’J}.
We have a bijection Si, = Sp by B — P N L7, because o generates the decomposition
group Dy (P), and L/LPr/x®¥) has no splitting.
Now the density depends only on primes of degree 1 over Q. Since H is a subgroup of
index f in I§,, by Theorem 16.3.5, S;/ has density %
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Given p such that (p, L/K) = C, how many primes P above p satisfy (B, L/K) = o7
Choose By above p. The primes above p are 7P for 7 € G(L/K). Each prime is hit
|Dr/x(B)| = f times. Now we have (7B, L/K) = o iff

7(Po, L/K)T*1 = 0.

The number of such 7 is equal to the order of the stabilizer of the conjugation action (i.e.
the number of elements commuting with 7) which is N divided by the number of elements
in an orbit, i.e. %‘ Hence the number of B lying above p with (B, L/K) = o is

N/IC| N
foolelr

The density of Sg, is % Now every % good primes in L correspond to 1 good prime down
below, so we get the desired density to be

1f [

N/(Clf) N

3.2 Applications

Often, we will need Chebotarev just for the existence of infinitely many primes with (p, L/ K) =
C, or just for the existence of a prime after we exclude a set of zero density. Here is a typical
application.

Corollary 16.3.6. Let K be a number field. There exist infinitely many primes p of Q
such that there is a prime p | p of K with (p, L/K) = C and 9Np = p.

Proof. Chebotarev’s Theorem 16.3.2 says there is a positive Dirichlet density of primes p
with (p, L/K) = C. The Dirichlet density of primes p with residue degree greater than 1
is 0, because a sum of terms of the form p}s with f > 2 converges. Hence infinitely many
primes must remain. ]

Definition 16.3.7: For two sets S, T, we write S < T to mean S C T'U A for some finite
set A, i.e. we have inclusion except for finitely many elements. We write S ~ T if S ~ T

and S R T.
Definition 16.3.8: Define

Spl(M/K) = {p prime of K splitting completely in M }.
Spl(M/K) = {p prime of K unramified in M, f(3/p) = 1 for some B in M}.

If p is unramified in K and f(/p) = 1, we say that B is a split factor of p.
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Note Spl(M/K) = Spl(M/K) if M/K is Galois.
The following says that the primes that split in a Galois extension characterize the
extension uniquely, as well as giving inclusions between extensions.

Theorem 16.3.9. Let L/K and M /K be finite field extensions.

1. If L/K is Galois, then L C M iff Spi(M/K) <~ Spl(L/K).

2. If M/K is Galois, then L C M iff Spl(M/K) = Spl(L/K).

3. If L/K and M/K are Galois, then L = M if and only if Spl(M/K) ~ Spl(L/K).
In (1) and (2), inclusions actually hold.
Proof.

1. Suppose L € M, and p € S?)l(M/K) Say that B | p and f(P/p) = 1. Let P =
B N Ok. Then f(P'/p) = 1. Additionally, e(B/p) = 1 implies e(P’'/p) = 1. Since
L/K is Galois, the ramification indices and residue field degrees are equal for all primes

above p. Hence Spl(M/K)C Spl(L/K).

Conversely suppose Spl(M/K) ~ Spl(L/K). Let N/K be a Galois extension containing
L and M. It suffices to show G(N/M) C G(N/L); then Galois theory gives M D L.

Take any o € G(N/M). By Chebotarev Density 16.3.2, there exist infinitely many
primes p in K such that (p, N/K) = [o]. For such a prime p, let 8 be a prime lying
above p in N such that (B, N/K) = o and let P’ = P N Oy;. For such a prime we
have
a=oc(a)=a™ (mod*P), ac€ Oy.

The left equality holds because o fixes M and the right equality holds by definition of
(B, N/K). Hence Op /P C Fyp = Ok/p, and equality must hold. In other words,
F(B'/p) = 1. Hence p € Spl(M/K). Since Spl(M/K) & Spl(L/K), we can take p such
that p € Spl(L/K) as well. Then o|, =1 hence G(N/M) C G(N/L) and M D L.

2. Suppose L C M. Then any prime splitting completely in M splits completely in L, so
Spl(M/K) C Spl(L/K).

Conversely suppose Spl(M/K) ~ Spl(L/K). Let L& be the Galois closure of L. Since
M/K is Galois, Spl(M/K) = Spl(M/K); we also have Spl(L/K) = Spl(L#!/K) (Any
prime splitting completely in L splits completely in the Galois closure, by exercise 2 in
8). Thus

Spl(M/K) C Spl(L*"/K)

and we can apply part 1 to get L& C M; a fortiori L C M.

3. Apply part 2 twice. O
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4 Splitting of primes
4.1 Splitting of primes
Theorem 16.4.1. Let L/K be an extension of number fields.

1. If L9/ K is abelian, then there is a modulus m and a congruence subgroup modulo m
such that

Spl(L/K) = {prime p € H}.
2. If there exists R € Cx(m) = I} /Pk(1,m) such that
{prime pp (mod Pye(1,m)) = &} S Spl(L/K),

(i.e. all but finitely many primes satisfying a certain modular condition split) then
L9 K is abelian.

In other words the law of decomposition of primes in an extension L/K is determined by
modular conditions iff L/K is an abelian extension.

Proof. 3 As Spl(L/K) = Spl(L#/K), it suffices to consider L/K Galois.

Part 1: By global class field theory, the kernel of the Artin map ¢ — G(L/K) is a congruence
subgroup H. But we have by Proposition 11.1.3 that p splits completely iff ¢, x(p) =
(p, L/K) = 1. Hence

H =ker(y/x) = Spl(L/K).
Part 2: Let K, be the ray class field of K modulo m and M = LK,,. There is a natural map

p=p1 Xp2: GIM/K) — G(Kyn/K)x G(L/K) = Cg(m) x G(L/K)

where the second map is given by ¢Z/1K in the first component.
For all but finitely many primes, we have the following string of facts.

1.pe s
2. p e Spl(L/K).
3. (p,L/K)=1.

4. For any prime B | p in M, p((P, M/K)) = (R, 1).

3This proof is from http://mathoverflow.net/questions/11688.
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(1) = (2) is by assumption, (2) <= (3) is Proposition 11.1.3, and (3) <= (4) is
by compatibility of the Frobenius elements (the map G(M/K) — G(Ly/K) x G(L/K) is
compatible with the map on residue fields G(m/k) — G(kn/k) x G(I/k)).
Suppose 0 € G(M/K) and p(o) = (&, g). By Chebotarev’s Theorem there exist primes
B | pin M and K, respectively, such that (P, M/K) = 0. But (1) = (4) shows that
g = 1. Hence
P(GM/K)) 0 (8 G(L/K)) = {(& 1)},

Since p is a group homomorphism that is surjective in the first component, p(G(M/K)) N
(R,G(L/K)) must consist of 1 element for every &, in particular for & = 1. Thus if
p(o) = (Pk(1,m),g), then g = 1. Given a prime p splitting completely in K, i.e. p such
that p € Pk (1,m), take any P | p in M. Then p(*B, M/K) = (Pk(1,m),g) for some g, so
g =1 and

(0. L/ K) = (. M/K)|1 = pa(B. M/EK) = g = 1,

i.e. p splits completely in L. Thus Spl(Ly/K) <~ Spl(L/K), showing by Theorem 16.3.9 that
L C L. O]

For nonabelian extensions, the set of primes that split has to be specified by more than
just a modulo condition.

Example 16.4.2: We show that a prime splits completely in Q((3, v/2) iff p = 1 (mod 3)
and p is in the form 22 4 2732

Note that Q((s, ¥/2) is the splitting field of 2% — 2 = 0. For an unramified prime, p splits
completely iff the residue field extension has degree 1, i.e. z® — 2 splits completely in F,,.
This is true iff 2 is a cubic residue modulo p. As we saw in Theorem 16.1.14, this is true iff
p is of the form z? + 272

4.2 Roots of polynomials over finite fields

We can recast the problem of splitting behavior in terms of finding roots of univariate
polynomials over finite fields. Let L/K be a finite extension, and f € Og[X] be the minimal
polynomial of a primitive element in L/K. Then Theorem 2.6.3 tells us that for a prime p
relatively prime to the conductor of L/ K, the factorization of f in Ok /p corresponds to the
factorization of p. In particular, p splits completely iff f splits completely, and p has a split
factor iff f has a root in Og/p.

Definition 16.4.3: Let N,(f) denote the number of zeros of f in Ok /p.

Thus we can rephrase Theorem 16.4.1 as follows.

Theorem 16.4.4. Let f be an irreducible polynomial over K. Let v be a root of f and L
be the Galois closure of K(a).

1. For all except a finite number of primes, Ny(f) = m iff Y k(p) = [o] for some
o € G(L/K) fixes m of the roots of L.

302



Number Theory, §16.5

2. The sets {p : Ny(f) =m} are given by modular conditions iff L/K is abelian.

3. The density of primes p such that Ny(f) = m is {UEG(L/K){L{’:I@T“ m roots}

Proof. The first item follows from Theorem 2.6.3. The second item follows from this and
Theorem 16.4.1. The third item follows from the Chebotarev Density Theorem 16.3.2. [

Even the reciprocity laws (at least, weak reciprocity) can be put in the same framework:
in a field K containing nth roots of unity, a is a perfect nth power modulo p iff 2" — a
splits completely modulo p (the polynomial viewpoint), i.e. the prime p splits completely in
K({/a)/K (the splitting viewpoint).

5 Hilbert class field

Definition 16.5.1: The Hilbert class field of K is the largest abelian field extension of
K unramified over K at all places. (For infinite places this means that no real embedding
becomes complex.) It is denoted H.

The large Hilbert class field of K is the largest abelian field extension of K unramified
over K at all finite places, with no restrictions for infinite places (i.e. they are allowed to
ramify). It is denoted Hj:.

Note if K is already totally complex then Hyx = H.

Proposition 16.5.2: The Hilbert class field and large Hilbert class field exist, and the
global reciprocity map gives isomorphisms

G(Hy/K) = Clg
G(Ht/K) = Clf.

Proof. The Hilbert class field is exactly the ray class field corresponding to the modulus 1,
and the narrow Hilbert class field is exactly the ray class field corresponding to the modulus
m = [[, e v- Indeed, by global class field theory the fields corresponding to congruence
subgroups of Ck (1) are just the fields unramified over K, and the fields corresponding to
congruence subgroups of C'x(m) are just the fields unramified at every infinite place.

The global reciprocity map gives the desired isomorphisms. O]

The most interesting property of the Hilbert class field is the following.

Theorem 16.5.3. Let K be a global field. Every fractional ideal of K becomes principal in
the Hilbert class field L of K.

Proof. Let M be the Hilbert class field of L. By Proposition 16.5.2, the global reciprocity
map gives Cx — G(L/K) and C, = G(M/L). We will transfer the map Cx — Cy, to the
Galois groups. By definition, L is the maximal unramified abelian extension of K; since M
is also unramified over K, L is the maximal abelian subextension of M /K. But by Galois
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theory, intermediate Galois extensions correspond to quotient groups of G(M/K). This
means that
G(L/K) =GM/K)/G(M/L)

is the largest abelian quotient of G(L/K). From group theory this means that G(M/L) is
the derived subgroup (G(L/K))'.

The following diagram commutes by compatibility of the Artin map (the last diagram in
Theorem 14.4.10 together with Theorem 15.5.1)

dL/K

Cic ~25 G(L/K)™
I
Cr 2% G(M /L)

where V' is the transfer.

However, the transfer map is 0 by Theorem 12.11.13 and the fact that G(M/L) =
G(L/K)'. Hence the map Cx — Cp is trivial, i.e. every fractional ideal of K becomes
trivial in L. O]

6 Primes represented by quadratic forms

We now give a complete characterization of which primes can be represented by which binary
(positive definite integral) quadratic forms. First consider the form z? + ny?.

A prime is in the form p = 2% + ny? iff p splits as pp = (v + y/n)(z — yy/n) in Z[\/—n],
with its factors being principal ideals. We can think of this as saying that p goes to 0 in
the ideal class group of Z[y/—n|. Unfortunately, this is not the same class group as Ck.
However, this class group is essentially a quotient of a ray class group (Theorem 4.6.2). But
by class field theory, we can find a field extension L such that the Artin map to G(L/K)
is an isomorphism. The primes in the kernel of the Artin map are exactly those that split
completely in L, so this relates the equation 2+ ny? to the splitting of primes in the Hilbert
class field.

Definition 16.6.1: Let O be an integral quadratic order and f := disc(O).

1. Suppose f < 0. The field L corresponding to the congruence subgroup

Pi(Z, f) :={(a) € Ix(f) :a (mod f) € Z (mod f)} € Ix(f)
is called the ring class field of O.

2. Suppose f > 0. The field L corresponding to the congruence subgroup

Pr(Z,00f) :={(a) € Ix(f) - a (mod f) € Z (mod f)} € Ik(f)

is called the ring class field of O.
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The reason for this definition is that Ix(f)/Px(Z,00f) = 1(O)/PT(O) = CT(O) via
the map a — a N O, by Theorem 4.6.2. (Ignore the co when K is imaginary; in this case
cT(0) = C(0).)

Example 16.6.2: When O = Ok, with K/Q a quadratic extension, then the ring class
field is just the large Hilbert class field of K, because I(Q)/P*(0) = C}.

Theorem 16.6.3. Let n > 1. Let () be a quadratic form that corresponds to a C R under
the Gauss correspondence 4.5.1, let K = Frac(R), and let p be an odd prime not dividing
f = disc(R). Let b be the ideal corresponding to a under the map Ix(f)/Px(Z,00f) —
I(O)/Pt(O) = C*(0O). Let L be the ring class field of R and suppose (L/K,b) = o. Then

f represents p <= (L/Q,p) = [o]
where [o] denotes the conjugacy class of o in G(L/Q).
Proof. Let K = Q(y/—n). We have the following string of equivalences.
1. @ represents p.
2. pR = pp in R for some ideal p in the same ideal class as a.
3. pOk = pp for p ~ b where the ideals are considered in Ix(f)/Px(Z,o0f).
4. pOk = pp for (L/K,p) = 0.
5. (L/Q,p) = [o].

The equivalence (1) <= (2) follows from Proposition 4.5.4. We have (2) <= (3) by
Theorem 4.6.2, which gives an isomorphism I (f)/Px(Z,00f) — 1(O)/PT(O) = CT(O)
by sending a to a N O. By definition of ring class field, the Artin map is an isomorphism
I¢()/ Pe(Z, 00f) = G(LK), 50 (3) <= (4).

For (4) <= (5), note by definition of the Artin symbol that (4) is equivalent to

p splits in O and o(a) = o/fl  (mod P) for all a € L

where P is any prime dividing p in L. Since p is unramified, p splits in Ok iff [k : F,| = 1,
iff |k| = p. Hence the above is equivalent to

ola)=a? (mod P)
This says exactly that (L/Q,p) = [o]. O
Corollary 16.6.4. Suppose n # 0 is an integer.
1. Let L be the ring class field of Z[\/—n]. Then p can be represented as

p=x>+ny®, x,yeZ

if and only if p splits completely in L.
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2. For —m = 1 (mod 4), let L’ be the ring class field of Z {H‘/j”}. Then p can be

2
1epiesented as
9 1—n 9

iff p splits completely in L.

Remark 16.6.5: It is not hard to show that we can replace the conditions by the following
uniform statement: 4p can be represented as 4p = 2% + dy? iff p splits completely in the
order of discriminant —d.

Proof. These quadratic forms correspond to the principal ideals in Z[/—n] and Z [@},
respectively (Example 4.5.3), so the theorem says p can be represented by the quadratic

forms iff
(L/K,p) =1.

This is true iff p splits completely in L (Proposition 11.1.3). O

How is this useful? Algorithmically, there are fast ways to find solutions to p = 2% + ny?
(Cornacchia’s algorithm), so we can obtain primes splitting completely in the Hilbert class
field Hy. This means that the minimal polynomial of Hy /K factors completely modulo p.
As we will in Chapter 17, the roots are the j-invariants of CM elliptic curves; the fact that
they are in [F, gives us an easy way to calculate the action of the class group on elliptic
curves.

Additionally, this description of solutions to p = 22 + ny? gives a way to find the density
of primes represented by a quadratic form.

Theorem 16.6.6. Let ) be a primitive positive definite quadratic form of discriminant
D < 0, and let S be the set of primes represented by Q). Then the density of primes d(S)
represented by S is

L else,

a(S) = {%%D), @ properly equivalent to its opposite,
h(D)’

where h(D) is the class number of the quadratic ring with discriminant D. In particular, Q
represents infinitely many prime numbers.

Note “Q) properly equivalent to its opposite” is equivalent to saying that the ideal class
corresponding to () has order dividing 2.

Example 16.6.7: h(—27) = 3 so % of all primes can be represented by the form z? + 27y
In fact, the ring class field of Z[v/—27] is Q((s, v/2), so p = x> 4-27y? iff p splits completely
in Q((s,v/2). This shows Example 16.4.2 in a different way.

Proof of Theorem 16.6.6. Let K be the quadratic field of discriminant D.
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By Theorem 16.6.3, p is represented by @ iff (L/Q, p) = [o] where L is the ring class field
of the order corresponding to () and () corresponds to ¢ under the Gauss correspondence.
We need to find [o], so we first need to understand G(L/Q).

Since C(O) = Ix(f)/Px(Z, f) = G(L/K) via the Artin map,

IL: K] =|C(0)| = h(D) = [L:Q]=2h(D).

Next we show G(L/Q) = G(L/K) x G(K/Q) where, denoting complex conjugation by
o€ G(K/Q), wehaveoro~! = 7! forall T € G(L/K). Let m be the modulus corresponding
to fOk, where f is the conductor. By construction of L, it is the unique field such that
ker(v k) = Px(Z, ). However, because the Artin map commutes with Galois action (see
the third diagram in Theorem 14.4.10),

ker(Vo(r)/x) = oker(Vr k) = oPk(Z, f) = P(Z, f).

Uniqueness hence gives (L) = L, i.e. ¢ € L. Hence |G(L/Q)| = 2|G(L/K)| = [L : Q],
giving that L/Q is Galois. Given 7 € G(L/K), by surjectivity of the Frobenius map 15.2.8,
7= (L/K,p) for some p. Then by Lemma 11.1.2,

oro~ = o(L/K,p)o" = (L/K,0p) = (L/K,F) = (L/K,p)™ = 77",

as needed.
From the structure of G(L/Q), we see that the conjugacy class of any element o is
{o,07'}. By the Chebotarev density theorem 16.3.2, the density of primes such that

(L/Q,p) = [o] = {o,07'} is hence

as needed. O

7 Introduction to the Langlands program

In this section, we’ll give the big picture, and be content with morally, rather than mathe-
matically correct, statements.

Much of modern number theory is occupied with the relationship between the following
three objects.

1. Algebraic varieties, i.e. polynomial equations.

2. Galois representations, i.e. continuous functions from G(K/K) to algebraic groups
such as GL,(C).

3. Automorphic forms, i.e. continuous functions defined on an algebraic group on the
ideles, such as GL,(Ak), and satisfying certain conditions.

307



Number Theory, §16.7

The relationship between Galois representations and automorphic forms is known as the
Langlands correspondence. More precisely, there is a conjectural correspondence

cuspidal automorphic irreducible continuous
representations of GL,(Ag) ¢ <+ { G(K/K) — GL,(C) .
algebraic at oo algebraic at ¢

We can define L-series from both Galois representations and automorphic forms. L-series
from Galois representations arise more naturally in number theory (because it is relatively
easy to go from algebraic varieties to Galois representations), but as automorphic forms are
analytic objects, L-series of automorphic forms are known to satisfy more properties. The
Langlands correspondence allows us to show that L-series of Galois representations arise
from automorphic forms, hence have nice analytic properties as well. This allows us to prove
various results about algebraic varieties, such as density theorems on the number of solutions
over finite fields, for example the Sato-Tate conjecture.

We first give some more precise definitions, then describe this relationship in the 1-
dimensional abelian case (which we have in fact proved!), and then give an overview of how
it generalizes.

7.1 Definitions

Definition 16.7.1: Let k be a topological field (for instance, C or Q;), and let V' = k™ be
a n-dimensional vector space over k. A n-dimensional Galois representation of K over k
is a continuous homomorphism

p: G(K*/K) — GL(V) = GL, (k).

Let p be a prime of K. We say p is unramified at p if [,(K*/K) C ker(p).

Let K be a number field. Let Frob(p) be a Frobenius element of p in K, (defined in
G(K,/K,) up to I(K,/K,)). Define the (modified) characteristic polynomial of p at p
to be

P,(X) :=det(1 — X - p(Frob(p))[V /K,

(Here, VI(F+/Ke) denotes the subspace of V fixed by the inertia group. P,(X) is well-defined
because Frob(p) is defined up to I(K,/K,), and I(K,/K,) C ker(pl, 1@k, ). In particular,

if p is unramified at p, then V = VIE/Ke) )
We can now define the L-function associated to a Galois representation.

Definition 16.7.2: In the above, suppose V' is a complex vector space and K is a number
field. The local L-factor at a prime p is

Lylp,s) = P,(Mp~) ",
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The Artin L-function of p is*

L(p7 5) = HLP<IO> 5)'

P

We have the following conjecture.

Conjecture 16.7.3 (Artin’s conjecture). Every Artin L-function has analytic continuation
to C and satisfies a functional equation.

7.2 Class field theory is 1-dimensional Langlands

For a different take on some of these ideas, with concrete examples, see Dalawat [Dalll].

7.2.1 Galois representations are automorphic representations

We rephrase global class field theory in the form that generalizes under the Langlands pro-
gram.

Theorem 16.7.4 (Rephrase of GCFT). There is a bijection between continuous homomor-
phisms x : AR /K*(KX)? — C* and continuous homomorphisms p : G(K/K) — GL;(C),
given by the following.
{x: AR/KX(KX)" = C} & {p: G(K/K) — GLi(C)}
X = X 0 b
Proof. From Theorem 11.6.5, the Artin map gives a topological isomorphism A /K> (KX)? —

G(K®/K). Tt remains to note that any function G(K/K) — GL;(C) factors through
G(K/K)® = G(K®/K), since GL;(C) is abelian. O

The functions on the left side have a special name.

Definition 16.7.5: A Hecke character is a continuous homomorphism Ay /K*(KX)0 —
C*, or equivalently, a homomorphism

X:Cx =St i={reC:|z| =1}

with finite image. The conductor of y is the smallest modulus m such that y factors
through A /K*Ugk(1,m) = Ck(m).

The homomorphisms x : Ax/K*(K%)? — C are “automorphic functions” on GL;(Ag),
a.k.a. Hecke characters, and the homomorphisms p : G(K/K) — GL;(C) are 1-dimensional
“Galois representations.” Our correspondence is unsatisfactory, however, because we would
like to get all continuous homomorphisms Ay /K* — C*, not just those factoring through

4Sometimes infinite places are included. The factors at infinite places take more thought to define so we
exclude them here.
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Ax/K*(KX)Y. Since G(K?/K) has the profinite topology, any continuous homomorphism
G(K/K) — GL{(C) must have finite image, while functions A} /K> — C* can have infinite
image. To remedy this, we introduce functions G(K/K) — GL;(C) with infinite image (no
longer continuous under the complex topology).

For simplicity, we just consider the case of Q.

Example 16.7.6: We say a function 7 : Aj/Q* — C is algebraic at oo if m(ir(7)) =
sign(z)™|z|" for some m € {0,1} and n € Z. We characterize all the continuous homomor-
phisms 7 : A /K* — C* (“Grossencharacters”) that are algebraic at co.

It is enough to introduce 1 more character. Let £ be a prime of Q. Let |-] : Ag/Q* — C~
denote the map |x| = [Tvev, |70]s, and define x, by

Xe: G(Q/Q) —» G(Q™/Q) = G(Q(()/Q) —— Z% = [1, Z — GL(Zy).

(We say . is “algebraic at £.” Note there is a noncanonical field isomorphism Q, = C, so
we can think of GL;(Z,) as being “inside” GL;(C).)

Every continuous homomorphism = : Ax/K* — C* algebraic at oo is in the form
|- "+ x, where x is a Hecke character. We can extend the correspondence in Theorem 16.7.4
by associating | - | with x,:

=" x < x7 (xodgh)

where the right-hand side is now viewed in Qy instead of C.

7.2.2 Artin L-functions are Hecke L-functions

Associated to each Hecke character is a L-function.

Definition 16.7.7: Let y be a Hecke character and m be the conductor of xy. The L-
function associated to x is

1
e = =G

Because y admits a modulus, Hecke L-series have nice analytic properties.

Theorem 16.7.8 (Hecke, Tate). Every Hecke L-series admits an analytic continuation to
C and satisfies a functional equation.

For the details, see Tate’s thesis in [CF69].

Theorem 16.7.9. Any 1-dimensional Artin L-function is a Hecke L-function. Hence it has
analytic continuation and satisfies a functional equation.
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Proof. Let p: G(K/K) — GL;(C) be a 1-dimensional representation. By Theorem 16.7.4,
p(®,) = x(p) for some Hecke character x : A /K* — C*. Let m be the modulus of p; note
it is also the conductor for x. Then

1 1
Moo =@ o = = s =009

ptm ptm

O

This theorem is another way of saying that the Artin map factors through a modulus,
and this is basically what allowed us to get all the density results in this chapter.

7.2.3 Algebraic varieties and Galois representations

We give examples of how to get Galois representations from algebraic varieties.
First consider the variety QX = {x €EQ:z# O}. It is a group under multiplication,

and the torsion points Q" [m] are exactly the roots of unity p,,. We can define a Galois
representation by considering the action of G(Q/Q) on the I-power roots of unity. Define

the Tate module of Q" by

T,(Q") = @@X [£"] = Jim pugn = Zy.

Then G(Q/Q) acts naturally on 7;(Q") so we get a representation

p: G(Q/Q) = Aut(Ty(Q")) = Aut(Z) — GL;(Qy)

sending the element ¢g(p) to p. The corresponding L-function is just a translate of the ¢
function, missing the factor £: T, 1_})%. This construction is a good analogy for what
we will eventually do with elliptic curves, although it is a bit too “trivial” to capture any
significant number theory facts.

We give another example, with equations in 1 variable, which is a bit less natural but
show more of the number theory. Consider the variety defined by f(X) = 0 where f € K[X]
is a irreducible polynomial. Let « be a root, and L be the Galois closure of K(a) over
K. Let ay,...,a, be the roots of f in L. G(K/K) acts by permuting the a;, so we get
a representation G(K/K) — S,. We can embed S, in some general linear group, to get
p:G(K/K) — GL,,(k) for some k. Then to find how many roots f has modulo p, we can
look at the trace of p(Frob(p)).

For example, consider f(X) = X®—X —1 over Q. We get a representation p : G(K/K) —
S3 — GL3(C), where we embed S3 — GLy(C) as follows: we have a natural permutation
representation S3 < GL3(C); now take out the trivial representation to get S3 < GLy(C).
From this description we have N,(f) = tr(p(Frob(p))) + 1, so we can get the number of
solutions of X? — X —1 =0 (mod p) from looking at the trace of Frobenius. Constructing
the L-function, the trace of Frobenius becomes the coefficient of z%' Now p comes from
an automorphic form, so L comes from a 2-dimensional automorphic form, i.e. a modular
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form. We can write this modular form explicitly using theta functions or as an eta quotient.
At the end of the day, we have this striking fact: For p # 23, the number of solutions of
X3 — X —1=0 (mod p) is N,(f) = a, + 1, where a, is the coefficient of the modular form

s 1 CL’2 €T 2 I2 X 2 > n
g [J(1—¢"(1—-¢*") = 3 ST (gF A Ty = N g
k=1 (w.y)eZ? n—1

(See Serre’s article [Ser03].) In this example we have traced out a relationship

(algebraic variety)— (Galois representation)— (automorphic form).

7.3 Elliptic curves and 2-dimensional Langlands

7.3.1 Galois representations and automorphic representations

Definition 16.7.10: A 2-dimensional automorphic form is a continuous function GL3(Q)\ GL2(Ag)
satisfying certain conditions.
A large class of 2-dimensional automorphic forms can be related to modular forms. A

holomorphic function f(z) : H — C is a modular function of weight &k for a congruence
subgroup I' C GLy(Z) if

f(y2) = (cz+ d)* f(2) for all 4 = (Z Z) cT.

T =TyN):= {M € SLy(Z) : M = (; I) (mod N)}, we say [ is of level N. Here H
denotes the upper half-plane {z : $(z) > 0} and yz = 252,

A modular function is a modular form if it is holomorphic at cusps of H* = HUP(Q).
A cusp form is a modular form that vanishes at the cusps.

There is a way to go from modular forms to Galois representations; this is better under-
stood than going in the opposite direction. One of the biggest theorems in the 2-D case is
Serre’s conjecture, now a theorem, that tells us that we can go from Galois representations
to modular forms in certain cases.

Definition 16.7.11: We say a Galois representation is modular if there exists a cusp form
f of some level N and a finite set S such that

f= i anq”, tr(p(Frob(p))) = a, for p & S.

Theorem 16.7.12 @erre’s conjecture; Khare, Wintenberger). Any irreducible odd Galois
representation p : G(Q/Q) — GLy(F,) is modular.
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7.3.2 Elliptic curves and Galois representations

Given an elliptic curve, we can define a Galois representation by looking at its torsion points.

Definition 16.7.13: Let E be an elliptic curve over a number field K. It is known that the
m-torsion points E[m| over K satisfy

E[m] =2 Z/m x Z/m.

(See Silverman [Sil86, I11.6.4].)
Define the f-adic Tate module of E by

TE = lim E[("] = 7.

As G(K/K) acts on E[¢"] for each n, it acts on T,F, so we get a map
G(F/K) — Aut TE = GLQ(ZZ) — GLQ(Q[),
called the ¢-adic Galois representation of E.°

Thus we can define the L-series of an elliptic curve, by defining it as the L-series of the
corresponding Galois representation. (Roughly speaking, this definition is independent of
the choice of £.) We'll flesh out this definition in Section 7. Thus we have the (tentative)
correspondences

(Elliptic curves) --» (Galois representations) --» (cusp forms) (16.10)

(L-series of elliptic curve) --» (L-series of modular form). (16.11)

Again, more is known about L-series of modular forms since modular forms have nice ana-

lytic properties and transformation properties. The theory of Jacquet-Langlands establishes

analytic continuation and functional equations for L-series coming from modular forms.
This relationships in (16.10) and (16.11) are involved in the proof of two big theorems.

1. We now know the dotted lines in (16.10) are true, thanks to the following.

Theorem 16.7.14 (Modularity Theorem; Taniyama-Shimura-Weil). All elliptic curves
are modular.

The heart of this proof is in showing that the Galois representations associated to the
elliptic curves come from modular forms. This theorem (or rather, its earlier version
with semistable elliptic curves) is what allowed the proof of Fermat’s last theorem:
there is no nontrivial solution to a™ + " = ¢" for n > 2. A nontrivial solution would
give rise to an elliptic curve associated to a modular form that does not exist.

5 Alternatively, let V;E := T;E ® Q and consider G(K/K) as acting on V,E.
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2.

3.1

3.2

By working with L-functions of the elliptic curves, and reinterpreting them as L-
functions of certain automorphic forms as in (16.11), one can prove the following.

Theorem 16.7.15 (Sato-Tate conjecture; Barnet-Lamb, Geraghty, Harris, Taylor).
Let E be an elliptic curve without complex multiplication, and let E(F,) denote the set
of solutions to E over F,. The density of primes p with |E(Fp)| € [p+ 1+ ay/p,p +
L+by/p, for =1 <a<b<1is

d{p: |EF,)| € lp+1+ayp.p+1+b/pl}) = i/ab*/l ~ 2 da.

By the correspondence between elliptic curves and modular forms, another way to
phrase this theorem is that the distribution of coefficients of certain modular forms is
the same “semicircle” distribution.

This theorem is like the elliptic curve analogue of the Dirichlet’s theorem on the dis-
tribution of primes in congruence classes.

Problems

(from Serre, [Ser03]) Using Chebotarev’s Density Theorem, prove the following.

Theorem. Let f € Z[X] be an irreducible polynomial of degree n > 2. Let N,(f)
denote the number of zeros of f inIF,. Then the set Py(f) of primes with N,(f) =0
has a density co(f). Moreover, co(f) > %, with strict inequality if n is not a prime
power.

You may use the following theorem from group theory.

Theorem (Jordan). Let G is a group acting transitively on a finite set S with n > 2
elements. There exists g € G having no fized point in S. If n is not a prime power,
then there exist at least 2 such g.

(All primes divide some coefficient of A) Let £ be a given prime, and K, be the maximal
extension of Q ramified only at ¢. Given that there is a continuous homomorphism
(a.k.a. Galois representation)

ﬁg : G(Kg/@) — GL2(F£)

such that
tr(pe(Frobg,/o(p))) = 7(p)

for all p # ¢, and that there is an element in im(p,) with trace 0, prove that a positive
proportion of primes p have the property that

C]7(p).
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4.1

4.2

6.1
6.2

Note. Here 7 is Ramanujan’s tau function, the coefficients of a certain modular form
A. For more on the relationship between Galois representations and congruences for
coefficients of modular forms, see Birch and Swinnerton-Dyer [SD72].

In Section 4, we showed that L/K is abelian iff the primes that split can be character-
ized by a modular condition. In this problem, we do more: given a Galois extension
L/K, characterize the maximal abelian subextension by looking at the primes that
split.

(a) Let m be a modulus for K, and suppose L/K is a Galois extension. Let H,, be
the subset of the ray class field C'x(m) defined as follows:

H,, = {& : There exists p € & such that p splits completely in L}.
Show that H,, is a subgroup of Cx(m).

(b) Suppose we are given the groups Hy, for all m. Characterize the maximal abelian
subextension of L/K.

Let f be an irreducible polynomial. How could you find the Galois group of f by
reducing it modulo different primes? Do this with f = X6 +2X° +3X4 4 4X3 +5X2 +
6X + 7. (Exercise 8.3 from 77?)

Prove an analogue of Theorem 16.6.6 for positive discriminants.

Let n > 0 be an integer such that K = Q(1/—n) is an imaginary quadratic field, and
let

2?2 + ny?, n=1 (mod 4)

? +ay+ 5%, n=3 (mod4).

Qr,y) = {

(a) Find a condition on G(Hg/K) so that for all but a finite number of primes, the
primes represented by () are given by a modulo condition. In other words, find
all n such that there exists m and a set of residues S modulo m such that if p { m,
then p is represented by @ iff p is congruent to a residue in m. (Hint: combine
the results of Section 4 with Section 6.)

(b) Find some values of n for which | C1(K')| # 1 and such that the primes represented
by ) are given by a modulo condition.

(c) Suppose G(Hg/K) satisfies the property you found in part 1. Characterize all
n, not necessarily prime, such that @) represents n. (For simplicity, you can just
consider n L m.) Compare to the statement in Example 4.3.4.)

(Genus theory) It is useful to group the equivalence classes of quadratic forms with
given discriminant into genera (plural of genus).

Definition 16.8.1: Define a similarity relation between primitive quadratic forms of
discriminant d as follows. We say @)1 ~ ()5 if ()1 and ()5 represent the same values in
(Z/dZ)*. The similarity classes are called genera.
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In this problem you will find an easy way to characterize the genera of discriminant d.

(a) Let H be the subgroup of C'(d) such that C(d)/H = C(d)[2] where G[n| denotes
the n-torsion subgroup of G.
Prove that @Q1,Q2 € C(d) are in the same genera iff @)1,y are the same in
C(d)/H.
In particular, conclude that the number of genera is a power of 2.

(b) Let M be the ring class field of K and let L denote the subextension of M/K
such that G(L/K) = C(d)[2]. (That is, under the Galois correspondence, L C M
corresponds to H C C'(d) = G(M/K).) Prove that L/Q is the maximal abelian
subextension of M/Q.

The fact that L/K is abelian, while M /K may not be, makes it much easier to prove
results pertaining to a genus of quadratic forms rather than an equivalence class of
quadratic forms.

2. (7) Let f,¢g € Q[X] be two irreducible cubic polynomials. How can you determine
algorithmically whether f, g have roots «, § such that Q(a) = Q(5)? (from http://
math.stackexchange.com/questions/34522/cubic-polynomials—-that-generate-

rg=1)
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Chapter 17

Complex multiplication

In this chapter, we combine class field theory with the theory of elliptic curves, first to
characterize the maximal abelian extension of K, then to illustrate the relationships in
Section 16.7 for CM elliptic curves. We will assume basic facts about elliptic curves (for an
introduction see Silverman [Sil86, Chapter III]).

We know that every elliptic curve over C has endomorphism ring either equal to Z or
a quadratic order. In the second case, the elliptic curve is said to have complex multi-
plication. This gives the elliptic curve a lot more structure. On one hand, it is useful
algebraically—as we will see, torsion points of a CM elliptic curve give abelian extensions of
imaginary quadratic fields. In general, because of the added structure, much more is known
about CM elliptic curves than other elliptic curves, and they can act as a kind of “testing
ground” or “first case” of general conjectures.

On the other hand, CM elliptic curves have practical uses—for instance, if we take an CM
elliptic curve corresponding to a specific endomorphism ring, we can easily compute its order.
Hence we can generate an elliptic curve with near-prime order, useful in cryptography. This
is much more efficient than generating random elliptic curves and using Schoof’s algorithm
to find their orders.

There are several big theorems about complex multiplication. In Section 2, we specialize
our knowledge about the relationship between elliptic curves over C and complex tori to CM
elliptic curves and build a toolbox of basic facts. However, since we are interested in number
theory, we want to take curves defined over C and define them over Q instead—which we do
in Section 3. Once we have these basics, we can then prove the big theorems.

We suppose E has CM by a quadratic order ¢ C K (i.e. End(E) = 0), where K is a
quadratic extension of Q. Then the following hold.

1. The j-invariant j(E) generates the ring class field of ¢ over K. In particular, if
O = Ok, then j(E) generates the Hilbert class field of K, the maximal unramified
abelian extension (Theorem 17.4.4):

K(j(E)) = Hg.
2. If ' is defined over Hg, and we adjoin certain functions of torsion points of E, then
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1

we get the mazimal abelian extension of K (Theorem 17.5.4):
K(](E)a h’<Et0rs)) = Kab-

Compare this with the Kronecker-Weber Theorem, which says the maximal abelian
extension of Q is generated by roots of unity (torsion points of QX).

J(E) is moreover an algebraic integer (We omit this; see Silverman AT, [Sil94, 11.6].)

The action of the idele class group sending K/a to K/x 'a corresponds to the Galois
action on the corresponding elliptic curves, where the Galois action is given by the
Frobenius element of ¢. This is the Main Theorem of Complex Multiplication 17.6.2,
and plays an important part in taking moduli spaces initially defined only over C and
defining them over algebraic number fields.

The L-series of a CM elliptic curve is particularly easy to understand, because it is a
product of 2 Hecke L-series (Theorem 17.7.5).

Two “big ideas” we’ll consistently see are the following.

1.

We expect abelian extensions because for CM elliptic curves (with endomorphism ring
Uk, say), the image of the map G(L/Hg) < Aut(FE[m|) commutes with &, not just
7 and hence must be abelian, with appropriate L.

. We can use torsion points E[m] to “keep book” on the action of Frobenius, in the same

way that we used the roots of unity u,, to keep book on the action of Frobenius on

G(Q(pm)/Q)-

Elliptic curves over C

The following theorem helps us understand elliptic curves over C.

Theorem 17.1.1. Let go(A) = 60G4(A) and g3(A) = 140G¢(A), where Gy, is the Eisenstein

series. Let A be a lattice in C and p be the associated Weierstrass p-function.

There is a complex analytic isomorphism between the complex torus C/A and the elliptic

curve over C,

y? =42® — go(A)z — g5(A)

given by

1.

®(2) = (p(2), ().

The map ® gives an equivalence of categories between the following.

Objects: Complex tori C/A, where A is a lattice in C.
Maps: Multiplication-by-o C/Ay — C/Ay where Ay C As.
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2. Objects: Elliptic curves over C.
Maps: Isogenies.

Proof. Silverman [Sil86, VI.5.1.1, 5.3] O

The endomorphism ring of a lattice A C C is either Z or an imaginary quadratic order,
so the same is true of an elliptic curve E over C. If the endomorphism ring is a quadratic
order €, we say E has complex multiplication by &.

2 Complex multiplication over C

2.1 Embedding the endomorphism ring

We know the endomorphism ring End(E) of a CM elliptic curve corresponds to a quadratic
order ¢ but since any quadratic order has conjugation as an isomorphism, we need to specify
a way to embed End(F£) into C.

Example 17.2.1: Consider the curve E : y? = 23 + . We note that the endomorphisms
$1(z,y) = (=, iy)
¢2(l',y) = (_:Ev _Zy)
both square to —1. Which one should we call [i], multiplication by 7
Fortunately, we have a way of embedding End(A) into C, where A is the lattice corre-

sponding to E, because A itself is in C. This to give a canonical way of embedding End(FE)
into C.

Proposition 17.2.2: Let F/C be a CM elliptic curve with complex multiplication by &.

There is a unique isomorphism [-] : & = End(FE) satisfying either of the following equivalent
conditions.

1. [a] is the unique morphism making the following diagram commute, where the top
map is multiplication by a.
C/A "5 C/A
I, b
By By

2. For any invariant differential w € Qg, [o]*w = aw.
Moreover, we have the following.

3. Define [-]; and [-]; for elliptic curves E; and Es. For any morphism ¢ : By — F,
¢olali =[a]z0¢.

In other words, multiplication by a commutes with all morphisms.
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4. For any o € Aut(C),
0] = [0(a)]o(m),

i.e. it commutes with Galois action.

The pair (E,[-]) is called a normalized elliptic curve. After we prove this proposition,
we will assume all CM elliptic curves are normalized.

Proof. The uniqueness and existence of [a] satisfying item 1 follows directly from the equiv-
alence of categories (Theorem 17.1.1).

Define [a] as in item 1. For any invariant differential w on FE,, since ® is an analytic
isomorphism, we can consider its pullback to C/A; it will be cdz for some ¢ (The space
of invariant differentials on C/A is 1-dimensional.) Clearly, m*(cdz) = cd(az) = acdz.
Transferring this to the bottom row of the commutative diagram gives [a]*w = aw. For
uniqueness, note the map

Hom(E), Ey) — Hom(Qg,, g, ) (17.1)
¢ =

is injective when all isogenies F; — F, are separable (in particular, in characteristic 0), i.e.
the action of an isogeny of elliptic curves on an invariant differential completely determines
the morphism. Taking F; = E5 and considering the preimage of multiplication-by-a gives
uniqueness in item 2.

A simple diagram chase shows that (¢o[a];)* and ([a]s0¢)* act the same way on w € Qp,.
Then (17.1) gives item 3.

The proof of item 4 is similar. O

Example 17.2.3: The definition using differentials is useful for calculations. Revisiting the
above Example 17.2.1, we see that we should let

[i](z,y) = (==, iy).
Indeed, defining [¢] in this way, we check that
Jdr d(—z)  dw

1 = — =7—.
2 Y 1y Y

2.2 The class group parameterizes elliptic curves

Let K be an imaginary quadratic field and & an order inside K.

Definition 17.2.4: Let L be a field. Define

Ell;(€) = {elliptic curves F/L with End(E) = 0’}
_A{elliptic curves £/L with End(E) = 0}

isomorphism over L

N, (6)

Y
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i.e. ElL(0) is the set of elliptic curves over L whose endomorphism ring is €. If we omit L,
we assume L = C.

If £ € Ell(0), then its corresponding lattice A must be homothetic to a fractional ideal of
O': indeed, we can scale the lattice so that 1 € A; then & C A so A C K; since it is a lattice
it must be a fractional -ideal. Now note an 0-ideal a has endomorphism ring & iff a is a
proper ideal (see Definition 4.4.4.5).! Hence we get a correspondence between isomorphism
classes of elliptic curves [E] € E11(€) and proper O-ideals up to homothety. However, two
fractional ideals a and b are homothetic iff Aa = b for some A, i.e. iff they are equivalent in
the class group. Thus the class group of & parameterizes all isomorphism classes of elliptic
curves with endomorphism ring &. This is summarized in the following.

_ Aelliptic curves E/C with End(E) = 0}  {proper fractional &-ideal}
B isomorphism over C B principal J-ideals

EN(O) = Cl(0).

We state this as a theorem.
Theorem 17.2.5. We have a bijection
El(0) = Cl(0)

where [E] € EW(O) is sent to a [a], where a is a fractional ideal homothetic to the lattice
corresponding to E.

We get much more than this, however. E11(&) is a priori just a set; however, Cl(0) is a
group. We can define the action of I(&’) on Ell(&) since I(0) acts on lattices. This action
will descend to an action of Cl(&) on EI(&), since isomorphic elliptic curves correspond to
equivalent ideals.

Theorem 17.2.6. There is a group action of 1d(0) on El(O) given by
CIEA = Ea—lA

where Ey denotes the elliptic curve corresponding to the lattice A.
This descends to a simply transitive group action of CI(O) on EN(O).

Proof. Just check that if A has endomorphism ring &, then so does the lattice a *A. (Note
that bL is defined by {sa: s € b,a € L}.)

For the second part, note that Fy = aF = E,-1, iff A and a=!A are homothetic, i.e. a is
principal. [

Remark 17.2.7: Another way of saying that CI1(&) acts simply transitively on E11(0) is
that E11(0) is a torsor or principal homogeneous space for C1(0).

This action will be fundamental to our understanding of CM elliptic curves. Later on we
will relate this to the Galois action. The interplay between these two actions is the source
for much of the richness of CM theory.

'When R = Ok, all ideals are proper, so this distinction is not important. The reader unfamiliar with
non-maximal orders can take R = Ok throughout.
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2.3 Ideals define maps

For any n € Z and any elliptic curve E, n defines the multiplication by n map [n] : E —
E. When E has CM, we saw in Theorem 17.2.2 that o« € & defines (canonically) the
multiplication by o map [a] : E — E. We now extend this to ideals: if a is a proper ¢-ideal,
a determines a “multiplication by a” map. The only difference is that [a] is now a map
E — aF.

Definition 17.2.8: Let E € Ell(&) correspond to the lattice A. Let a be a proper integral
ideal of . We have aR C R, so a determines a map C/A — C/a"'A, sending z — 2. Define
the multiplication by a-map as the corresponding map on elliptic curves

[a] : E — Ey-1p = aF.
Proposition 17.2.9: Let E € Ell(0k). We have the following.
1. The kernel of [a] (the “a-torsion points”) is

Ela] . ={Pe€ E:[o]P=0forall a € a} = Ok/a.

2. The degree of [a] is
deg([a]) = [Ela]] = N(a),

and in particular, deg([a]) = |Ea]| = Nmg/g(a).

Proof. Silverman AT [Sil94, pg. 102-3]. ]

3 Defining CM elliptic curves over Q

We show that we do not lose anything if we just consider elliptic curves over Q instead of
over C. To do this, we look at the j-invariants.

Proposition 17.3.1: Suppose F is an elliptic curve with CM by a quadratic order &'. Then
J(E) € Q, i.e. j(FE) is algebraic.

Proof. Let o be any automorphism of C over Q. We look at how ¢ acts on j(E).

Note that E? is defined by taking any equation for £ and operating on all the coefficients
of E by o,s0 d(j(E)) = j(E).

First note that End(E) = End(E?) by the map ¢ — ¢°. Hence End(c(F)) = O as
well. But Cl(0) is finite, and as |Cl(0)| = |EIl(0)| (Theorem 17.2.5) we see that the E7
lie in finitely many isomorphism classes. Because isomorphic elliptic curves have the same
j-invariant, there are a finite number of possibilities for j(E?).

As {o(j(E)) : 0 € Aut(C)} is finite, j(£) must be algebraic. O

This allows us to prove the following.
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Theorem 17.3.2. We have
Ellg(0) = Sll@(ﬁ).

Proof. We use the following properties of the j-invariant. ([Sil86, I11.1.4])
1. For every j € K, there exists an elliptic curve E/K with j(F) = j.

2. Let K be an algebraically closed field and E;, E5 be elliptic curves defined over K.
Then E; = E, over K iff j(Ey) = j(F2). (The backwards direction does not necessarily
hold if K is not algebraically closed.)

We show that the map
Ellg(0) — Ellc(0) (17.2)

is an isomorphism (of sets, in fact, of Cl(&')-modules). The map is well-defined, because any
automorphism over Q is an automorphism over C.

By Lemma 17.3.1, if [E] € &llc(0) then j(E) € Q. By item 1, there exists an elliptic
curve E’ defined over Q with j(E') = j(F). Then E’ is isomorphic to E over C. Thus
the map (17.2) above is surjective. It is injective because if £, E' are defined over Q and
isomorphic over C, then item 2 says j(E) = j(E'); and the other direction of item 2 says

that £ = E’ over Q. H

It is also important to know what fields we can define elliptic curves and isogenies over.

Proposition 17.3.3: Suppose E is an elliptic curve with CM by & C K, where K is an
imaginary quadratic field.

1. If F is defined over L then endomorphisms of £ can be defined over LK.

2. If Ey, Ey are defined over L then there exists a finite extension M /L, so that every
isogeny E; — F5 is defined over M.

Proof. For item 1, note that all endomorphisms are in the form [a] and use Proposi-
tion 17.2.2(4).

For item 2, first we claim that any isogeny ¢ is defined over a finite extension of L. For
any o € Aut(C) fixing L, ¢7 is a map E; — F» having the same degree as ¢. Any isogeny is
determined by its kernel, up to automorphism of E; and F,. As E; has a finite number of
subgroups of given index and deg(¢) = ker(¢), there are finitely many isogenies of a given
degree. Hence {¢” : 0 € G(C/L)} is finite, showing ¢ is defined over a finite extension of L.

Now Hom(FE,, Es) is a finitely generated group, so we can take the field of definition for
a finite set of generators. O
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4 Hilbert class field

4.1 Motivation: Class field theory for Q((,) and Kronecker-Weber

4.1.1 The case of Q

First we give some motivation for the next two sections by making an analogy with class
field theory for Q((,). We can think of u,, the nth roots of unity, as the analogue of E[n]:
1, are the n-torsion points of the group variety Q" under multiplication, and F [n] are the
n-torsion points of an elliptic curve. To emphasize this analogy, we write K*[n| to denote
the nth roots of unity in K.

Recall how we established class field theory for Q((,): given a prime p, we want to find

(p, Q(¢,)/Q). To do this we looked at the action of (p, Q(¢,)/Q) on Q*[n] = p,, by taking
everything modulo p. We know by definition of (p, Q(¢,,)/Q) how it must act on the residue
field extension [/F, and hence on IFX[n]. Suppose p { n. Because the maps

Q*[n] — Fy[n]
End(Q*[n]) < End(F[n]) (17.3)
are injective (the first is because p 1 n and the second is a direct consequence of the first),

once we know how (p, Q(¢,)/Q) acts on F)[n], we know it acts on Q[n], so we know exactly
what automorphism it is:

(P, Q&) /Q)(Gn) = G-

In particular, since (, is a n-torsion point (i.e. ¢ = 1) this only depends on p (mod n).
Hence we get the Artin map g(c,)/0 factoring through the modulus con:?

Yaiena : lo/Ta(1,n00) = G(Q(G)/Q).

Finally, since every modulus divides oon for some n, we get the Kronecker-Weber Theorem
Q™ = Q(¢x) = Q(Q*[00)).

In summary, we found the ray class groups and thus the maximal abelian extension by

looking at how (p, Q(¢,,)/Q) acted on Q*[n]:

QU i I (17.4

O O
Io/Po(1,n00) X5 G(Q(G)/Q) -+ G(FH(Ca) [Fy)-

2The oo is a technical detail coming from the fact that Q is totally real.
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4.1.2 The case of K

One big difference when we’re working over an imaginary quadratic field K is that while
we had Clg = 1, we have Clg is nontrivial in general. This corresponds to the fact that
there is only 1 nonisomorphic “version” of G,,(Q) = Q*, but multiple elliptic curves with
endomorphism ring by the same order ¢. Hence G(K?/K) no longer operates on the same
elliptic curve. Instead we have to analyze it in two steps.

1. Consider the action of G(Hg/K) on Ellg(0), i.e. equivalence classes of elliptic curves
with CM by 0.

2. Consider the action of G(K*/H) on the torsion points Ei. of a single elliptic curve.

In both cases, we will understand the action by looking at how the Frobenius elements of
the Galois groups act.

4.1.3 The case of K: Part 1

We have two natural actions on the set of elliptic curve Ellg(0k), namely the action of
G(K/K) and Cl(Ok). Our first task is to relate these, i.e. find a dotted map that preserves
the action on Ellg(Ok):

Ellg(Ok) (17.5)
O O
G(K/K) » Cl(Ok).

We'll see that this map factors through G(L/K) where L = K(j(£)). We have a map
Ui 1/ P(1,f) — G(L/K); we show that f = 1 and the composition of the two maps is
an isomorphism, and that in fact we have

Ell(O) (17.6)

O O
Iie) P 25 G(L/K) . CU(o%).

a»;[‘a.]v

We establish (17.6) by looking at the reduction of the elliptic curves modulo some .
Since G(Hg /K) = Cl(Of) this will show that L = Hp, the Hilbert class field of K.

4.1.4 The case of K: Part 2

We can now do the same thing we did with Q, use the torsion points of elliptic curves to
find the ray class fields and the maximal abelian extensions. We can’t work directly over
K because Clg is nonzero, but if we imitate the argument (with some modifications) over
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Q for Hg we will get the ray class fields of K. We let L,, = K(j(F), h(E[n])) where h is a
Weber function (to be defined).

Let [,,, [ be the residue fields of L,, and Hg modulo some prime. We show L,, is the ray
class field for (n) by constructing the diagram

E[n] reduction E[n] (177)
O O

N, /s (I, )/ Prc (1) 225 G Lo/ Hi) s G(L 1),

We now carry out these two parts.

4.2 The Galois group and class group act compatibly
We establish the map in (17.5).

Theorem 17.4.1. There exists a map F : G(K/K) — Cl(Ok) such that for any elliptic
curve F,

[E°] = F(o)E.
This map factors through G(K®/K).

As a reminder, the action of C1(0k) on Ell5(Ok) is such that if E' = Ej, then F(o)E =
Er@o)-1a. Theorem 17.4.1 expresses a deep relationship because the left-hand side expresses
an algebraic action, while the right-hand side expresses an analytic action, as it is defined
on lattices and the map between E and C/A is inherently analytic.

Proving this theorem essentially boils down to showing the Galois action commutes with
the action on Cl(Of).

Proposition 17.4.2: For all F,

Proof. Suppose E corresponds to A, i.e. E = C/AC. Then we have the exact sequence
0—-A—->C—E—D0.
Then aF corresponds to a 'A. Take a resolution for a:
R™ % R* = a—0.
Take a “Hom product” and use the Snake Lemma. See [Sil94, I1.2.5].

Proof of Theorem 17.4.1. See [Sil94, 11.2.4]. O
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4.3 Hilbert class field

Before we proceed with finding the Hilbert class field, we need to show injectivity of the
reduction map like in (17.3).

Theorem 17.4.3. Suppose Ey and Es are elliptic curves defined over L with good reduction
at *B. Then the reduction map

Hom(E,, E») — Hom(E1, E»)
15 injective and preserves degrees.
Proof. See Silverman AT [Sil94, pg. 124] (Also see Silverman’s errata). O
The main theorem of this section is the following.

Theorem 17.4.4 (j(E) generates the Hilbert class field). Let E be an elliptic curve with
CM by Ok. Then

1. K(j(F)) = Hg, the Hilbert class field of K.
2. G(K/K) acts transitively on the isomorphism classes of curves in E1(Ok).

3. For any ideal a € Ik,
(B /] = [a] [B].

In particular, the action of Frobenius on the j-invariant is given by operating by [p] on

the elliptic curve:
[B®H/0) = [p][E].

Proof. Step 1: First we show the following: There exists a finite set of primes S of Z such
that for any p € S that splits completely in K, p = pp, we have

F((p, L/K)) = [p] € CL(TK).

This will show the dotted map in (17.6) is the identity for a large number of primes p.

We have the map [p] : £ — pE. We show that this is “like” the pth power Frobenius
map. To do this, we show that it is inseparable of degree p (this is why we needed p to be
split)?, and then look at the j-invariants of the reduced maps modulo p.

As Ellg(Ok) = Ellc(Ok) is finite, we can find a finite extension L/K and representatives
E,, ..., Ey of classes in Ellc (O ), that are defined over L. Let S be a set of primes containing
the primes that satisfy one of the following conditions.

1. p ramifies in L. (Primes that ramify always cause trouble.)

2. F or some E; has bad reduction at some prime of L lying over p.

3If p is not split, one can still show the map is inseparable of degree p?, with some more work.
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3. vp(Nmpq(j(E;)—j(Ek))) # 0 for some 7 # k. (This allows us to know what equivalence
class an elliptic curve lies in, just by looking at its reduction modulo p.)

Let A be the lattice such that F(C) = C/A, and let a be an integral ideal relatively prime
to p such that ap = («) is principal (This exists by Corollary 2.2.2.5). By the equivalence
of categories 17.1.1, the following maps on complex tori correspond to isogenies of elliptic
curves:

C/A—C/p'A—5C/pta A - /A

NF ~F ~F ﬂq)

E—" spp— " L aE E

<
@

1%

Let the composition of the top maps be f and the composition of the bottom maps be g.
Let w be an invariant differential on E. Then o’ = ®*w is an invariant differential on
C/A. Tt is in the form cdz. The composition of the top maps is just multiplication by «, so
ffw' = aw’. By commutativity, we get ¢*w = aw as well.
Let pZ Sand B | p | pin L, K, Q, respectively. Since E has good reduction at P, we
can reduce the elliptic curves and maps modulo 33 to get

gw=aw=0

since B | a. By a criterion for separability (g is separable iff g* does not act as 0 on Qg), g
is inseparable. Now

deg(¢1) = Np =p,
deg(¢2) = Na L p,
deg(¢3) = 1.

An inseparable map must have degree divisible by p, and the composition of separable maps
is separable, so ¢; must be inseparable.
Any inseparable map factors through the Frobenius map:

E—— E® (17.8)

We have pdeg(e) = deg(¢,)deg(e) = deg(¢1) = p so deg(e) = 1. This shows ¢ is an
isomorphism.

Thus we have
IS\E ~ p(p)

Now by definition of the Frobenius element (it is the pth power map modulo ), we have
J(EP) = j(E)? = j(E)®L/%) modulo 9B. Putting everything together,

J(pE) = j(EW) = j(E®HN) - (mod ).
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But we chose p so that nonisomorphic curves have j-invariants that are not congruent mod-
ulo p (item 3). Therefore, pE = E®L/%) This shows that the action of p is the same as the
action of (p, L/K), i.e. F((p,L/K)) = [p].

Step 2: We show that ' : G(K/K) — Cl(0%) has kernel equal to G(K/K(j(E))), and so
factors through G(K(j(F))/K) < Cl(Ok). Indeed,

ker(F) ={o: F(o)E = E}
={o:E’ =F} definition of o
={o:j(E)Y =j(E)} J parameterizes isomorphism classes

= G(K/K(j(E))).
We let L = K(j(E)).

Step 3: Let f be the conductor of L/K. We extend Step 1 to all ideals a: for all a we have
F((a, L/K)) = [a] € Cl(Ok);
in other words f = 1 and the following composition is the identity map.

Iie/ P 25 (L) K)o Cl(O). (17.9)

~

Given a € I;(, there are infinitely many p € I;( in the same class as a with degree 1 by
Corollary 16.16.3.6. Choose such a prime p, that does not divide a prime in S. Note a,p
differ by an ideal in Pk (1, f) so they have the same image by the Artin symbol. Step 1 shows
that
Step 1
F((a,L/K)) = F((p, L/K)) "= " [p] = [a].

In particular, for any principal ideal (o) € I}, we have F(((o),L/K)) = 1. However, by
definition the conductor is the smallest p such that @« = 1 (mod §) implies ((«), L/K) = 1,
so we must have f = (1).* Thus the map F : I} /Px(1,§) — G(L/K) we had originally is
actually just F': I /Px — G(L/K), and we get (17.9).

Step 4: Since the conductor is divisible by exactly the ramifying primes, L/K is unramified,
and L C Hg. On the other hand, the map F o,k : Ix/Pr — Cl(O) is an isomorphism
because F oy /i is just the identity map. This gives [L : K] = | Cl(0k)| = [Hk : K]. Hence
L = Hg. This shows item 1.

4 Technically, we only have ((a), L/K) = 1 for (a) L f, and a priori ((a), L/K) is not defined for (o) L f.
(We don’t know f = 1 yet.) The proper way to conclude f = (1) is transfer the problem over to ideles: We
know 9k (P)) = 1, s0 ¢p /e (K*UL) = 1. By I /K(L,f)Uk(L,f) = Ix/K*Ugk(L,f) we conclude that
¢k (K*Ugk) = 1. Hence f = 1.
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Step 5: Item 3 now follows immediately, since we already showed EV2/x(®) = [a] E and we now
know L = Hg. Item 2 follows since the fact that the composition in (17.9) is an isomorphism
means the map F': G(L/K) — Cl(0f) is surjective. Since F' transfers the action of G(L/K)
on &llg(Ok) to Cl(Ok), and Cl(Ok) acts simply transitively on Ellg(Ok), we get that the
same is true for G(L/K). O

5 Maximal abelian extension

We next carry out part 2 of our outline in Section 4.1. We construct the ray class fields for
K, then take their compositum to get the maximal abelian extension.

Definition 17.5.1: Suppose F has CM by an order in K, and E is defined over Hg. A
Weber function is an isomorphism i : E/ Aut(1) — P! defined over Hg. (Soif f : E — E'
is an automorphism, then h(P) = h(f(P)).)

We can always fix a concrete Weber function.
Example 17.5.2: The simplest Weber function is the following. If £ has the form

v =2+ Axr+ B, A,Bc Hg,

then take
x, AB#0
h(P)=1<2? B=0
2, C=0.

In the 3 cases, respectively, Aut(E) is 1, Z/2 or Z/4, and Z/3 or Z/6.
We can define a Weber function that is “model independent,” i.e. doesn’t change under
if we change to an isomorphic elliptic curve, by

=B o2 \), (E) #0,1728

e, AP, j(E)=0.

This is because the expressions have “weight 0.”

The importance of the Weber function is given below. It would not be true if h(P) were
just defined as h(z,y) = .

Lemma 17.5.3. Let E be an elliptic curve with CM by O'.
1. The extension K(j(E), Eors)/K(j(E)) is abelian.

2. The extension K(j(E), h(Ewrs))/K is abelian.
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The first statement is important because it tells us G(K/K(j(E))) acts in an abelian
way on Fi.s. Thus the “Galois representation” of the Galois group on Ei is abelian. Thus,
as we will see, it will decompose into two Grossencharacters.

Proof. We have an injective map G(K (j(E), E[m])/K(j(E))) — Aut(E[m])." Now, the
image of G in Aut(FE[m|) commutes with Ok, so is contained in

Auto, ymo (E[m]) = Aute, ymo (Ox /mOx) = (O /mOk)™

which is abelian.

For the second, suppose 0,7 € G(K(j(E), h(Eios))/K). We show that o7 = 70. Since
K(j(E))/K is abelian, oro~'77! fixes j(F). Now oro '77! gives an automorphism of
E' = 10(F) because

(cro'rY)70(E) = 07(E) £ 70(E),
as the Galois action factors through G(K?"/K) and hence is abelian (Theorem 17.4.1) (alter-
natively, because o701 77! fixes j(E)). As F is defined over Hy, we actually have equality.

Since h is invariant under automorphism, for any P € Es,

h(P) = h(cto'77'P) = oro 7 h(P).

(We know h is defined over H and o707~ fixes Hx = K(j(E)).) Hence oro~ 771 fixes
h(FEios) as well, and oro~ 1771 = 1. O

Theorem 17.5.4. Suppose K is a quadratic imaginary field and E has CM by Ok .

1. For an integral ideal a of Ok, L, := Hg(h(E|a])) = K(j(E),h(E|a])) is the ray class
field of K modulo a.

2. The mazimal abelian extension of K s
K(](E>7 h(EtOTS))'

Proof. Step 1: We need the following lemma.
Lemma 17.5.5. Suppose E is an elliptic curve defined over L with CM by Ok, and has

good reduction at P. Let E be the reduction modulo P. Let 6 : End(E) — End(E) be the

reduction map on endomorphisms. Then for any v € End(E),

v € im(0) <= v commutes with every element in im(6).

Proof. Since E has good reduction, the map End(F) < End(FE) in injective. Consider 2
cases.

SSince E[m] = Z/m x Z/m, if we choose a basis for E[m], we have Aut(E[m]) & GLa(Z/m), so we have
a Galois representation.
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1. End(F) is a quadratic order. Then End(£) = End(F) (as End(F) is a maximal order)
so this case is clear.

2. End(FE) is an order in a quaternion algebra. Then End(E) ® Q is its own centralizer
in the quaternion algebra End(F) ® Q, by the Double Centralizer Theorem 13.13.4.11.

]

Step 2: We show that in general, we can lift the Frobenius map.

Proposition 17.5.6: Suppose E has CM by Ok and is defined over Hg. Let B | p | p in
Hy, K, Q, respectively, with p having degree 1 and p ¢€ S, S being defined as in the proof of
Theorem 17.4.4. Then the pth power Frobenius map can be lifted to a map on F, i.e. there
is A making the following commute:

| |

=% Ew)

Moreover, if E' corresponds to the complex torus C/A, then up to isomorphism, A corresponds
to the map C/A — C/p~'A. (Recall that E®-Hx/%) = ' by Theorem 17.4.4.)

Proof. We need to show ¢, is the reduction of some map; we do this by first reducing the
problem to showing a certain endomorphism is in the image of 6 and then showing the
conditions of the previous lemma hold. N

Again we use (17.8): ¢, : E — ];E is “like” the Frobenius map. We know ¢; is the
reduction of a map, namely the map ¢, : E — pE. Now note pE = E®.L/K) = E®) the first
from Thm 17.4.4 and the second from definition of the Frobenius element.

Let 0 = (p, L/K). It remains to show that ¢ : £ — pFE = E° is the reduction of a map
¢', because then £ ~' o ¢ will be the desired map. Let [a] € Aut(E?) be the reduction of

a map [o]. To show € commutes with [o], we consider ¢; = € o ¢, and consider how [¢/]
“commutes” with ¢; and ¢,,.

1. ¢1: By normalization (Proposition 17.2.2(3)), we know
¢10alg = [a]ge 0 ¢1.

2. ¢, Note that for any morphism of varieties f : V' — W over a field of characteristic
p, the following commutes, where ¢y, ¢y, are the pth power Frobenius maps on V' and
W

f o
V——W  owof=["00¢y.

v Lﬁw

ve L e
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Applying this to [o]g,

—_—

¢p o lale = [a]f 0 dp = [a]e © &,

where in the last step we used Theorem 17.2.2(4), noting o(a) = «a since a € K and

o € G(HK/K)
Hence .
[a]pr0c0¢, =cog,olaln £ eoalp 0 gy
é

Cancelling ¢, gives [a|gs 0 € = € 0 [@]po, so Lemma 17.5.5 shows ¢ is the reduction of some
¢’, as needed.

To finish, note that ¢; does indeed correspond to C/A — C/p~'A. Hence A corresponds
to C/A — C/p~'A, up to some automorphism. ]

Step 3: When (p, Hx/K) = 1, X is just an endomorphism of F, hence equals [a] for some a.
In fact, the following proposition shows it is [7] for some 7 generating p, so that multiplication
by 7 corresponds to the pth power Frobenius in the reduction.

Proposition 17.5.7: Suppose E has CM by O and is defined over Hg. For all but finitely
many degree 1 prime ideals p with (p, Hx/K) = 1 (equivalently, such that p is principal),
there exists a unique 7 such that p = (7) and the following commutes.

1

Proof. Since (p, Hx/K) = 1, Proposition 17.5.6 gives a diagram

E-2.F
E-".F.

for some A\. We know A is in the form [r], and show 7 satisfies the desired conditions. We
have by Proposition 17.2.9 that

Nmjq(m) = deg([n]) = deg(6) = p = Np

so either () = p or (7) = p. As always, when we're deciding between conjugates, normaliza-
tion comes to the rescue. Take w € Q2 whose reduction modulo 3 is nonzero. Normalization
says that [7]*w = 7w so
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the last step since the Frobenius map is inseparable. We get B | 7, forcing (7) = p.
For uniqueness, note the map

O —1s End(E) —2 End(E)

is injective for E having good reduction at P (Theorem 17.4.3). O

Step 4: Consider (17.7). We need to show that Pk (1,a) is exactly the kernel of the Artin
map v, /x. Note that Pk (1,a) and ker(¢,/k) are both subgroups of Pf = ker(¢p, /x) =
ker(vr, /K (®)|m, ). It suffices to show that for all but finitely many primes p of degree 1 such
that (p, Hx/K) = 1, we have p € Px(1,a) iff p € ker(¢r, k).

Let p satisfy the conditions of Proposition 17.5.7. Since the reduction of 9k (p) is
the Frobenius map, we get that ¢, x(p) = [r], for some 7 such that (r) = p.° Since
(p, Hx/K) = 1, we have the commutative diagram

jothiiai (17.10)

| ]
E-",E.
We have the following string of equivalences, for all but finitely many degree 1 primes p
with (p, Hx/K) =1,
1. p € Pg(1,a).
2. p = (m) where 7 = uar where v is a unit and o« =1 (mod a).
3. For all a-torsion points P € E|a|, h([x]P) = h(P).
3. For all a-torsion points P € E|a], B(m?) = h(P).
4. (p, L,/ K) fixes h(Ela]).
5. p € ker(¢r,/k)-

(1) < (2) is clear.
For (2) = (3), note that for all a torsion points P € Ea],

h([x]P) = h([u][a] P)
= h([a]P) h is Aut(E)-invariant
= h(P) a=1 (moda)and P € FEla].

Note it is important that h be Aut(E)-invariant.

SNote the analogy with the cyclotomic case. v, /K (p) acts on torsion points as [r], just as in the cyclotomic
case it acted as the pth power map, that corresponds to [p] if we consider the natural map Z — End(Q(¢,)).
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For (3) = (2), let P € Ela] be a torsion point. By [Sil86, VIL.3.1b], E[a] — E[a] is
injective for p + a and E with good reduction at p. Since h is an isomorphism (in particular,
an injection) E/Aut(E) — P!, we get that [r|P = [u]P for some [u] € Aut(E). But
Ela] = Ok /a, so we can choose u such that 7 = « (mod a). Then there exists a such that
T = uqa, with « =1 (mod a).

For (3) = (4), we calculate the action of (p, L/K) on a torsion point P € Elal, in the
reduced curve:

—_—

P®L/K) = ¢,(P) = [x]P,

the second equality from Proposition 17.5.7. This allows us to understand the action on the
nonreduced curve, since Ela] < El[a] is injective for p t a and p of good reduction. We get

p®L/E) — [7]P.
Thus (3) implies
h(P)®L/E) = p(peL/K)) (p, L/K) fixes Hx and E defined over Hg
= h([x]T)
= h(T) by (3).

Now we prove (4) = (3'). Let 0 € G(K/K) be an automorphism such that o|ga =
(p, K**/K). Then for any P € Ela],

h([x] P) h(@(P)) = h(P?) = h(P) = h(P),

the last two equalities since o|g = 1, h is defined over H, and 0|y, fixes h(E[a]) by assump-
tion. Thus (3') holds.

Now (4) <= (5) comes from the fact that (p, L4, K) already fixes K(j(F)), so to fix L,
it only needs to fix h(E[a]).

Step 7: The maximal abelian extension is the union of the all ray class fields. Note every ¢
divides n for some n so we can just restrict to ray class fields corresponding to (n) for some
n € N:

K™ = JK((E), h(En)) = K(/(E), h(Eiors)).

6 The Main Theorem of Complex Multiplication

Given o € Aut(C/K), consider the map o : E(C) — E?(C). We would like to know how this
map acts on torsion points. This is since to get Galois representations of elliptic curves, we
look at how ¢ acts on torsion points—often specializing to torsion points that are a power
of a prime.
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Because we are considering CM elliptic curves, we can identify the torsion points with
K/a, for some ideal a. Namely, given an analytic isomorphism f : C/a — E(C), we can
restrict it to K/a to get

flja: K/a = By — E(C).
The main theorem of complex multiplication tells us we can transfer the map o : E(C) —
E°(C) via an analytic isomorphism to a multiplication-by-an-idele map [x7!] : K/a —
K/x 'a, where x and ¢ are related in terms of the Artin map (to be made precise).

Definition 17.6.1: Let x = [pevo pm ) [Toevee v™¥) € Tk be an idele. Let a be an ideal,
and define xa by

xa=px)a= | [] p™® |a
peVk
Define the map
x| : K/a — K/xa (17.11)
as follows. Note K/a = I[, K,/ak, by the Chinese Remainder Theorem, where z is just
identified with its images in the K,/aKy: (2p)peyo. Then (17.11) sends
(ap) — (zpa,) where x = (). (17.12)

Theorem 17.6.2 (Main Theorem of Complex Multiplication). Suppose E is an elliptic
curve with CM by Ok. Let 0 € Aut(C/K) and x € Ik be such that

0| g = Pr(X).

Fiz an analytic isomorphism f : C/a = E(C). Then there exists a unique analytic isomor-
phism f': K/x'a — E7(C) such that the following commutes:

K/a—>5 K/x la

L

E(C) —2 E°(C).

Remark 17.6.3: The map (17.12) can be a bit weird to think about: For instance, consider
the simpler case K = Q, a = Z. Take the idele x with 1’s everywhere except x5 = 2. Then

[x] sends % — %,% — %,% — % and so forth but sends % — % So it is surprising that

7
x1: K/a — K/x 'a can be related analytically to F(C) — E?(C).

Compare this theorem to Proposition 17.5.7. Rather tan just dealing with the Frobenius
element of a prime, we deal with the Artin map of an idele.

Proof. Note uniqueness follows from the fact that topologically, the closure of K/x la is
C/x"'a, and any continuous function is determined by its values on a dense set.
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First we prove this for £ defined over Q(j(E)) and a integral. We do this in 2 steps.
Step 1: Approximate o by a field automorphism A that is the Frobenius element of a prime
p. (The Frobenius element is something much more concrete to work with than the abstract
Artin map of an idele.) We will take better and better approximations, which determine the
action on E[m] for larger and larger m, and take an inverse limit.

So let L], be the Galois closure of K(j(E), E[m])/K. By Corollary ?77.??7, there are
infinitely many primes with 8 | p in K and L such that

(B, L/K) =0|r,, MNp)=1

We can furthermore choose p satisfying the following, because each condition excludes only
finitely many primes.

1. p is unramified in L], .
2. p ¢S, where S is defined as in the proof of Theorem 17.4.4.
3. ptm.

By Proposition 17.5.6, there exists a map A : £ — E? that reduces to ¢, modulo B. On
E[m], both A and o act as ¢,. Because P { m by item 3, the reduction map modulo B,
E[m] — E]m)], is injective. Hence A and o act the same on E[m]:

Mpim) = olgpm) : Elm] — E7[m]. (17.13)

But we know how the map A acts: Proposition 17.5.6 tells us that the map A\ : £ — E°
corresponds to the map on complex torii : C/a — C/p~'a.” Hence we have the commutative
diagram

Cla—=C/p'a (17.14)

Lo

E(C)—2 E7(C)

for some analytic isomorphism f”.

Step 2: By Theorem 17.5.4, the ray class group modulo m is K,,, = K(j(E), h(E[m])). Note
K,, € L . Now by assumption, p was chosen so that the images of p and x under the Artin
map both project to ok,

Pk K (X) = 0|k, = Vi /K (P) = Ok /i (1p(70))

where 1), ¢ denote the Artin map on ideals and on ideles, respectively, and 7 is the uniformizer
of p in K,. We have
ker ¢, ;k = K*Ug(1,m).

"The map ¢ and x~! appearing in the theorem statement are bijections, while A and i are not. This is
okay, though, because we only use \,i to approximate ¢ on m-torsion, and A, ¢ are injective on m-torsion,
since P 1 m.
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(See Definition 11.11.5.8 for notation.) This follows from the definition of the ray class field
and from the correspondence between ray class groups in Definition 11.11.4.5 and idele class
groups in Example 11.11.5.10. We have x € i,(7) ker ¢, /i, giving

x=a-l(r)-u, aecK*, ueUg(lm).

We now compose (17.14) with the homothety o', and note (x) = («)p, to get the desired
map C/x'a — E7(C):

C/a—Clp~la 25 C/xta (17.15)
lf lf T
E(C) —2- E°(C)

Here, f.(2) == f"(az).

This isn’t quite what we want yet, though, because the top row is the map a~! rather
than the map x~!. We need to show that for m-torsion points, a~! acts the same as x~!.
Then we would have

o(f(t) = Af(1) = fr(a™t) = fr.(x7't), t€m 'a/a.

The first equality is since o, A were by construction the same on E[m] (17.13), so o o f and
Ao f are the same on m~'a/a. The second is by commutativity of (17.15).
To show the third equality, we note that

fi(a ) = fl (x7't) for all t € m™'a/a

(f. bijective) <= a 't—x'tca for all t € m™'a

— a lt,— x;ltq € aq for all t € m™'a, q

(multiplying by zq = aliy(7)]qug) <= [ip(7)]quqt —t € a4 for all t € m™'a,

> ([ip(m)]quq — 1)ag € may
ug € Ux(1,m) <= ([ip(m)]q — 1)ag € ma,.

Consider 2 cases.
1. q # p. In this case, [iy(7)]; = 1, so this is trivial.
2. q=p: [iy(7m)], = 7, and m—1 is a unit. By assumption p { m. hence (r—1)a = a = ma.

Step 3: We now show that the maps f/, are all actually the same for m > 3. Indeed,
Il Em] = fron|Epm) by construction, so f}, fr, differ by an automorphism that fixes E[m].
This automorphism must be [(] for some element of norm 1 in K, and f/ = [(] o f/,,. Since

P . . .
s fonm @re isomorphisms, this says

E[m| C ker[1 — (]
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The only possibilities are ¢ a 4th or 6th root of unity, and if ¢ # 1, then [1 — (] has norm at
most 4. So form >3, (=1, and f, = f/ .

Step 4: Finally, we show the theorem holds for general F/L. Any elliptic curve E has a
model £’ defined over M" = Q(j(F)), corresponding to a complex torus C/a’ with a’ an
integral ideal (see the left face below). Let F — E’ be an isomorphism and K/a — K/a’ be
the corresponding map on torsion. Then the existence of fg, for E'/L gives the existence of
[ for E/L, by choosing f}, to make the below diagram commute.

K/a = K/x'a

fe K/d g K/xtd

E(C) % B7(C) L
F'(C) B (C).

6.1 The associated Grossencharacter

The Main Theorem involved 2 different elliptic curves, and 2 different analytic isomorphisms.
In the special case that o fixes E, the curves will be the same, and by nudging the map
upstairs by a constant depending on x, we can restate the theorem using a consistent choice
of f. (Compare to how we specialized from Proposition 17.5.6 to 17.5.7.) The action of
¢ (x) on the elliptic curve will “essentially” correspond to multiplication by x g/ on K/a.

Theorem 17.6.4 (Grossencharacter of an elliptic curve). Let E/L be an elliptic curve with
complex multiplication by O, and suppose K C L. Let x € I, andy = Nmp x(x) € Igk.
Then there exists a unique o = ag,(v) € K* with the following properties.

1. a0k = (y).

2. For any fractional ideal a C K and any analytic isomorphism f : C/a — E(C), the
following commutes.
o -1
Kla— S K/a

Lol

E(L) X g(raby.
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Moreover, defining xg/r : I — C* by

XE/p(X) = ap/r(x)[Nmp/g(x )]s,

Xg/L s a Grossencharacter of K, and x g/ is ramified at B (i.e. xg/r(Usyp) is not identically
1) iff E has bad reduction at .

Proof. Part 1: Since f is an isomorphism, uniqueness is clear. To construct «, choose any
o € Aut(C/L) such that o] = ¢r(x). We use Theorem 17.6.2 with ¢ and y € [k, noting
the following points.

1. B9 = I since E is defined over L and o fixes L.
2. The image of f is contained in E(L*) as Fios € E(L*) by Lemma 17.5.3.
3. By compatibility of the Artin map, ¢r,(x)|x=» = ¢ (Nmy/x x) = ok (y).

We obtain an analytic map f’ making the following commute.

K/a—Y" K/y'a

bl

B(L™) 2% g,

Because
C/y'a= E°(C) = B(C) = C/a,
we have that y~'a is homothetic to a, i.e. there exists § so that 3 takes K/y 'a back to

K/a. Defining f"(x) = f'(87'x), we have that it differs from f by some automorphism [(]:
foll] =f" Let a=p(. Then we can extend the above diagram as follows.

Kla—2"K/y a2 K/a

b b

E(Lab) ¢L(x) E(Lab)

As ayla = a, we get (a) = (y).
To see that «v is independent of f and the ideal a, let f’ be another analytic isomorphism
K/a" — E(L*). Let the map K/a’ — K/a be multiplication-by-y. Then f(yx) is also an

analytic isomorphism K/a’ — E(L*). Hence y~!f~! o f’ is an automorphism [(] of K/d,
ie. f'(z) = f([(lr). Thus 6o (@) = fay ") as well

Part 2: ap/, and hence xg/r is a homomorphism since it’s clear that or(xx'Yo f = fo

aa'yy'™!, and ¢r(x 7)o f = foaly.
We need to check that xg/(L*) =1 and that xg,r factors through a modulus.
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For the first point, note ¢ (L*) = 1, the identity element of G(L*/L). Let i : K* — I,
L* — I be the diagonal maps, and suppose x = i(z). We have y = Nmy x(i(x)) =
i(Nmy, g (2)). Then « is just the element such that o Nmy x (2) ™" induces the identity map,
ie. oo =Nmyp g(x) = [Nmp/k X|o, 50 Xp/r(x) = 1.

For the second point, fix m > 3 (m = 3 works fine). We'll show that for any idele x in a
small enough open subset of finite index, ¢ (x) acts just like multiplication by ag/r(x) and
fixes E[m], without the extra Nmy /k(X) factor, so that o will actually be 1.

Let By, be the kernel of the Artin map I, — G(L(E[m])/L) (abelian by Lemma 17.5.3),
so that it induces an isomorphism

Srqepmy/o 1/ Bm = G(L(E[m])/L). (17.16)
We show that
Un = BnN L (NmZ/lK UK(Lm)) - keI‘XE/L.

This is of finite index in I, since B, is open of finite index in I; and K*Ug(1,m) is open
of finite index in Ix.

Fixing an analytic isomorphism f : C/a =N E(C), we get that for any ¢ € m~'a/a and
any X € Uy, f(t) € E[m] so

ft) = f(t)?r™ by (17.16) and x € B,,
= f(aNmg,x(x)"'t) by the Main Theorem 17.6.2
= f(at) tem'a/aand Nmy x(x), =1 (mod m&y,) for all p.

Thus multiplication by « fixes m™'a/a, i.e. o = 1 (mod mOk). Note Nmy r(x)" €
UK(L m)7 S0
(a) = (y) = (Nmp/x(x)) = Ok

and « is a unit. Together with a =1 (mod mOy), we get a = 1.8

Part 3: The relationship between ramification and bad reduction hinges on the Néron-Ogg-
Shafarevich Criterion. See [Sil94, pg. 169-170]. O

Note that if xg/, is unramified at B, then xpg/r(ip(Ug)) = 1, so it makes sense to talk
about xg/.(B) (defined as x g/ (ig(m)) for any uniformizer ).

Proposition 17.6.5: Let E/L be an elliptic curve with CM by O, with K C L. Let B
be a prime of L of good reduction, let £ be the reduction of £ modulo B. Let ¢y be the
Frobenius on F. Then the following commutes.

E [XE/L(‘B)] E

B "™ .

8 Any number in the form m7 4 1, 7 € Ok with norm 1 has norm at least (Nmg/g(m) —1)% — 1, by the
triangle inequality. In order for it to have norm 1, 7 = 0.
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Proof. Let m be a uniformizer of Ly, and let w = ip(m). Note that w, = 1. Hence
Nmp,/x(@)e = 1, giving

Xe/L(B) = Xg/L(@) = ap/L(@).
If m is an integer such that 9 { m, then Nmy, k(@) fixes m~'a/a (since it is 1 at all Q with
Q | m). Then

F(#)°2® = f(lag/L(w)] Nmp, k(@) ') definition of agyy,
= f([xe/L(P)] Nmy, k(@) ')

= [xm/p(B))f(Nmz, k() ') f preserves the action of O

~ P (B Ning () fixes mafa

Modulo B, ¢ (w) is just the gth power Frobenius map, so we get

¢‘B|E[m] = m|E[m]‘

Since an isogeny is determined by its action on E[m] for m — oo (the kernel of a nonzero
isogeny is finite), we get that this is true for E, not just E[m], as needed. O

To study the Galois representation G(K/Hg) — Aut Eio of E, we reduce modulo a
prime B of L, and show that on this reduced curve, the gth power Frobenius acts exactly as
multiplication by the Grossencharacter. In particular, the gth power Frobenius is represented
by multiplication by xg/r(F) when we think of Eios as K/a. Thinking of Eio as a 2-
dimensional space Q?, this says exactly that the eigenvalues of the Frobenius acting on Eiors
is exactly xg/.(F) and X g/, (B). Typically we just restrict our attention to {-power torsion
points for some £.

7 L-series of CM elliptic curve

7.1 Defining the L-function

We define the L-series of an elliptic curve as the L-series of the corresponding Galois repre-
sentation.

Definition 17.7.1: Let E be an elliptic curve defined over K, and p, the associated Galois
representation G(K/K) — Aut V,E = GLy(Qy).
Define the local L-factor of E at a prime p of K as follows. Choose ¢ such that p 1 ¢,
and let
Ly(E, s) := Ly(pe, s) = det(1 — ¢~* Frob(p)|(V.E)*) ™,
where ¢ = 9Mp and I, is the inertia subgroup of G(K/K). (Choose an embedding Q, — C.)
The L-series of E is the product of local factors

L,(E/K,s) = HL (E,s).
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Remark 17.7.2: This is (almost) the same as saying: fix a prime ¢ and let L(E/K,s) :=
L(ps,s). The only difference is that we run into trouble with the local factor L,(ps, s) on
the right hand side, so we have to choose a different ¢' and let this local factor be L,(ps, s)
instead.

The following is an equivalent definition (that is more concrete).

Definition 17.7.3: Let N be the conductor? of the elliptic curve E. Define the local L-factor

by
—s —2s 1, m1l N
Lyp(E,s) =1 —a,q° +x(q9)ag™*, a;=q+1—|E[F,)|, x(q) = {
0, else

where ¢ = 9p. Thus

1—a,q % +qq %, good reduction

Ly(E,s) = 1—q7, split ml'ﬂtiplic?tiye r.eduction |
1+q77°, non-split multiplicative reduction

1, additive reduction.

Note that a,, the “trace of Frobenius,” is related to the number of points of E over F,,.
Hence the L-function contains information about the number of points of £ over each F,,.

Showing that these two definitions are equivalent requires us to show that (V,E)% is 2,
1, or O-dimensional when E has good, multiplicative, and additive reduction, respectively.
The general idea is that the action of I, on V,E contains exactly the information lost by
looking at the reduced elliptic curve, since I, is exactly the kernel of D,(K/K) — G(k/k),
so nontrivial action of I, corresponds to bad reduction.

In the CM case, we cannot have multiplicative reduction, so the L-series is particularly
simple. We will show that the two definitions are equivalent in this case.

Theorem 17.7.4. Let E/K be a CM elliptic curve. Then E cannot have multiplicative
reduction at any prime.

Proof. An elliptic curve E has potential good reduction iff its j-invariant is integral [Sil86,
VIL.5.5]. CM have integral j-invariants, so have potential good reduction, i.e. have good or
multiplicative reduction. O

Proof that Definitions 17.7.1 and 17.7.3 are equivalent in the CM case. Suppose E has CM
by an order &' in K, and E is defined over L. By Néron-Ogg-Shafarevich, I, acts trivially
on V,FE iff E has good reduction at p. Let g = Dp.

In the case of good reduction we need to show det(1—¢~* Frob(p)|V,E) = 1—a,a*+qq~%.
Every endomorphism ¢ on E satisfies ¢ — tr(¢)¢ + deg(¢) = 0, where tr(¢) = 1 + deg(¢) —

9N is divisible by exactly the primes of bad reduction
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deg(1 — ¢). Since Frob(p) acts as the Frobenius morphism ¢y, its characteristic polynomial
is

det(XA — Frob(p)) = A? — tr(¢p) A + deg(ep).
But

deg(dy) = q
tr(¢p) = 1+ deg(¢y) — deg(1l — ¢p)
=q+1—ker(l—¢)
=q+1—|E(F,)]
(This part of the proof doesn’t use the fact that E has CM.)
Since E has no multiplicative reduction by Theorem 17.7.4, it remains to prove that

W := (V,E) = 0 when F has multiplicative reduction. We know by Néron-Ogg-Shafarevich
that dim(W) < 1. But because £ is CM, V£ = (lim (""a/a) ® Q has the structure of a

O @ Qp-vector space. If a € W, then for any o € K, ca € W because [a] commutes with
the Galois action. Hence W is not just a Qg-subspace of V', but also a O ® Q-subspace.
Hence its dimension over QQ, is even, and must be 0. O

7.2 Analytic continuation
Theorem 17.7.5 (Deuring). Let E/L be an elliptic curve with CM by Ok with K C L.Then
L<E/L7 8) - L(Sa wE/L)L(Sv 77DE/L)

Corollary 17.7.6 (Analytic continuation of L-function for CM elliptic curves). Let E/L be
an elliptic curve with CM by Ok. Then L admits an analytic continuation to C and satisfies
a functional equation relating its values at s and 2 — s.

This theorem for general elliptic curves is very deep (it follows from the Modularity
Theorem and the analytic properties of L-functions associated to modular forms).

Proof of Theorem 17.7.5. By Theorem 17.7.4, E has no multiplicative reduction. Let P be
a prime, and consider 2 cases.

1. F has good reduction at 3. Choose any ¢ not dividing 8. The characteristic poly-
nomial of the action of ¢y on VyE is det(A — ¢g|ViE). However, if we make the
identification Fis = K/a, we have

V,E = lgné_”a/a,

and we know that ¢g acts on Eis = K/a as multiplication by x g/ (). Therefore,
the eigenvalues of the action of ¢y on V,E are just xg/.(F) and Xp,,(F), and

det(A — ¢y |VeE) = (A = xp/L(B)(A = Xp/L(B))-
Taking A\ = p® and dividing by p** gives

Ly(E/L,s) = det(1 —p_s¢q3|VeE) = pr(S, XE/L)L(S,YE/L)-
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2. F has bad reduction at 8. Then xpg,r() = 0 by definition, and Lp(E/L,s) = 1 =
(1= xz/e(PB) (A =X/ (B)) = Lp(s, xe/L) L8, Xp/1)-

Multiplying together all the local factors gives the result. O]

Proof of Corollary 17.7.6. The L-functions of Grossencharacters have analytic continuation
(Theorem 16.16.7.8, which works for Grossencharacters as well). Thus the result follows
directly from Theorem 17.7.5. [

Thus we have carried out the program in Section 16.7 for CM elliptic curves, to get the
correspondences.

(CM Elliptic curves) — (Galois representation) — (2 Grossencharacters)

Remember Grossencharacters are 1-dimensional automorphic representations. If we wanted
a modular form, we can use the technique of automorphic induction to construct a modular
form from 2 Grossencharacters.

345



Number Theory, §17.7

346



Part 111

Analytic Number Theory

347






Chapter 18

Elementary estimates for primes

1 Chebyshev’s Theorem

Today we prove some asymptotic results about the distribution of prime numbers. Specifi-
cally, we derive estimates for the prime-counting functions

O(x) = In(p)

b(a) = Z In(p)
m(z) = ; 1

Note that we will always use p to denote a prime.

Lacking the tools of complex analysis, it is difficult to find the exact asymptotic formulas;
however, our elementary methods suffice to determine the asymptotics up to a constant
multiple. Our main result is Chebyshev’s Theorem:

Theorem 18.1.1. [?, Theorem 6.3] There exist positive constants ¢, and ¢y such that

ar < ¥(r) <Y(x) <w(r)n(x) < cx. (18.1)
for all x > 2. Moreover,

|
timinf 2% i inf Y& i e TEIE) S ) (18.2)

T—00 €T T—r00 X T—r00 X

|
lim sup @ = lim sup Ylz) = limsup M < 2In(2) (18.3)

T—00 x T—00 x T—00

We will prove this in three steps.
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1.1 Comparing the three functions

Since all terms in the sum defining J(x) are included in the sum defining 1 (x), 9(x) < ¥ (z).
In(z)
In(p)

For a given p there are { J choices for k so that p* < z, so

ba) = Y ) =Y fn@)J n(p) < 3" In(e) = n(e) In(a).

k<z p<x ln(p) p<w

This shows the middle two inequalities in (18.1).
Given ¥(z) < ¥(z) < w(z)In(z), to show that the three quantities in (18.2) and (18.3)

are equal it suffices to show that
(x) (z) In(z)

o ST . Hx ,
liminf —= > liminf —————, lim sup Q > lim sup
r—00 x T—00 T T—$00 x z—00

7(x) In(z) (18.4)

To compare ¥(x) = ¥ p<, In(p) and 7(z)In(z) = 3°,<, In(x), note that for p “close” to x, we
have In(p) “close” to In(z) and relatively large, while the terms for small p will not contribute
much to either sum. Thus we can just consider the terms with p > 2!=°, where 6 € (0, 1).

dz)> Y In(p)

> > In(z'?)
=In(2"~")(m(2) — m(z'7"))
= (1= 08) In(z)(r(z) — 7('~"))
> (1 - 8) In(a) ((x) — ')
Hence
Az)  (L=9)m(@)In@) _ (1~ 5)5 In(z)

Letting 6 — 0 gives (18.4).

1.2 Upper Bound

We show that ¥(z) < 2z In(x). Instead of thinking about bounding (), it is easier to think
about bounding e?®) = [Tp<z D-

Lemma 18.1.2. [AD0S, 3.7] For any x € N,

[[p<a! (18.5)
p<z
Proof. Use strong induction on z. For x = 1,2 the statement holds. The induction step
from odd x > 1 to x + 1 is obvious, since x + 1 is not a prime.
Consider the induction step from even x to x + 1. Let x = 2n. The key idea is that there
cannot be “too many” primes between n + 2 and 2n + 1, because...
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1. These primes all divide (2n; 1) = ,(L!z(nnill))!;-

2. (2":1) can easily be bounded from above:
2 1 1//(2 1 2 1 1 " (2
n+ly 1 n—+ n n—+ 1 Z n —|— gy
n 2 n n+1 2 =

Il r=1» 1l p§4”~(2"+1>§42".

p<z+1 p<nt+l  n+2<p<2n+1 n

Then

Taking the logarithm of both sides of (18.5) gives ¥(z) < (z — 1) In(4) < 2z In(z).

1.3 Lower Bound

% > In(2). First consider when z is even, say equal to 2n.

We show that liminf, ,.
Like in Section 3, we consider a binomial coefficient, this time (2:) We show that each
prime cannot appear as a factor in (2:) “too many” times, so it can be bounded above by

(2n)™"). We can easily bound (*") below:

2n 22n
>
n/) = 2n

) Putting these two bounds together will give

since it is the largest among 2, (21”), (2n L

the desired bound for 7(2n).
We need the following to count the highest prime powers dividing (2:):

Lemma 18.1.3. [AD0S, Lemma 6.3] For every positive integer n,

where vy(m) denotes the largest integer i such that p‘|m.

n

Proof. There are L’?J multiples of p* less than or equal to n. In the sum Y p>; L%J, each
multiple of p* less than n is counted & times, once each as a multiple of p, p?, ..., p". O

From Lemma 18.1.3, we get

2 ((0)) = () =otem —amem = 3 3] -2 5]
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Since each term of the sum is at most 1,
o <<2n>> < {ln(Zn)J < ln(2n).
n In(p) In(p)

2 (%) = 1 () < (2nyem,

— <
2n n p<2n

Thus

Taking logs and remembering = = 2n gives z1n(2) — In(z) < 7(z)In(z), which gives the

desired bound. For odd x, the value of W can be compared to the value for z — 1.
Finally, (18.2) and (18.3), and the fact that all the prime-counting functions are positive

for x > 2, show the existence of ¢; and ¢, in (18.1). This finishes the proof of Theorem 18.1.1.

1.4 The nth prime

We found an estimate for the number of primes less than or equal to a given number; we
can use this bound to find an estimate for the nth prime number.

Theorem 18.1.4. Let p, denote the nth prime number. Then there exist constants cs, cy
such that
csnln(n) < p, < c¢ymnlin(n)

for alln > 2.

Proof. From Theorem 18.1.1,

I (p) <7(pn) =n< n(p)’ (18.6)
S0
nin(py) < < nlin(py)
C2 1
The LHS is at least c3nIn(n) by the trivial bound n < p,,. On the RHS, use the LHS of (18.6)
again to get In(p,) <In (%&pn)), giving In(p,,) < c¢In(n) for some c. O
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Crash course in complex analysis

Complex analysis is calculus on the complex numbers. The main functions of study are
complex differentiable functions.
Reference books: Lang or Ahlfors

1 Holomorphic functions

Definition 19.1.1: Let U C Cbe an open set and f : U — C be a function. The derivative

of fis
- fE+Az) - f(2)
1Y
Fe ==
if it exists. f is holomorphic if its derivative exists at every point of U. f is meromorphic
if it is defined and holomorphic on U except at a discrete set of points.

Write f(x + iy) = u(x,y) + tv(z,y). Note that f being differentiable is a much stronger
condition than being simply v and v being differentiable, because the limit of f as Az — 0
along the real and complex directions must be equal:

ou au_1<au+,av>
oy Zay '

o Tor i
Thus we get the Cauchy-Riemann criteria: If f is differentiable as a function of (z,y), then

f is holomorphic iff
ou Ov Ou ov

dr oy oy  or
Another way to think about complex differentiability is that holomorphic maps preserve
angles (i.e. are conformal); we have

f(z+7re?) — f(2) = re? f(2).

Because complex differentiability is such a strong property, holomorphic functions have
many nice properties. Hence it is often useful to take functions defined on the reals and
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extend them as far as possible on C. Some of the good properties are the following (to be
explained in the rest of the chapter); note they are not necessarily true for real differentiable
functions!

e A function is holomorphic iff it is analytic (has a power series expansion).

e A sequence of holomorphic functions with good convergence properties converges to a
holomorphic function.

e A bounded entire function is constant.

e If two holomorphic functions agree on a set containing a limit point, then they are
equal. Thus analytic continuations are unique.

e Bounds on a function give bounds on the derivative. Hence we can “differentiate”
asymptotic formulas.

e We can expand holomorphic functions into products or sums depending on their poles
and zeros—in much the same way that rational functions can be expanded into partial
fractions or factored.

2 Complex integration

We now give two definitions of the integral.

Definition 19.2.1: A path is a continuous function v : [a,b] — C. It is called a loop if
v(a) = 7v(b). Let f be a holomorphic function on U and v be a path in U.

1. If ~ is differentiable (except possibly at a finite number of points), define
b

/ﬁ (2)dz = [ f((6) (1) .

2. Define an (indefinite) integral of f on a set V' to be a function F' on V such that
F'(z) = f(2). Given holomorphic f, choose points ty, ..., t, such that there exist open
sets U; O f(v([tj—1,t;])) such that f has an integral F; on U;. Define

ICCE ;}[Fj(v(tj)) ~EF(y(t,0)]

Note that unlike in the real case, indefinite integrals may not exist globally, for example,
Int is locally an integral for % but cannot be extended holomorphically to C\{0}. We need
to establish the well-definedness of the second definition.
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Theorem 19.2.2 (Cauchy’s Theorem, version 1). Let f be holomorphic on a closed rectangle
R, with boundary OR. Then (using the first definition),

f=o.
OR

From this one can show that integrals exist locally by defining

where the integral is along horizontal and vertical lines; moreover one gets well-definedness
in the second definition.
We can now define the logarithm of a function.

Definition 19.2.3: Let f be a holomorphic function on a simply connected set U (see
Definition 19.3.1), with f(2) # 0 on U. Choose 2z, € U and qq such that e = z,.

) = [ 7

Note different definitions of the logarithm will differ by integer multiples of 274, and
e NE) = £(2). The motivation comes from the fact that one would expect the derivative
of In f(z) to be f7/(z) We write (In f)(2) to emphasize that this is not simply a composite
of functions: We could have f(z1) = f(z2) but (In f)(21) # (In f)(22)."

We seek a generalization of Theorem 19.2.2 to meromorphic functions and arbitrary
paths.

(2)dz.

3 Cauchy’s Theorem

Definition 19.3.1: Two paths v and 7 : [a,b] — C are homotopic if there exists a contin-
uous map
vs(t) : [0,1] X [a,b] — C

such that ~vo(f) = ~v(¢) and ~,(t) = n(t).
A subset of C is simply connected if it is pathwise connected and every loop in C is
homotopic to a point.

Theorem 19.3.2. Let U be a simply connected open set containing zo. Every path v around
zo in U\{20} is homotopic to a circle going around zo n times for some n € Z. This n can

be calculated by
1 z
n=MW(~,z):= /(z)

2w Jy 2 — 2

dz

and s called the winding number.

!Consider, for example, the case where f(z) = 22 on C\R<p, and z1 = i, 29 = —i.
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Theorem 19.3.3 (Global Cauchy’s formula). Let U be a simply connected open set and
f U — C be holomorphic. Suppose ~v is a loop in U. Then

RN i)

21 Jy 2 — 29

dz = W(7,20) f(2).

4 Power series and Laurent series

As complex differentiability is a much stronger condition than differentiability for real func-
tions, holomorphic functions enjoy nicer properties. The most important one is the following.

Definition 19.4.1: A function f : U — C is analytic at zj if it can be written as a power
series in a neighborhood around z:

o0

Z Z—Zo

fM(z)

If f is given by its power series representation then we must have a, = ~—

Theorem 19.4.2. A function f : U — C s analytic iff and only iff it is holomorphic.

Note this is not true for real functions: for example, ¢~ % has Taylor expansion equal to 0
at 0, but is not the zero function. This kind of irregularity does not happen for holomorphic
functions.

Corollary 19.4.3. A holomorphic function has infinitely many derivatives.

The following theorem says that for holomorphic functions, the radius of convergence is
“as large as it could possibly be.”

Theorem 19.4.4. Suppose f is holomorphic on a disc N,.(z) of radius r around zy. Then
the Taylor series around zy converges absolutely to f on N,.(2).

Proof. Estimate coefficients using Cauchy’s theorem. Complex Analysis, Lang I11.7.3. [
We can generalize power series to allow terms with negative exponents.

Theorem 19.4.5. Suppose f is defined on an annulus A = {z :r < |z — 2| < R}. Let C
be the circle of radius ' € (r, R) around zy. Then f has a Laurent expansion on A:

f&)= Y alz—a) a=o- [ (f@dz.

_ n+1
W 2mi Jo (2 — 2)

If f is defined on {z : |z — z0| < R} then

Pea) = g [ T

2mi Jo (z — zg)"
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The coefficient a_; is called the residue of f at z,:

Res,,(f) = a_1.

The following theorem controls the size of the derivatives of a complex analytic function by
its values of the function in a circle. Note that in the real analytic case we can’t make such
a statement!

Corollary 19.4.6. Suppose f is defined on {z : |z — z| < R}, and let C be a circle of radius
r < R around zy. Then

|
£ < = max £(2)

and the nth coefficient in the power series expansion satisfies

a, < — max f(2).

—rn o zeC
Proof. Simply note that in the integral [, % dz, the denominator has constant absolute
value r"!, the numerator is bounded by max.cc f(z), and the arc length is 27r. O

Corollary 19.4.7 (Liouville). A bounded entire function is constant.

Proof. We can take r — oo in the inequality for n = 1 to find that f’(z) = 0 everywhere. [

4.1 Cauchy’s residue formula

Using residues, we can state the most comprehensive form of Cauchy’s formula:

Theorem 19.4.8 (Residue formula). Suppose f is meromorphic on simply connected open
U, and ~ 1s a loop in U. Then

[yf(s) ds=2mi Y Wi(v,2)Res.(f).

z pole of f

One useful application of this is counting zeros and poles of a function f.

Definition 19.4.9: Define the order of f at zy to be the least integer so that the Laurent
expansion of f at zy has a,, # 0:
ord(zp) = m.

Note that ords(zp) > 0 signals a zero and ord(zp) < 0 signals a pole.

Corollary 19.4.10. Suppose f is meromorphic on simply connected open U, and vy is a loop
i U. Then

217”; /7 uj:(s) ds = Zp: Wh/v /0) Ol"df(p).

Proof. 1f f has Laurent expansion a,,(z — z0)™ + - -+ at 2o then f7/ has Laurent expansion

My (2 — 20)™ 1 4 -+

-1
= mlz — 2 “+ .-
am(z — 20)™ + - - - ( 0)
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5 Convergence

Unlike in the real case, holomorphic functions behave nicely under infinite sums and pointwise
convergence. This is because by Cauchy’s theorem we can write f as an integral, and integrals
preserve convergence.

Theorem 19.5.1 (Holomorphic functions converge to holomorphic functions). Let {f,}>°,
be a sequence of holomorphic functions on U.

1. Suppose f, — [ uniformly on compact subsets of U. Then f is holomorphic.

2. Suppose Y%, fn, = [ converges absolutely and uniformly on compact subsets of U.
Then f is holomorphic.

6 Series and product developments

We know that locally, we can write a meromorphic function f as a Laurent series Y°°° ___ a,z".

There are two other representations that are useful, depending on what information we have
about the function f.

1. If we know the poles of f, we can write f as a sum of rational functions

f<z>:n§::1 P2 ) - @) + ot

Z— Zy

2. If f is entire and we know the zeros of f, we can write f as an infinite product

[e.@]
f(z) =2 I] (1 - Z) er ()

n=1 Zn
(Think of this as “factoring” f, much like a polynomial can be factored as in the
fundamental theorem of algebra.) These representations come about from convergence
properties of holomorphic functions—so we can be sure the infinite products converge
to holomorphic functions—and by Liouville’s theorem—if we engineer a function that
is close enough to f then it must be equal to f.

Theorem 19.6.1 (Mittag-Leffler). Let z, be a sequence with lim,,_, |z,| = oo (or a finite
sequence), and P, polynomials without constant term.

1. (Ezistence) There is a meromorphic function f with poles exactly at z,, with Laurent

expansion P, (Z_lzn) + - at z,.

2. (Uniqueness) All such functions f are in the form

> (R () -au@) o

n=1 27 Zn

where @, s a polynomial and g(z) is analytic.
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Proof. See Ahlfors [Ahl79, p. 187]. O

Warning: this does not converge for all P,. Typically we take ), to the the first terms of
the Laurent expansion of P, (%), to ensure cancellation of high-order terms.

z—

Definition 19.6.2: The order of an entire function f is the smallest a € [0, 00] such that

|f(z)’ e elel™™

for all € > 0.

Theorem 19.6.3 (Product development). Let z, be a sequence with lim,, . |2,| = co. If f
is entire with order o < 0o with zeros zy, za, ... (with multiplicity, not including 0), then it
has a product formula

f(z) = 2"es®) ﬁ1 (1 - ;) et (&) o (3)" (19.1)
where

« m=lo],

e 1 is the order of vanishing of f at 0, and

e ¢ is a polynomial of degree at most a.
The product converges uniformly locally. Moreover,

| {k: 2. < R}| 3 Rt (19.2)

Conversely, if a = |« and z is a sequence satisfying (19.2), then the RHS of (19.1) defines
an entire function of order at most a.

Proof. See Ahlfors [Ahl79, p. 195]. O

Hence the order of a entire function gives an asymptotic bound for the number of zeros.?

7 Gamma function

To prove basic properties of the zeta function in the next chapter, we need to know the
properties of the gamma function.

Definition 19.7.1: Define the gamma function by

o0 d
[(s) = / x’e —x, Rs > 0.
0 T

2A function which grows faster is allowed to have more zeros—much like a polynomial with lots of zeros
grows fast simply because it has higher degree.
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We will begin by analytically continuing the gamma function and giving its basic prop-
erties.

Proposition 19.7.2 (Facts about I'):

1. T'(s) can be analytically continued to a meromorphic function with poles —n,n € N,
(=~

n!

with residue

2. I'(s) = limy 00 S(S#"('SW when s ¢ —N.

3 g = s Il (L4 7).

4. I(s+ 1) =sl(s) so'(n+1) =n!,n e Ny.

5. D(s)[(1 — s) = =

sinms”®

m—1

6. D(s)L(s+ 1) [ (s+2L) = (2m)"z m2~"T (ms). In particular, T'(s)I (s+1) =
7221725(2s).
From the product development 19.6.3 we get the following.
Theorem 19.7.3 (Product development of I'). We have
eV X ek

[(s) = 11

S kzll—i—%'

In the region

R. =C\({s:arg(s) € [t —e,m+ ]} U{0}),

i.e. C with a wedge containing R<, deleted, we can define the function (InI')(s). By the
product formula, it equals

= /S 5
(InT)(s) = —ys —Ins+ kz::l <% —1In (1 + %)) .
The following asymptotic formulas will be useful.

Theorem 19.7.4 (Stirling’s approximation). Let Pi(t) = {t} — 5. For s € R.,

S R
1

_ (s - 2> Ins—s+ ;“1(2%) +O0:(]s[™)
I'(s)
L'(s)
I(s) ~ s 36752

1
=lns— — (|s|2
ns 2S—i—O(|s| )
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Dirichlet series

For proofs see [Apo94].

1 Dirichlet series, convergence

Dirichlet series are the “power series of number theory.” As such, we will first need to get
acquainted with their analytic properties.

Definition 20.1.1: A Dirichlet series is a series of the form

where f(n) is an arithmetical function. Following convention, we let s = o + it, with o,
real.

Let {\(n)} be a sequence strictly increasing to co. A general Dirichlet series with
exponents {A(n)}>2, is in the form

F(s) = f: f(m)eX.

An ordinary Dirichlet series has A(n) = In(n). !

Theorem 20.1.2 (Half-plane of convergence). Convergence: If the series 3250, | f(n)e™*™)|
does not converge or diverge for all n, then there exists a real number o., called the abscissa
of convergence, such that >0, f(n)n™*

e converges locally uniformly for o > o., but

e does not converge for o < o,.

LA further generalization is given by the Laplace-Stieltjes transform, fooo e~ stda(t), where « is a measure.
The “step” part of a gives a Dirichlet while the continuous part gives a Laplace transform.
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In fact, if the series diverges for all s with o < 0, then

| n_alk
o, = liflris;}p k=1 AR |Z/<c<_;)a( )‘ )

Absolute convergence: If the series Y °°, ]e‘sx(”)\ does not converge or diverge for
all n, then there exists a real number o,, called the abscissa of absolute convergence,
such that 3°°°, f(n)n™*

e converges locally uniformly absolutely for o > o4, but

e does not converge absolutely for o < o,.

In fact, if the series diverges for all s with o < 0, then

1 n
Oy = liinﬁscgp W.

In particular, for ordinary Dirichlet series (that diverge when o < 0),

0, = lim sup n2ok=1 19,
n—oo

2 Basic properties
Proposition 20.2.1 (General facts): Let F(s) =32, f(n)n™*.
1. lim, o0 F(0 +it) = f(1) uniformly

2. (Uniqueness) If F(s) = G(s) are absolutely convergent for o > o, and are equal for s
in an infinite sequence {s;} with o — oo, then f(n) = g(n).

3. (Non-vanishing in half-plane) Suppose F(s) # 0 for some s with o > o,. Then there
is a half-place o > ¢ > ¢, in which F(s) is never 0.

Proposition 20.2.2: (Operations on Dirichlet series) Let F'(s) = >0, f(n)n™* and G(s) =
>, g(n)n=°. Then

where
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Proof. Formally, by grouping together terms where mn is constant,

f(m) g(n)

ns ns

F(s)G(s) = >

m,neN
1

-3 ( > f(m)g(n)> o

m,neN, mn==k

Since the sums for ' and G converge absolutely, so does the double sum above, and the
rearrangement of terms is valid. O

Theorem 20.2.3 (Euler products). Let f be a multiplicative arithmetical function such that
% | f(n) converges absolutely. Then when Rs > o,,

< o
nz::lf(n)n —E[(l—i— ) + + >

2
If f is completely multiplicative,

< fn) |
2o ===

Proposition 20.2.4 (Derivatives): The derivative is

F'(s) = — f:l W

Theorem 20.2.5 (Landau). Suppose F'(s) is a holomorphic function that can be represented
i o > c by the Dirichlet series

F(s) = f: fnn=

with f(n) >0 for alln > ng. If F(s) is analytic in some disc of radius v around s = ¢, then
F(s) converges in o > o — ¢ for some £ > 0.
Hence, F(s) has a singularity at s = o..

Proof. We reinterpret in terms of power series and apply Theorem 19.4.4.
Take a = c+ §. Since F is analytic at in N.(a) € N,(c) U {z: Rz > c}, it equals its
Taylor expansion there:

00 (k) a
F(s)=>_ F k'( )(s—a)k.
k=1 :

From Proposition 20.2.4, F®)(a) = (=1)k 2%, f(n)(Inn)*n~°. Plugging in and noting that
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the sum converges absolutely (since f(n) > 0 for large n), we have, for s € N,(a),

)(Inn)* ) (s — a)’f]

l(Z S“%““”’ )

f(n)e(afs) In np=a

This converges for ¢ —e € N,.(a). But because it has nonnegative real coefficients, this shows
O.>C—E. ]

Proposition 20.2.6 (Logarithms): Assume f(1) # 0. if F'(s) # 0 for 0 > 0y > 0,, then for
o > 0y,

InF(s) =In f(1 +Zf/f7<)n*3.

Inn

Also talk about log diff of Euler product

3 Dirichlet generating functions

Definition 20.3.1: Let f : N — C be an arithmetic function. The Dirichlet generating
function of f is

To get the generating function of g(n) = > 4 f(n), by Proposition 20.2.2, we simply
multiply by ((s):

Foce) = (S ) (1) - Z(Zf )

dln

Hence by matching coefficients of

we get the Mobius inversion formula.
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4 Summing coefficients

Lemma 20.4.1. Fory,c,T > 0,

1 /C+iT sds < i < 1 1) 0 < <1
— — min ( ——, =
omi Joir Vs | =Y 7T Iny| 2" Y
1 el ds 1 ye
_— s77 _ 2| < =1
270 /c—z'T Yo Tl = AT Y
1 /CJriT SdS < off . < 1 1) > 1
— —— min ( ———
o Jemir Vs =Y 7T|Iny|” )’ Y

Proof. First suppose y < 1. Take d > ¢. By Cauchy’s theorem, since y? is analytic in the
region below, we have

T d+iT d—iT
/CJrZ sds +HT - ds i ds _0
C

c—iT Sds
o vy —

Y
—iT c+il s d+iT s Jd—iT 5

where the path of integrations are those shown in the picture.

Tt

-Ti

Hence,

+iT
c+i Sds
Yy —
c—iT S

A+l (s T d—iT (s
[ [ [
c+iT S d—iT S d-+iT S
4 do =il (s
<2 / Y ot / Yy
¢ T d+iT s
Note that the last integral goes to 0 as d — oo, because |y*| = |y¢| — 0. Hence, taking
d — oo gives
T s %0 7 2 2
c—iT S c T

Ty T|lny|
This gives |5~ [T yods

2mi Je s

C C

gg—;]lny\.

2The integral 5+ fc+00i f(s)% is called the Mellin transform of f.

27 Jec—oot
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By Cauchy’s theorem applied to the smaller segment bounded by Rs = ¢ and the circle
with radius R = v/¢2 + T2, we have
sds
=1L
s

c+iT dS
[
c—iT

< WR% = my°,
since y < 1 and Rs > ¢ on the arc. Hence |5 s Yl < v

For y > 1, take d < 0. Note £ is analytic in the region below except for a simple pole at
0 with r681due 1 (since y* =1 When s = 0). Hence by Cauchy’s Theorem,

c+HT (g d+iT g d=iT s c—iT (s _
/ ysf+/ ys+/d Y+ Yy —— = 2mi.

—iT S c+iT S +iT S d—iT S

c+iT dS
c—iT

Then

— Yy — + Yy
il TS d—iT =~ 8 d+iT "~ S

C Udo' d—’LT st
§2/ Y+ / Yyl
d T diT s

The last term goes to 0 as d — —o0o, so the same argument applies as in the first part to

c+zT sds _ y°
show ’2#1 e—iT Y 1‘ < T lny

By Cauchy’s theorem apphed to the larger segment bounded by s = ¢ and the circle
with radius R = v/¢2 + T2, we have

/d+iT Lds e~iT (s d—iT (g
S

eHT (s Jds
/ Y — + y — =27
c—iT
CHT ds sds
/ y—-1< / Y —
c—iT = S c” s
< QWRy—C = 2my°,
R
since y > 1 and Rs < ¢ on the arc. Hence |5 feter yrls | <yl
Proof for y = 1 omitted. [
Corollary 20.4.2. The partial sum of the coefficients of a Dirichlet series is given by
1 c+iT ds
a, + —(r €N — lim z°f(s)—.
Z 0) = 21y T—o0 Je—iT /() s

n<x

The error from truncating the integral is

(SentSeen) - (o [ a2 < i()m(lml()>

n<x n=1
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Chapter 21

Zeta functions and the prime number
theorem

1 Prime number theorem: Outline

Definition 21.1.1: Define the prime-counting function

m(z) = |{p <z : p prime} .

Our goal in this chapter is to prove the following famous theorem (in all its error-bounded

glory).

Theorem 21.1.2 (Prime number theorem). There is an effective constant C > 0 such that

for all z > 1.

m(z) = li(z) + O(ze CVI®)

Here li(x) denotes the logarithmic integral

Note that li(z) =

T dt
I :/ @
i) 2 Int

n=+0 (ﬁ) as T — 00, since integration by parts gives

m@/“w 0(1) ‘”+£E@’+om

~J2 Iny T Inz (Iny)?

_mxﬁo(anxw)'

367
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1.1 The big picture

We recommend Andrew Granville’s article IV.2 Analytic Number Theory in [GBGL10] for
an overview.

How might we guess at the asymptotics for m(x)? (In particular, why is it closer to li(z)
than ~7) By studying tables of pr1mes up to 3 million, Gauss hypothesized that the density

of prlmes at around x is around —, and hence that the number of primes up to z would
be the integral li(z) = [; {%&. Making a table of m(z) and the difference li(z) — 7(z), we

find that the difference is slightly more than on the order of y/z, so this seems to be a good
estimate.

It is a common theme in analytic number theory to make conjectures about the distri-
bution of primes (or other subsets of interest) by assuming they are randomly distributed
according to some probability model. Often a simple model works for simple asymptotics up
to x, and the model needs to be refined or corrected when dealing with more complicated
quantities such as number of primes in a small interval, or spacing between primes.

Model 21.1.3 (Gauss-Cramér model): For n > 3, let X,, be the random variable such that

1
X,, = 1 with probability —
nn

1
X,, = 0 with probability 1 — —.
Inn

Then the sequence X, behaves similarly to the sequence

a, = 1 if n is prime

a,, = 0 otherwise.

The Gauss-Cramér model exactly predicts 7(z) ~ li(z). The model gives more than just
the asymptotics of 7(z), though, it can also be used to think about primes in short intervals

w(x +y) — ().

Problem 21.1.4: What are the shortcomings of the Gauss-Cramér model?

1.2 Main steps

The main steps in the proof are as follows.

1. When we have a Dirichlet series
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we can get estimates for YN a, by “plucking out” those coefficients: The equation

, o s 1, ify>1
I - )1 ; _
271 711—{20 c—iT y s 2’ ?f y=1
0, ify<l.
gives
1 . c+'LT N
g A [ T IO = T € N)

We use the more precise statement giving error bounds (Corollary 1).
We want a Dirichlet series where the sum of the first NV terms is related to m(N). Let
1 > 1

)= I ==

-5
p prime p

-
n=1 n
We consider the function

6 g
o= S T = L A

p prime

We use this function because ¥ (x) := 3, A(n) gives information on 7(z), and —5
continues into a meromorphic function on C (since ¢ does). We now have the estimate

1 periT  ((s) .ds
27m/c - x®— 4+ (error).

vlz) = —ir  ((s) s

2. We know ¢ has analytic continuation (Theorem 21.2.2). Hence we can move the path
of integration to ¢ < 0. From Cauchy’s integral formula, we get extra terms from
the horizontal integrals (integrals involving —%I) and terms % from Cauchy’s integral
theorem from the zeros of ((s). This is why we care about its zeros! Zeros with large
real part contribute large error terms. We will need the following.

(a) We apply the product development (Theorem 1) on &(s) = 7~ 2((s)I" (£) to obtain

9 5

p zero of ¢ s—p P

(Theorem 21.2.5).

(b) Using the above equation for %, we calculate the asymptotics of N(T"), the number
of zeros in {o +it : (0,t) € [0,1] x [-T,T]} (Theorem 21.3.2).

(c¢) From (a) to (b) we get a zero-free region for ¢ (which includes Rs > 1) (Theo-
rems 21.3.1 and 21.3.3).
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From the zero-free region we get a bound for > %, as well as the horizontal integrals.

If the Riemann hypothesis is true, then we can enlarge our zero-free region to s > %,
which is even better.

3. Finally we use the estimate for ¢)(x) to get an estimate for m(z) (Lemma 21.4.2).

2 Riemann zeta function

Definition 21.2.1: The Riemann zeta function is defined by

)=

s
n=1 n

when Rs > 1. This will be generalized to L-functions L(s, x) in Definition 1.

By Theorem 20.2.3 and by unique factorization in Z, we can write

1
¢(s)=1II ~
p prime ©~ p

By taking the logarithmic derivative, we have

¢'(s) d - p° -

- =) —In(1—p %) =) (Inp) =) Inp) p ™.

¢(s) ;ds ; 1=p= g k;

Interchanging order of summation gives
_ G ST A=, Rs > 1, (21.2)
C(S) n=1

where the von Mangoldt function A(n) is defined as

Inp, n=yp", rime, 7 € N.

Agn) = 40P P, pp
0, else

The most important property of ( is its analytic continuation and functional equation.

Theorem 21.2.2 (Analytic continuation and functional equation for ¢). {(s) can be ana-
lytically continued to a meromorphic function with a simple pole at s = 0,1. It satisfies the
functional equation

¢(s) = 2(2m)*"'T(1 — s)sin (%5) c(1—s).
Letting &(s) = 7 3((s)T (%), we have'
§(s) =&(1—s).

Moreover, ((s) has zeros —2N (the trivial zeros); all other zeros are in the critical strip
0<Rs<1.

!The factor T' (%) can be thought of as coming from the infinite place—see Chapter ?7.
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To prove this, we first need the transformation law for the theta function; we will show
the functional equation for { by writing it in terms of . As we will prove a more generalized
transformation law, we will postpone the proof for 6.

Definition 21.2.3: Define the theta function by
O(u) = e Ru > 0.

ne”

Proposition 21.2.4 (Transformation law for #): For all v with ®u > 0,

This is a special case of Proposition 22.2.4.

Proof of Theorem 21.2.2. We first analytically continue ¢ to Rs > 0, show the functional
equation is true for 0 < s < 1, and use it to establish analytic continuation to C.
Note

(s) = - i : +§1 {n—s - /”H v dm} -y i/m(n—s e Ydr  (2L.3)

n s—1 n=1’m

Since for n <z < n + 1 we have

—S —S| _

In™% — =z

n+1
/ n®—x%dx

n

x
/ sp d:v‘ < |sln5t
n

< |sln™7, (21.4)

the sum (21.3) converges uniformly locally for Rs > 0 and extends ¢ to an analytic function
for fs > 0.
We claim that

2%(s) = /Ow(e(u) - 1)1&?, Rs > 1 (21.5)

Indeed, we have

U mn?
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The theta transformation law 21.2.4 give that for s > 1,

26(6) = [ 000 - D+ [T 000 - 1
- [ (e (i)”) u;ﬁu 1”(9(@_1)@? U<—|i
— _i 1 is + /100(9('10 - 1)ulgsaZL + 100((9(u) — 1)WCZ‘

The last expression converges for all f8s > 0, so in fact equals 2((s) for all Rs > 0 by
uniqueness of analytic continuation. Since the last expression is symmetric under 1 — s > s,
the functional equation for £ follows.

The functional equation for & gives

C@)—WH‘S>IWJ5F<1;S)Q1—@

=22 ((1 - s)
r(s)
o (1 — S) r (1 - f) sin (%> ¢(1—ys) by Proposition 19.7.2(5)
- 2 2) Yo "
s—1 - s L.
= 2(27)° " sin <?> (1 —s)¢(1—9) by Proposition 19.7.2(6)

Finally, the statement about zeros follows from the fact that ¢ has no zeros with s > 1
(as % is holomorphic there) and the functional equation, noting sin (%) = 0 exactly when s
is an even integer, with the zero at s = 0 cancelled by the pole at 1 of (. O

Theorem 21.2.5 (Product development of £). The function (s> — s)&(s) is entire of order
1, and &(s) has the product expansion

g( ) 6A+Bs H ( S N
§) = 35— 1 - ) er.
8 § p zero of ¢ P
Then %(S> has the partial-fraction expansion
¢’ 1 1 11 (s > < 1 1)
S(s)=B- () — = (241 2.
C<S) S_1+2n(7r) sTlg+1)+ > S_p+p

p nontrivial zero of
From now on, unless otherwise specified, when we say zero of ( we mean nontrivial zero.

Proof. Note (s* — 5)&(s) is entire because & only has 2 simple poles at 0,1. To show it has
order 1 we need two inequalities.
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Step 1: There is no constant C so that (s> — s)&(s) 2 e“Fl: Indeed, for real s and any
constant C', by Stirling’s approximation 19.7.4 we have

(2 = 9)E(s) = (5% = s)m 3T (2) (o)

s )3 c
— ] e
<267T ~

Step 2: There is a constant C' so that (s? — 5)&(s) 3 eClslnlsl. elslinlsl > 1 for all s so it
suffices to prove this for sufficiently large s. By the integral and sum formulas for I and &,
and the fact that |2°| = |2%|, we have

N

s

go+ti) <740 (2) ¢lo), o> 1.

C|s|In|s

By symmetry of £ is suffices to consider o > % (“Nudging” |s| in e | by a constant

changes it by at most a constant factor.) Consider 2 cases.

1. 0 >2: Then 72 < 1 and (o) < ¢(2) so by Stirling’s approximation 19.7.4,

€(o + )| 3T <%) _ JmD)e)] _ (5-1)mg—5+001)

from which the result follows.

2. 1 <o <2: From (21.4), we have for s bounded away from 1,

[e.9]

((s) < O(1) + 3] 21 n~z = 0(s]).
This time I' (3) = O(1) so

(5" = 5)¢(s)| <

S8 ()| = Ollsf?) 3 e

This shows (s? — s)&(s) has order 1.

Step 3: By the product development 19.6.3, noting the the zeros of (s*—s)¢ are the nontrivial
zeros of ¢ (since I has no zeros and trivial zeros of ¢ come from the poles of I in the definition

of £), we get
s

(s = s)é(s) =P ] <1 — > er.

p zero of ¢ P

Dividing by s? — s and log-differentiating gives

¢ 1 1

-nt ()
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g(s):;lnﬁ+;¥(;)+3—l—si1+2( ! +1>

$ S \s—p p
1 11 1 1 I(z+41
= -1 —— 1)+B— —— = I(z) =
2n7r+2r(2+)+ — +ij<s_p+p>, (2) -

3 Zeros of zeta

Note that from the function equation, ((s) has simple zeros at —2N. We call these trivial
zeros. More importantly for us are the zeros with real part in [0, 1].

Denote by N(T') be the number of zeros of ¢ in {o + it : (0,t) € [0,1] x [-T,T]}, count-
ing multiplicity. We first give asymptotics on the vertical distribution of zeros of ¢ (von
Mangoldt’s formula, Theorem 21.3.2), then give a zero-free region for { (Theorem 21.3.3).

Lemma 21.3.1. Define L(t) = In(|t| +2). For s = o + it with o € [—1,2], we have*

¢(s) s—p p
1 1

s—l_l_ Z

S(s—p)l<1 P

¢(s) _ 511 +Z( 1 +1> +O(L) (21.6)

+O(L).

Moreover, there are O(L) zeros p with |3(s—p)| < 1, i.e. the number of zeros with imaginary
part in [t,t+ 1] is O(Int), as t — oc.

Note this gives N(T)) = O(T'InT). The next theorem will give an improvement of this
estimate.

Proof. Our strategy is this: at a point where we know < is bounded (s = 2 +1it), we use
Theorem 21.2.5 to get information on how many zeros of ¢ can be close to s. Then we use
compare %(a + it) with %(2 + it) to get the general estimate.

Step 1: Theorem 21.2.5 gives us

¢'(s) 1 1 117 /s ( 1 1)
= — B4 -Inmt——(=+1 -). 21.
R0 —{tBtghr 2r(2+ )+; S_p+p (21.7)
o) (4)

From Stirling’s approximation 1, (A) equals

In "; +14 z;‘ +0(1) = 0(L) (21.8)

*Note 25 = O(1) when s is bounded away from 1.
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These two equations show (21.6).
Now suppose s = 2 + it. Note that

o0

¢'(2+1it) 72
et ’ nZ1A ;(lnn)n < 00,
so the LHS of (21.7) is O(1). Hence (21.7) becomes
1 1
OL) = ( + ) . 21.9
©=(2 (21.9)

p

We estimate the terms with |3(s — p)| < 1 by a constant to show that there aren’t too many
of them. From (21.9) and (21.8),

SRE
>3%Z( 2_%/)) ((t_zf;);2> Since?R(;) >0

since 0 < Rp <1

1
> - -
_Z4+(t—%/))2

1 1 1
“Hp S —p)| <1} + = S——
25l Rl -pl<tleg 2 ey

hs)

V

(21.10)

This proves the second part of the lemma.

Step 2: Now we consider general s = o + it, by comparing it to 2 4+ it. We have by (21.7)
and (21.8) that

C/

=(s) — =2+t
C() C< )
——
Oo(1)
1 1 o t t 1 1
S R
5—1+ ()+2(n2+ —|—22 n —|—22 —l—zp: P S
o(1)
! ! 1 (2-0)
=, o+ X - Y et Y B
s Spl<1 S TP s 2P \S(S_p)|21<3_l’)(2+@t—ﬂ)
o(£) o(L)

The first O(L) is because there are at most O(L) terms and each term is at most 1 in absolute
value; the second is from

2—0 1
7= = © s ) =0
3(521;”21 (s =p)2+it —p) <%(s§p:)|21 S(s — p)2>
the first equality is from 2—0 = O(1) and 3(s—p) = I(2+it—p); the second is by (21.10). O
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Theorem 21.3.2 (von Mangoldt). (*) As T — oo,

NT) =L (T> _ f; +O(InT).

T 2T

Proof. As ( has only a countable number of zeros, we may assume 7' is not the imaginary
part of any zero.
Let
R={oc+it:(s,t)e[-1,2] x [-T,T]}
and let C be the boundary of R. From &(s) = m~2((s)[' (%), we see that £ has the same
zeros as ( in this region, and simple poles at 0 and 1. Hence by Cauchy’s residue formula 1,

§'(s)
ds =2N(T) — 2.
ami S e(s) 0 = 2V
Noting that £(3) = &£(s) and £(s) = £(1 — s), changes of variable show that the integral on
each of the sections of C' between 2, % + T, —1, and % — 4T are the same.? Let C" be the
part from 1 to % +4¢T". Thus the above equals

2 €, 2 hr ) (D) (I ) = A
mi Jor £(s) ds = mido 2 ¢(s) * (%) s [Tr=1 fx EZ:
C2. 7 r ) (T() -
— ;\; g + o) + i (2;) ds (expression is real).

We break this up into 3 integrals and estimate each part separately.

L Sfo—2"ds=—-TInm.

2. Using the estimate for & in Lemma 21.3.1, we evaluate the second integral. Note that
In ¢ is defined for Rs > 1 and is unlformly bounded for Rs = 2:

(In¢)(s Z In(1 —
p prime
(In¢)2+) < > 2p72
p prime

(Just bound In linearly near 1, or expand in Taylor series.) Note In(x—p) is well-defined
on C’ for any p. Hence by Theorem 21.3.1,

S . S(S) ds = ($(In¢)(2+1¢T) — X(In¢)(2)) +

l+ZT g/
> (s)ds
247 C

LT 1

=0(1) + g > > +O0(InT)ds
e <s<s—p>|<1 sTF

+Tz

=0T)+ > S(nx—p)mn

S(s—p)l<1

<O(InT)+270(InT)

3We used ¢ because its symmetry allows us to do this.
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since there are at most In7" terms in the sum.

3. We estimate the last integral using Stirling’s formula 1. (Note that InT" is well-defined
for s € C".)

/, (T (%)) _ [%(IHP) (;)F+T¢

In (i + §z> — G + ng) + 0(1)}

Now put everything together to get

N(T)—-2= : (—Zlnw+0(lnT) + <§ln <§> - g +O(1))>

™

T T T

N(T)=—Inl— ) ——40(nT).
(T) s t (27r> T +0(InT)

Theorem 21.3.3 (Zero-free region for (). There are no zeros of ¢ with Rs > 1. Moreover,

there is a constant ¢ > 0 such that for |t| > 2, every zero o + it satisfies

c

<1l———.
’ In [¢]

Proof. We already noted ¢ has no zero for Rs > 1 (Theorem 21.2.2), so for the first part it
suffices to prove that no zero has real part 1.

If ¢ had a zero 1+1t, then % would have a pole of positive residue at 1+it. For s = o+it,

o > 1 we have —%(s) =3, An(?), so this means that as ¢ — 17, many of the important
terms would have n=% “close” to —1, to make it blow up in the negative direction. For those
terms, we have n=2" “close” to 1. This would force —%(O’ + 2ti) to have a pole of positive

residue at 1 + 2ti, i.e ( to have a pole at 1 4 2ti, contradicting the fact that it is analytic
there.

We now make this idea precise. What we want is an inequality between some function of
an angle and its double, so that if one is small it forces the other to be large. So we consider

0< 2(1—1—0050)2 =3+ 4cosf + cos20.

This gives . .
0 <3+4R(n™") + R(n~2").
Multiplying by A(n)n~? and summing, we get
0<3 (—2(0)) 4R <—i(a " m')) - (_ng " zm)) Lol (21.11)
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Letting r be the degree of the zero at 1 4 t2, we have by Lemma 21.3.1
!

0< (0 i : +0(1)) - < o +0(£)) +a%(—<<(a+2m’)) as o — 17,

oc—1

If » > 1, then this gives —%(a + 2ti) — oo as 0 — 17, contradiction. Hence r = 0; 1 + it is
not a zero.

For the second statement, we have to use the partial fraction decomposition 21.2.5.
Suppose p = (1 — §) + it is a zero. By Lemma 21.3.1, we have

96 _ oratel) — 1 1 ally b

Then

! 1
—§Rg<(a +ti) < O(Inlt]) — iy S
—3‘8%(0 + 2ti) < O(In|2t]) = O(In|t|).

For o > 1, plugging this into (21.11) gives

3 4
0<—+O0(nlt]) - ——
S T Gl sy
4 3
In |t
0_+5_1<O__1+0111||
for some C;. Now take o = 1+ 46 to get
4 3
— < — In |t
55 <15 T Crlnlel;
giving
0> !
2001111|t’
as needed. O

4 Prime number theorem: proof

Now we gather everything together to prove the prime number theorem. We first show the
following.

Theorem 21.4.1 (von Mangoldt’s formula). For an integer x > 2 and x > T,

Ya)=z— 3 :’:p+0(x(lm)2>. (21.12)

(o)< P T
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Proof. Step 1: We estimate 1(x) using Theorem 20.4.2. Suppose z is an integer; the theorem
gives

v - ([T (S0 saw+ S (5 ams

—T C s n>1,n#x

S
~
=3
—~
I8
~——

T
<1 + —) —.
= H(Qf) o T‘ln (z)

Take 1
c=1+4—.
Inz

Note that this makes 2 = ex = O(z). To estimate the sum we split it into several parts.

1. 1<n < %: We have

Z (x)c Inn rinx 1
Gze ) T~ T S
z(lnx)?
T
2. 2 <n <ex: We have
Z (f)clnn% = Z %lninz
¢ <n<ex,n#w " T ‘ln (5) 2 <n<ew,n#wx T ’111 (5)
1 1
?5? > nixx using Inz ~x —1 when z =~ 1
Z<n<ex,n#z 1- n
< rlnx Z 1
T Z<n<ex,n#x |n_'r’
< rinx l
T S
z(lnx)?
T
3. n > ex: We have
x\¢Ilnn x [ Iny Iny '
Z (—) — < = dy —= decreasing for y > e
n>ex n T T Jez—1 ye Y©
_ oz [zyny oyt T
_T c—1 (C_l)2 ex—1
z(lnx)?
T
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Putting everything together gives

’¢(x> - (/fTT 2 (—g(s)) is)’ ~0 (‘”(h;”)Q 4 ln:p) | (21.13)

Step 2: We move the line of integration to s = —1. Assuming that 7" is not the imaginary
part of any root, by Cauchy’s residue theorem 19.4.8

c+iT S [/ —1+4T / 1—iT / c—iT / /
/ x—c—(s)ds—l— - C ds—l—/ z C ds—i—/ x—g— ds = C—(0) z+ Y —.

—iT 5 c+HiT S C 1+iT S C

Ip 1 I, Ip 2

Here % are the resuides at the zeros, —z comes from the pole of ¢ at 1, and %/(0) comes

from the pole of % Then

/CC—HT:CS( C/( )) dS—.fE_l‘l—Ihl—FIhQ—F[ — Z —. (2114)

T S ¢ Sp<T P
We estimate each summand.

1. For the horizontal integrals, we use the estimate 21.3.1 to get

>

+O0(nT), s=o0+Ti

S S(s—p)<1 5 P
1
< Y ———+0WT7).
Sep<t S5 =)

We would like to bound (s — p) away from 0. To do this, note that there are O(InT)
roots in with Sp € [T, T + 1] by Lemma 21.3.1. Hence by tweaking T slightly*, we can
assume (s — p) Lemma 21.3.1 there are at most O(InT")
terms in the sum, so the sum is O((InT)?). Integrating gives

— O((InT)?)0 (;) /C_l %) ds
_0 <<IHTT)2> O(x)

0 (x(lr}xy)

4Changing T by a constant does not change the error term of (21.12); moreover the change in the LHS
sum is O (£InT) = O (71'(1}1')2).

—1£Ti g5 (7

——(s)ds

etTi S
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2. For the vertical integral, we use the same estimate, this time noting that |s — p| > 1

for every root p, since every zero satisfies Rp > 0. This gives that %(S) =0O(InT), and
1=Ti o5 (! —14Ti g1
’/ i C s)ds —O(lnT)/ T s

14T —1-1i |$]

InT 1
=0 — dt
( x ) -T2+ 1

(BT [
oo (7).

Equations (21.13) and (21.14) together with the above two estimates give the theorem. [

The ﬁnal ingredient in the proof of the Prime Number Theorem is the estimate for
> I(0) ‘<T ® using the zero-free regions for ¢ and the estimate for number of zeros of (.

Proof of Theorem 21.1.2. First, note there can only be a finite number of zeros of ¢ with
1S(p)| < 2, 50 Yj5(p)<2 % = O(z") for some fixed r < 1.5 We estimate Y o<|g(p)<7 % in two
steps.

1. By Theorem 21.3.3, there is ¢ such that for p with 2 < [J(p)| < T,

clnzx

|l.p| = x?Rp < :[; “RT — = xe T ,

2. Using N(T) = O(T'InT) (Theorem 21.3.2 or the weaker remark after Lemma 21.3.1),
1 1

< X 3

2<i5@l<r 1Pl T a<i$@iler S
< QT d]\;(t) (Riemann-Steltjes integral)
— ;T) — M + /T M) dt integration by parts
— O(nT) + /To (mt)
=O(nT)+O0((InT)?*) = O((InT)?). (21.15)

Putting these two estimates together,

>

Tlco@) ¢ max (7)Y

s(pl<r P 253 (p)l<T 2<150)/<t P!
< O(a") + O (ze™ W7 (InT)?). (21.16)

5In fact, there are zero such zeros.
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\/E(

Combining with Theorem 21.4.1, and setting T" = ¢ so that ze hF = 7), we get

|1/1(.%') — x’ =0 <xr + xef%(lnT)z i I(lnx)2>

T
=0 (l’T +ze V" Ing + 2(ln m)ze’m>
= O(a:e’cm),
for some C' > 0. This shows
O(x) =z + O(ze V), (21.17)

Finally, we extract the asymptotics of 7 from the following.

Lemma 21.4.2. We have the following estimates:

w(e) = D [T o),

Inz y(Iny)?
Y(z) =7(z)lnx — /; W;y) dy + O(x2 Inx).

Proof. Define

1, n prime, Inn, n prime,
v(n) = . Ay(n) = .
0, n not prime, 0, n not prime,
and
n<x
First note
(@) —d(x) = > > Ip
2<r<logy(z) p| p" <z
< Z zr Ing
2<r<logs(x)
= O(x% Inx + x%(ln 7)?) = O(x% Inx). (21.18)

Part 1: By partial summation ?? with v = Ay, U = 44, and v = ——

m(z) = > y(n)

n<z

=Y Ai(n)—

n<x

~ Inz * 2 wl(t)t(lnt)Q

e



Number Theory, §21.5

Part 2: By partial summation,

Combining with (21.18) gives the result. O

Putting (21.17) into Lemma 21.4.2,

T re~CVinz © e~ CvIny
"@) = == +0 (m ) +/2 <(1n1y)2 +0 <<1ny)2 >> dy + O(z?)

= li(z) + O(ze V"), by (21.1)

N

5 The Riemann hypothesis

The following conjecture is worth one million dollars:
Conjecture 21.5.1 (Riemann hypothesis). All nontrivial zeros s of ((s) satisfy Rs = 5.

Note that for no € > 0 has it been proved that all zeros satisfy Rs < 1 —e. Our zero-free
region, sadly, has a boundary approaching real part 1 as ¢t — oo.

One reason that the Riemann hypothesis is important is that it gives a strong error bound
in the prime number theorem (as well as many other theorems of analytic number theory).

Theorem 21.5.2. Suppose % < 60 < 1. The following are equivalent.

1. ((s) has no zeros with s > 6.

2. w(z) =li(z) + O(2? Inz).

3. w(z) = li(z) + O(2*%) for every e > 0, where the constant depends on e.
In particular, the Riemann hypothesis is equivalent to m(z) = li(z) + O(z2 Inx).

Proof. (1) = (2): Suppose ((s) has no zeros with Rs > #. Then using the estimate
in (21.15), we have

p
> x—gmax|mp| > !

(o)< P g 1S(p)|<T i
< 2(InT)%
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Now take T' = zx to find that
2
() —a] = O (:ve(ln T)? + x(me))
= O(2%(Inz)?).

Then using Lemma 21.4.2 and (21.1),

rw) = 2 4 [Ty o)

~ Inx y(Iny)?

2%(Inx)? z x%_l nz)?
=li(z)+ O (M) —|—/2 @) ((ln(lm)Q)> dx
= li(z) + O(2’ In ).

(2) = (3): Item 2 is stronger than item 3.

(3) = (1): Going the other way in Lemma 21.4.2,

Y(x) =7(x)Inz — /; WS” dy + O(:r;% Inx)

([ e+e> N - e !
_<1nx+/2 (my)Z—l—O(x )| Inx , lnx+y , (lnt)2+ ; dy + O(z2 Inx)

/ T dy T dy oy dt 1
esor- o ([ )
z+06™) /2 lny+/2 (Iny)? T, < 2 (Int)? y) Y

0

for any ¢ > e. Note the integrals above sum to 0 by integration by parts (v = Iny,
d
dv = (lnz)z ) '
By partial summation, for o > 1,

—§<s) ~ Y A
- _ /100 zp(n)snf‘(”*1 ds

= i + s/loo (V(z) — 2) 25 da.

O(x9+z~:’)

The last integral converges whenever o > 6 + €', so % has analytic continuation to o > 6.
This means ¢ has no zeros for o > 6. [
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Chapter 22

L-functions and Dirichlet’s theorem

1 Outline

Our goal in this chapter is to study the asymptotics of
m(z,amod N) = |{p <z :pprime,p=a (mod N)}|

where a is relatively prime to N. We define 9(z,a mod N) = 3" ,<z n=q (mod n) A(12).
To study the distribution of primes in the arithmetic progression n = a (mod N), we
study the asymptotics of ¥(z, @ mod N). However, this does not come from a Dirichlet series

that we can easily estimate and that has nice multiplicative properties, like ¢)(x) comes from
C(z) =TI, $ (after logarithmic differentiation and extracting coefficients).
The solution is to write ¢(z,a mod N) in terms of Dirichlet series whose coefficients are

multiplicative. For example, when considering primes p =1 (mod 4), we consider

1 1 1 1 1 1

L — J— _ J— —_— . e . — .
sx)=gtoteto Ty ];[1_p_s

1 1 1 1 1 H 1 H 1
L _ — —_— . e e —
(5:x2) [EE T T T L+p=

p=1(mod 4) L= p~* p=3 (mod 4)

The multiplicative structure is from the fact that the coefficients come from group homo-
morphisms (Z/NZ)* — C, i.e. Dirichlet characters (see Definition 6.1.8).
Logarithmic differentiation gives

I A1) AB)  AB) AT A9)
B s TR T T TR

I A1) A@B) | AB) AT A©9)
B AR TR TR T L T

1/ L I A1) A(5) A(9)
5 <_L(57X1> - L(57X2)> — 1s +? +?

Taking the partial sum of coefficients of the last Dirichlet series gives the desired result. In
general, we can always estimate ¥(x,a mod N) using an average of these L-functions.
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The main steps in the proof are the same, except with ( replaced by L and an extra
recombination step at the end using character theory. The main steps are the following.

1. Functional equation and analytic continuation for L, Theorem 22.2.5.

2. Product development, Theorem 22.2.6.

3. Estimates on Lf/ and asymptotics on number of zeros N (T, x), Lemma 22.3.1.

4. Zero-free region for L, Theorem 22.3.3.
5. von Mangoldt’s formula 22.4.1.

If we conly cared about bounds for a fixed modulus /N, then that’s all there is to it.

However, to obtain error bounds independent of N, we need a zero free region indepen-
dent of N (Theorem 22.3.3). While in Theorem 21.3.3 we had the luxury of restricting to
large |t|, here we have to work with small |¢|, and our resulting region may miss an “excep-
tional” zero. We show there is at most 1 exception (Theorem 22.4.2) and prove a version of
the Prime Number Theorem for arithmetic progressions (Theorem 22.4.4). Later we prove
a stronger but ineffective bound on the “exceptional zero” (Theorem 22.5.4) and obtain
improved asymptotics (Theorem 22.5.1).

2 L-functions

Definition 22.2.1: Let x be a Dirichlet character. Define the L function

L(s,x):=Y_ X(ZL), s > 1.
n=1

n

By multiplicativity of x, L has a product expansion

L0 =TT

51— x(p)p=

Only the factors with p 1 N contribute. Note that if x is of level N and x = x1x2 with x;
primitive of level Ny, then

L(s,x)=L(s,x1) [I @ —=x(p)p™). (22.1)
p|N, ptN1

Thus for convenience we can often just prove results about primitive characters.
By logarithmic differentiation we have

S

s = -y P

A

n

L p n=1
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Theorem 22.2.2 (Generalized Poisson summation). Let g be a function Z/NZ — R, and
suppose f is a C* function satisfying
[f (@), 1f (@) < C(1+ [x])7°
for some C;6 > 0. Then
m .
> % Z fn)g(n
meZ <N)
In particular, if x is a primitive multiplicative chamcter modulo N, then
m .
> x(m)f <N> = G0ox) 2 xX(=n
meZ

nel

27T’ij

) =

i (k
Here f(n) denotes the Fourier transform

fo) = [ plaenio do

—00

where x;

and g(n) denotes the finite Fourier transform

2mim

i) = X glme

m (mod N)

Proof. Consider the function

= > fle+m).

meEZ
Note this sum converges absolutely to a continuous function by the given conditions. Since
F(z) has period 1 and is continuous, we can expand it in Fourier series:

_ Z an627rinz’
1 () . A
an :/0 F(ZL’ —2minx dx _/ Z f x +m) —2min dr = /_OO f(l,)e—anx dr = f(n)

MEZ

Plugging in x = £ gives
F(5) = X faemno)
Now we calculate

S i(§)em= ¥ g@r(g)

mezZ a (mod N)
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For the second part, note that

> xm)f (5) = X %) fm)

meZ ne”Z

=Y Glx. xi)x(m) f(n). 0

ne”

We apply Poisson summation to derive a transformation law for generalized theta func-
tions.

Definition 22.2.3: Let x be a multiplicative character modulo N. Define

ZX 77mu

neL

= > x(n)ne

nez

Note we need to work with 9, (u) when y is odd, since in this case 6, (u) = 0 and we
cannot express L(s, x) in terms of 6,.

Proposition 22.2.4 (Transformation law for 6,): Suppose x is primitive. Then
GO xT) 1
0 = : O
x(1) Nyu X <N 2u>

G(x,xh)i 1

Proof. Note the Fourier transform of e~
g (%) Hence

m? g itself; moreover, if f(x) = g(az) then f(y) =

1 _ =2

e uNZ,
Nyu

f(e*WU(NIF) _

By the Poisson summation formula 22.2.2,

ZX —ﬂnu

neL

_ Gloxi) S x(- euNi

NV
- G%l/% )GX(Nl%) '

For the second part, note first that f/(y) = 2rizf(y). Hence

—mu(Nx)? 1 d —mu(Nz)? 1 . 1 _ 7'1/22 1 7ry22
F(Nzxe )= o F %(xe )] =— 2710y e uN? = Fe uN
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Then by Poisson summation,

u)=>_ x(n)ne

neZ
CGhuXT )i x1 _mn?
fry ne uwN2
N2u> %X
G ) 1
_ (XJ(; )219; . 0O
N2ys N2y

From this we get the functional equation for the L-function. The proof is similar to that
of Theorem 21.2.2.

Theorem 22.2.5 (Analytic continuation and functional equation for L-functions). Let x

be any character modulo N. Then L(s,x) has an meromorphic continuation to C. If x is

principal then L(s,x) has a single pole at 1, and if x is nonprincipal then L(s,x) is entire.
Now supose x s primitive. Defining

€50 = (5) T () 15,0,

where
fo -y =1
Tl i =,
we have . N
(5,0 = SOy 5.

Za\/_
Moreover, for any x, L(s,x) has zeros at —2N + a (the trivial zeros) and all other zeros
are in the critical strip 0 < Rs < 1.

Note that for y nonprincipal, partial cancellation in the Dirichlet series removes the pole
at s = 1.

Proof. Note that it suffices to prove all statements for y primitive, in light of (22.1). If y is
principal, the result follows from the result for (, so suppose x is nonprincipal. Use partial
summation 77 to find that for for s > 1,

L(s,x) = /100 S(z)sz™*tdx (22.2)

where S(z) = Y ,<: x(n). (We use the fact that limy_,oo S(N)N~° = 0 when s > 1.) Since
x(1) + -+ x(N) = 0 by Corollary 6.1.7, x(1) +--- + x(n) < N. Then for Rs > 0, the
above integral converges absolutely, extending L(s, x) holomorphically to Rs > 0.

Case 1: Suppose x(—1) = 1; then x(—n) = x(n). We calculate

/°° Gx(u)u% dﬁ
0

u
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in two different ways.! When 0 < Rs < 1,

=1 du o0 2 s du
0 2 — —mfu, 57
/0 (wu ; ngx(n)e U "
— o —mniu, £ du
=23 [T xmetd x(=n) = x(n), x(0) =0
n=1
= [ u \3 du U
= 2 / —u . _ v
3 [ xe () = wen
_5 > X(n) (/OO —u st)
=21 2 AN 5
s s
=275 L(s, 07 (2)
Now using the transformation law 22.2.4,
> sdu =G xi) ( 1 ) s du
0 — :/ AT W/ o
A X(u)u2 U 0 N\/ﬂ X N2u uz2 "
G(X,Xf) /OO 1 §_;d'LL
— | — uz2 2 —
N o “\ N2y U
2G(X7Xii_) s /Ooi % jildu
= N ngl ; X(n)e uNZ 2" 2 "
2G(x. x1) & /007 w ( n? )Sé du ™m?
— i ngl ; xX(n)e 7 . U
_ QG(X,X;F)W%*% > Y(n) o0 oy los du
- Ns nz::ln(ls)~/0 € u? E

Equating these two calculations gives the result.

Case 2: Suppose x(—1) = —1. We work with 9, instead of 6,. To compensate for the extra
factor of n in ¥,, we need an extra factor of uz. We calculate

/OO ﬁx(u)usgl d7u
0

u

!Unlike in Theorem 21.2.2, there is no “—1” since x(0) = 0.
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in two different ways. First,

o0 sldu ldu
/0 QX uzi_/ ZX wnu 2

nel U

o 0 —an2y. SEL du
=23 [Txne W T S () = nx(n), x(0) = 0
n=1
ad o0 u \% du
oo [T () -
n:1x(n)n o ¢ 2 u —
o s+l X(n) /OO oy st dﬁ
m n; ns Jo v U

Now using the transformation law 22.2.4,

o 5+1du y 1 s+1 du
oo = ()

n=1 u
2G(x, x")i & /OCL . [ m? =y n?
= — — -
N2 nzz:l 0 X(n)ne (uN2> u U uN?
2G (x, x)im2 ! i x(n) /°° 1oz du
— e Uu
N2Nn—2 = nl—s 0 U
2G(X> X+)Z‘7T%71 _ S
. L(1— s, 9T (1~ 5) 0

Again matching the two calculations gives the result.

From Proposition 19.7.2(5), I' has no zeros, so we find that L(s, x) is defined whenever
L(s,7%) is defined; this L is entire. The description of the zeros of L follow from the functional
equation and the fact that I' has poles at —Nj.

Theorem 22.2.6 (Product development of (s, x)). Suppose x is primitive of level N > 1.
The function £(s, x) is entire of order 1 and has the product expansion

S s
) = 0,0 [ (1 _ )
p 710 of £(5.%) P

Then %(5, X) has the partial-fraction expansion

L 1 N 1I" rs+a 1 1

p nontrivial zero of s—P p
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From now on, we only talk about nontrivial zeros of (.

Proof. We proceed as in Theorem 21.2.5. The argument is the same, the only major differ-
ences being that £(s, x) has no poles at s = 0,1, and the slight difference in definition of
C(s,x) in terms of L(s, x), versus the definition of £(s) in terms of ((s). (Namely, we have
s + a instead of s, and an extra N ~%5*. For completeness we give the proof.

To show it has order 1 we need two inequalities.

Step 1: There is no constant C' so that &(s,x) 3 e“ll: Indeed, for real s and any constant
C" we have

s+a

9= (%) (1) L
<(s + a)N)S? -

S

N

Y

2em

Step 2: There is a constant C' so that &(s, ) =X eClslmlsl elslinlsl > 1 for all s so it suffices
to prove this for sufficiently large s. By the integral and sum formulas for I' and &, and the
fact that |2°| = |2%%|, we have

o+a

o+l < (%) () Lo, o>t

By symmetry of £ is suffices to consider ¢ > 1. (We have &(s, x) = %5(1 —s,X), and

the multiplier has absolute value 1.) Consider 2 cases.

1. ¢ > 2 Then 7~ 2" < 1 and L(o,x) < ((2) so we have by Stirling’s approxima-
tion 19.7.4 that

E(o+ti, )| 2 ’N"z“r (”Z“‘)’ N Do) _ e (287 n oe - me poq)

from which the result follows.

2. 1 <o <2: For s bounded away from 1, from (22.2),

L(s, x) = O(ls])-

This time I' (2£2) = O(1) so

a—l—a)

)| = 0lsl) 3 e

Lo = |(5) T peor (

This shows £(s) has order 1.
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Step 3: By the product development 19.6.3, noting the the zeros of £(s, x) are the nontrivial
zeros of L(s,x), we get

s S s
fov=€00 T (1)
p zero of L(s,x) p
Logarithmic differentiation gives

g(S,X):B—i-Z( ! +1>.

p

Since L(s,x) = (l) > T (s‘%‘z)flf(s,x), we get

gwﬂj:;m(;)—;¥<8;a>+3+%X;ip+;). O
3 Zeros of L

Lemma 22.3.1. Define £ = In N(|t| 4+ 2). Let x be a primitive character of level N. For
s = o +it with o € [—1,2], we have

1 1

TE0=X( 1+ ,) 0w

-y !

S(s—p)l<1® ~ P

+0(L).

Moreover, there are O(In|Nt|) zeros p with |3(s — p)| < 1, i.e. the number of zeros with
imaginary part in [t,t + 1] is O(In Nt), as t — oo.

Note this gives N(T') = O(T'In(NT)).
We follow the proof of Theorem 21.3.1.

Proof. The case N =1 follows from there so we assume N > 1.
Step 1: Theorem 22.2.6 gives us

L 1 N 11" rs+a 1 1
Zsy)=B+-In(~) == 2). 22.3
L(S’X) +211(7r) 2F< 2 )+Xp:<s—p+p) ( )
~————
O(1+1nN) (A) (B)
From Stirling’s approximation 19.7.4, (A) equals
t
m‘U ; i+ o) = o). (22.4)
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Now suppose s = 2 + it. Note that

D(S,X)' =

<
I =~

< 00,

il x()A(n)n—2

i_o:l(ln n)n~?

so the LHS of (22.3) is O(1). Hence (22.3) becomes

oL)=>" ( L 1) : (22.5)

> \s—p p
Now finish the same way as in Theorem 1 to conclude the first step.

Step 2: Now we consider general s = o + it, by comparing it to 2 4+ it. We have by (22.3)
and (22.4) that

L L 1 1 (2—o0)+it

Ts0)-72+it) =0+ 3 > sra—,t X TRy

L IR Sl<1 8 TP et 2T TP 9@ (8= P2 F it = p)
o o(L) o(L)

Finish as in Theorem 21.3.1, the only difference being that In |¢| is replaced by In|Nt|. O

Theorem 22.3.2 (von Mangoldt). (*) As T — oo,

N(T,y) = L1n <NT> - Z +O(In NT).

T 2m
where the constant is independent of N.

Proof. The proof is similar to Theorem 1. We’ll only need the weaker estimate N (T, x) =
O(TIn NT') so we omit the proof. O

Theorem 22.3.3 (Zero-free region for L). There exists a constant ¢ > 0, independent of x
and N, such that the following holds for all primitive x of level N.

1. If x is nonreal, and s = o + it is a zero of L(s,x), then

c
1 ——. 22.
o< Ve (22.6)

2. If x is real, then with at most 1 exception (counting multiplicity), all zeros satisfy (22.6).
If it exists, the exceptional zero is real.

Unlike in Theorem 21.3.3, we have to worry about small |¢|. Fortunately, L(s, x) has no
pole at s = 1 to screw us up. Things are not so easy, however.
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Proof. We may assume N > 2.
As in Theorem 21.3.3, we have 0 < 3 4+ 4 cos# + cos 26, so

0 < 3+ 4R(x(n)n™") + R(x(n)*n=2").

Multiplying by A(n)n~7 and summing, we get

0<3 (—I[i(a, Xo)) + 4R (—I[i(a + ti,x)) +R (—i(o + 2tz’,X2)) , o>1. (22.7)

Suppose 1 < 0 <2 and p = (1 —J) + ti is zero. First we have

_ ’z(a, Yo) = —i(a, o) — %:V (in_PZ?: = i -+ O(InN). (22.8)

Next, we use the partial fraction decomposition 22.2.6. By Theorem 22.3.1 we have

%(—g(s,x)> < O(ﬁ)—}pjé}t(sip). (22.9)
1. Suppose X2 is not principal, i.e. y is not real. Now (22.9) gives
R (—L'(a + m’,x)) <o) - —~ (22.10)
L c+0—1
Also by Theorem 22.3.1
R (—[2(0 + 2ti, x2)> < O(L(2t)) = O(L). (22.11)

The remainder of this case follows the lines of Theorem 21.3.3.

2. If x? is principal, then we have

! .9 ¢’ . p~ 7
—p (o2 X) = (o +2i) + > np - T
p|N J,—/

O(1) when o>1

R (—[]’;(a + 2ti, x2)> < O(In(|t| +2)) + R ( +O(InN), (22.12)

1
(o + 2ti) — 1)
the last inequality following from Lemma 21.3.1.

Putting (22.8), (22.9), and (22.12) into (22.11) give
0< (03_1 + 0<£>)+ (-4}/; R (M;_/) + 0(:)) +<§R <0_+21m_1) + 0(c)>
(22.13)

395



Number Theory, §22.4

Fix C" > 0; when s = o +it and [t| > ;= then = O(In N) so (22.11) holds and

a+2t1 1
we proceed as in item 1.
Hence we consider ¢t < W We use a different approach. Note
L L
—— (o, — (o, when o > 1
I (0, x0) > I (o, x) 2

because the coefficients their coefficients are A(n) > —x(n)A(n) (and they are real)?.
Putting in (22.8) and (22.9) give

1
> R O(InN). 22.14
2 XR( ) romw) (22.14)
Let o =1+ W? we estimate the sum in terms of the real parts of o — p. For any zero
p we have
d 1 2
< —
oS 5N = gy SR 0
o = pl2 = [S(c — ) + [R( — p)f? (22.15)
1 5
< (4 + 1) R(o—p)? = Z3%(0 —p)>. (22.16)

Hence (22.14) gives, for some constant A,

(4+55) N = 1 > »(,-)

| (0 <mx
_ Z R(o —p)
— 2
s (p>|<th o=l
>y Z 7 by (22.15).
sty 7 Ly — R()
If R(p) 5;{;5 to the RHS sum. If there are two zeros
(counting multiplicity), then
§ 1 < A+ i
520 +c¢ — 2"
This would be a contradiction if
25(3 — 10A49)
5(20A+1)
Now choose ¢ small enough and ¢ so that it works for case 1 and satisfies the above

inequality.

Finally, note {(3,x) = ((s, x) for real characters, so if s is an (exceptional) zero so is
5. Since there is at most one exceptional zero, it can only be real. O

2 Alternatively, put in t = 0 in (22.11).
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4 Prime number theorem in arithmetic progressions

Theorem 22.4.1 (von Mangoldt’s formula). For integer x > 2, x > T, and x primitive of

level N > 1,
P 2 2
b)) == 3 x+0<x[(lnx) —;(IHNT) ])
S(p)l<1 P

If x has associated primitive character x1, then for x > 1,

[U(w,x) = ¥(z,x1)| = O(In NInz).

Note that unlike in Theorem 21.4.1, we have ¥ (x,y) ~ 0 as opposed to ¥(x) ~ z.
Remember this is expected because the average of values for a nontrivial character is 0, so
there is cancellation in the sum. Moreover, there is no pole at s = 1 for L as there was in (,
so the application of Cauchy’s Theorem in Step 2 will not give the x term.

Proof. Step 1: We estimate 1(x) using Theorem 20.4.2. Suppose z is an integer; the theorem
gives

e - ([ (-Fe0) ) <am+ ¥ (5 mam

—iT n>1, nta n ’]_n (E)

> ¢ In(n)

Ty M
n>1,n#x n T‘ln (&) '

n

<lIn(x) +

The difference is O (M) exactly as in (21.13).

Step 2: We move the line of integration to s = —1. Assuming that 7" is not the imaginary
part of any root, by Cauchy’s theorem

ct+il S L/ d 14T d 1-iT d c—iT o5 d
/czT ?ZSX S+/+7,T 778)( 8+/1+7,T ?ZSX S+/l zT?fSX) 5
I I Ip 2
L
= Z00- X T (@
[Spl<T
SO c+iT xs L/ Ll xp
— ds =1, I I, + —(0 — —. 22.18
/C_iT $< L()) s=1Ip1+Ips+ +L(’X) %;Tp ( )

We estimate each summand.

1. For the horizontal integrals, we use the estimate 22.3.1 to get

1

+O(nNT), s=oc+Ti

S(s—p)l<1 ¥ T P

+O(In NT).
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We would like to bound (s — p) away from 0. To do this, note that for |T'| > 2

large there are O(In NT') roots in with Sp € £[T',T + 1] by Lemma 22.3.1. Hence by

tweaking 7T slightly we can assume |S(s — p)| > % Also by Lemma 22.3.1 there

are at most O(In NT') terms in the sum, so the sum is O((In NT)?). Integrating gives

—14Ti 5 [/
T2 (s,x)d
/c:I:Ti S L(S’X) °

— O((InNT)®)O <;) /Cl 12°| ds

:O(HCUHTNTV>_

2. For the vertical integral, we use the same estimate, this time noting that |s — p| > 1
for every nontrivial zero p, since tp > 0. This gives that %(3) = O(InNT) and

—1-Ti g5 [/ —14Ti -1
/ x——(s,x)d,S:O(lnNT)/ T ds

—1+1i S L —1-Ti |5

0 <1n(NTx) ln(T)) 0 (x(lnéVTP) |

3. Note by Lemma 22.3.1 that £(0, x) = O(L) = O(In(N + 1)).

Step 1 and (22.18) together with the above estimates give the first part of the theorem.
For the second part, note that

1/’(%)(1) - ¢(1’,X) = Z (Xl(n) - X(n))/\(n)n_s

1<n<z

< > Al

1<n<z, n=p", p|N
1
<y {MJ Inp
N Inp
SZlnxlnp:lnxlnN. O

p|N

Theorem 22.4.2. There is a constant ¢ > 0 such that for any distinct real x1 and xo to
moduli Ny and Na, at most one of L(s,x1) and L(s,x2) has a zero > 1 — m

Corollary 22.4.3. There is a constant ¢ > 0 such that the following holds: Fix a level N.
There is at most 1 character x of level N such that L(s, x) has a zero with o > 1 — 7.

Proof of Theorem 22.4.2. The product yjx2 is a character with modulus N;N,. By Theo-
rem 22.3.1, —£ (0, y) < O(In Ny N,) for 1 < o < 2. Let

F(s) = ¢(s)L(s, x1) L(s, x2) L(s, x1X2)-
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Then by logarithmic differentiation,

—1;(5) = —g(S) - [Z:(SuXI) - 12(57X2) - LL/(s,xm)
= Z (1+x1(n) + xa(n) + x1(n)x2(n))A(n)n~*

= i(l +x1(n)) (1 + x2(n))A(n)n™ = 0 (22.19)
(22.20)

since the coefficients are nonnegative.

Suppose [, fo are exceptional zeros of L(s, x1), L(s, x2); then putting Lemma 21.3.1
into (22.20) gives
1 1 1

_ _ >0
-1 o-H o—p
Let § = min(1 — f1,1 — ;). Take 0 = 1426 to get oz < O(In N1 Ny), ie. § 77 In N1 N, with
constant independent of Ny, Ny, i.e. there is an approprlate choice of constant so that 1, xo
are not both exceptional for level N N,. O

O(ln NlNQ) +

Proof of Corollary 5.2. Fix a primitive character x of level N. Suppose X’ is of level N,
whose corresponding primitive characters has level N'. Then the theorem gives ¢ such that

at most one of L(s,x’) and L(s, x) has a zero f > 1 — >1-%. O]

TNV
Theorem 22.4.4 (Prime number theorem in arithmetical progressions). Let C' > 0 and

suppose x > eClnN)?, If there is no exceptional zero for level N, there exists C' > 0 such
that

m(z,a mod N) = (1+ O(e_cl\/m));i((fv)).

If there is an exceptional zero 3 of level N with associated character x,

r(z,amod N) = ——(li(z) — x(a) li(z?) + O(ze=CVIm)).

©(N)
Proof. We have by column orthogonality 6.1.6 that
1 1
(X, amod N) = > X(n)A(N) = (V) > Xla)x(n)A(n) = (V) > _X(a)y(z, x).
n<z,n=a (mod N) n<z Y XE@/NT) 2 X
(22.21)

Letting x; be the primitive character associated to y, by Theorem 22.4.1 we have

22p zero of Yl(zx1) 5 “+0 ( [(n2)? T(IDNT J 4 InNln m) X nontrivial

22.22
¥(z) + O(ln Nlnz), X trivial. ( )

Y(x,x) = {

. zP 3
We estimate Y, nonexceptional zero of ¥(z,x1) < in two steps.® Assume T > 2.

3Here “nonexceptional” means with respect to level N.
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1. By Theorem 22.3.3, there is a constant ¢ such that for all |S(p)| < T,

clnz

‘xp| = xéRp < gj “ENT — — xe InNT

2. Note the zero free region in Theorem 22.3.3 means there is a constant d, independent of

N, x, so that for all nonexceptional roots p, |p| > dy. Hence using N(T') = O(T'In NT)
(Lemma 21.3.1 or Theorem 22.3.2),

IIEEEDS :

[S(p)|<T ’p’ [S(p)|<T max(%(p), dO)

T dN(t) . -
N -Stel 1
= /0 max(t, do) (Riemann-Steltjes integral)
N(T T N(t
@ / (1
d

I S dt integration by parts
max(7T, dy) o 12 & ¥ P

— O(InNT) + (mNt)

:O(lnNT)+O((lnNT = O((In NT)?).

Putting these two estimates together,

T v

|S(p)|<T, p nonexceptional P

< max (j2) Y

SEIT T jalyics el

< O (e BRT (In NT)?) .

Combining with Theorem 22.4.1, setting 7" = em, and using N < eCVInT e get

clne 1 2L (In NT)? InT)2 2B 2B
|¢(35:X)—x|:0<xe Nt (In NT)? + #{(n.z) ;(n )]+m(r; ) > o

5]

=0 (x e (C+1)Inz + xe_\/m((lncc)2 +(C+1)nz) + C’(lnx)%) o

5]
8
= O(xe—clm)—% (22.23)
for some C; > 0 independent of N, y, where the implied constant is independent of N, x.
For the trivial character, (22.22) and (21.17) give
Oz, x) =2+ O(xe” V™ f InaInT) = 2 + O(ze” 2V¥) (22.24)

Using (22.21), (22.23), and (22.24), we get

Y(x,a mod N) = 1 <$\<(1>1} n O(:ve_oif\/m))
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where the grayed-out portion appears only if there is an exceptional zero. (Note this can
happen for at most 1 character by Lemma 22.4.2.) It remains to transfer the asymptotics of
1 to that for 7.

The same argument as in Lemma 21.4.2 shows that

dN z d 1
7(z,a mod N) = T/f(iﬁﬂlio ) +/2 w@)y(lnyy)? + O(z2),

giving the estimate for 7. O

5 Siegel zero

In this section we obtain bounds on the exceptional zero to get a better error bound for
prime number theorem on arithmetic progressions. We proceed in 2 steps.

1. Show that L'(f, x) is small for 3 close to 1.
2. Bound L(1, x) away from 0.

From this, we get that L(S, x) cannot be 0 for § too close to 1.
Then we will be able to show the following improved form of Theorem 22.4.4.

Theorem 22.5.1 (Siegel-Walfisz). Given any C' there ezists a constant C" depending only
on C so that
li(z)

+0 xe—C'(lnx)%
EA )

7(x,a mod N) =

whenever
N < (Inxz)°.

Unfortunately, this bound is ineffective; the proof does not give a way to compute a
suitable value of C".
Of course, if the Riemann hypothesis were true then it would solve all our problems.

Theorem 22.5.2. If the Extended Riemann hypothesis holds (all nontrivial zeros of L(s, x)
satisfy Ns = %), then

li(x)
p(N)

for x > N2, where the constant is independent of N.

7(z,a mod N) = + O(x%(ln 7)?)

5.1 L'(B,x) is not too large

Lemma 22.5.3. There exists an absolute constant C such that
|L'(0,x)] < C(InN)?

Jor any nontrivial Dirichlet character x modulo N and any o with 1 — + < o < 1.
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Proof. Because L(a, y) = 222, X®)

-+, by Proposition 20.2.4 we can simply differentiate term-
by-term to get

i": n)lnn
Now we bound this sum by breaking it up into two parts.
First note that for n < N, we have

1 < 1 < 1
—_— 0' P [
“InN ~ Inn’
Hence 1 1 1
oIl < Spae = & (22.25)
ne n n n

Step 1: We bound the sum from n =1 to N. By (22.25),

1
Z RN Oy (InN)? (22.26)

N n)lnn
Z

for some Cy. The last step follows from estimating using the integral [ s gy = L(In N)2

Step 2: Now we consider the sum from N + 1 to co. Let U(n) := 31 _; ; x(m) and v(n) =
ln” . By partial summation 77, we have

2 X(nrzalnn = L11—>Holo —U(L)v(L) + _; Un—1)(v(n) —v(n—1))

Since v(n) decreases to 0 and |U(n)| < N (as ¥V "1 x(n) = 0 for any k), the first term
goes to 0 and we get the bound

> 1 In N
3 xmhn) vy = VY N v L —em N (22.27)
neng1 17 Ne N
where in the last step we used (22.25).
Adding (22.26) and (22.27) together gives the desired bound. O

5.2 L(1,x) is not too small
Theorem 22.5.4 (Siegel’s inequality). For each € > 0 there exists C. > 0 such that

L(1,x) > C.N"*

for all real Dirichlet characters x modulo N.
Thus there exists C. > 0 such that any real zero B of L(s,x) satisfies 1 — > CIN~=.
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First we prove the following lemma.

Lemma 22.5.5. Let x1 and xo be real primitive characters with modulus N1 and N, let

F(s) = ¢(s)L(s, x1) L(s, x2) L(s, x1x2),
and let
A= L(L Xl)L(LXZ)L(L X1X2)-

Then the following inequality holds:

1 CA
2 1-s

7
F(s) > (N, N )80 =9), g<s<L
Note the technique of getting information about a L-function of a single character by
looking at F'(s)—a function defined using two characters—is a lot like what we did in showing
Corollary using Theorem 22.4.2. We’ll comment more later on why we looked at F(s).*

Proof. The main idea is to expand F'(s) in power series and bound its coefficients (equiv-
alently, bound the derivatives of F'(s)) using the inequality from Cauchy’s formula, Corol-
lary 19.4.6.

We have

This means In F(s) is a Dirichlet series with all coefficients positive. Because the power
series of e” has positive coefﬁcients7 this means that F'(s) also has all coefficients positive.

Suppose F(s) =32, ng :
Now we expand F(s) in Taylor series at s = 2. (We can’t do it at s = 1 because F(s)

has a pole there.) We have

F(m)(g)
m!

= an(2—3s)", am = (=1)™
m=0

1A deeper reason why we often look at F(s) is that it is the zeta function of a biquadratic field. Thus
we can prove nice facts about F(s) by combining algebraic and analytic theory. We’ll give proofs that don’t
require this knowledge.
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We calculate the coefficients using 20.2.4 and get

S LI

n=1 n?
In particular, for m = 1 we have a,, > 1 since f(1) > 1.
Because we know F'(s) has a pole of residue A = L(1, x1)L(1, x2) L(1, x1x2), we consider
the function

A A
pay b QA ey - B

F(s) —

i A)(2—s)™.

m=0

Let © be the circle of radius 2 (not its interior) centered at 2. Then for any x of modulus N,
|L(s,x)| < CyN for some C, for all s in a bounded region away from 0 because by (22.2)

L(s,x)| = ‘/100 S(z)sz~57! d:c’ < N/loO |sx 57 dx, S(z) =Y x(n)

n<x

Therefore,
|F(s)] < (C1N1)(C1N3)(CyN1Ny) = Co( Ny No)?, Cy = Cf (22.28)

and for s € €,

A
<5 _ 1)’ < 2L(1, x1)L(1, x2) L(1, xaxz) < 202(N1N2)2_ (22.29)
Now we use the inequality from Cauchy’s formula, Corollary 19.4.6, to get

1 2\
a = Al < o max F(s) < CoN?N3 () |

(3) 3

To bound F(s) — 225 = Y20°_ (b — A)(2 — s)™ when I < s < 1, we first bound the sum

m=0
from some M (to be determined) to oco.
Firstly,
[oe) 2 m

> am = A[(2—=s)™ Z C3NZN3 |=(2 — 5)

m=M m=M 3
§203N3N22<3> | Tes<n

i 4 8
3\ M

< C4NPN; <4)
< CyNENZe M4, e V4 % 0.78.
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We choose M so that C4N12N226’% € [%e’i, %} Note the lower bound rearranges to
M < 8In NyNy + C5. Then because the coefficients a,, are all nonnegative, we can drop
some of them in the inequality to get

_ﬂg—s_lzl—Aﬁzw—@m—amﬁﬁfMﬂ
>1—1iSK?—$M—lP—; CWWN&—¥§;
— F(s) >; 1i5(2—s)M
Z;—liSeM(ls), " <l+ux
>;—f§ywmﬂ”% M < 8In NN, + Cs.
This finishes the proof of the lemma. n

Proof of Theorem 22.5.4. Fix € > 0. We want to choose y; so that 0 > F'(s). Consider two
cases.

1. For some x, L(s,x) has a real zero in the range (1 — %65, 1). Then choose x; to be

this character and (; to be this zero. We then have F/(5;) = 0.

2. Else, let x; be any primitive character and (5, € (1 — 1—166, 1). Note the following:
e In this case there are no zeros for any L-function in (1 — %6, 1), so they all have
the same sign as their value at 1. The value at 1 is nonnegative (in fact, positive)
because the product expansion gives that the L-function is positive for o > 1.

e ((s)<O0for0<s<1,and
Thus F(8:) < 0.

In either case F'(1) < 0, and the choice of §; depends only on . From Lemma 22.5.5, we
now get the inequality

1 CA

0< -
-2 1-p
A > 0571<N1N2>_8(1_’81)

(N1N2)8(1_51).

for some C; depending only on €. Now we also have an upper bound for A:

A= L(1, x1) L(1, x2) L(1, x1X2)
< (Cl lan)L(l,XQ)(Cl thlNQ).
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Now suppose that Ny > N;. Combining the two inequalities and noting that In /V; is a
constant depending only on £ and is less than In N,, we have

L<]-7 X2> > O€,2N2_8(1_61)(1n N2>_1

> C.yN, 2 (In Ny)
> Cs,gNis.

By choosing the constant to be smaller, we may ensure that this bound also works for
Ny < Ny.

Finally, combining Lemma 22.5.3 and the bound L(1, x) > C.N~¢ immediately gives the
fact that any real zero of L(s, x) must satisfy § <1 — CIN~=. O

Note that it was essential to work with F'(s) rather than G(s) = ((s)L(s, x): Something
like Lemma 22.5.5 would go through, but if we used G(s) then G(s) may have a zero close
to s = 1 so we don’t know the region where G(s) is nonpositive, and we may have to take

1

s = [, arbitrarily close to 1. This kills the proof because of the term —. When we work

with F(s), the case where there is a zero close to 1 is dealt with nicely.

5.3 Proof of Siegel-Walfisz

Proof of Theorem 22.5.1. Suppose there is an exceptional zero 5. By Siegel’s inequality 22.5.4,
for any € > 0 we have
b—1<—-C.N"*.

The prime number theorem in arithmetic progressions 22.4.4 gives
1
p(N)
We show that 1i(z”) gets absorbed into the O term. Indeed, we have

m(z,a mod N) = (li(z) — x(a)li(z?) + O(ze=CVIwY).

—CeN—% < —C'Vinz

<= (Inz)C.N~*>C'Vinz
!

< Vinzx > gNE

£

1
C-\ ¢ 1
= (&) (Inz)2= > N.
Now given N < (Inx)¢, choose &€ = % For large enough C’, the equivalences above give
10N < ¢=C'VInz Therefore,
Pt

li(z”) = O <x61nx> = Oz - 27N ") = O(ze~¢"Vine)

for some C" > 0, as needed. H
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Chapter 23

Special values of L-functions

0 Introduction

0.1 Points of interest

™ 1 1 1 1
T i i i 23.1
4 375 79" (23.1)
In(v2+1) 1 1 1 1
=1l—--—2—=2 ~ 23.2
V2 375 797 (23.2)
2In (15) 11 1 1
=l—c—ct+ -+t 23.3
V5 2 3T1Te " (23.3)
—fﬁ LS SR S
S Z5n+1 B5n+2 5n+3 bnt4

See Mazur’s article in PCTM [GBGL10]! for an introduction to algebraic number theory
that highlights these formulas.

In this article we explore a formula that relates analytic with algebraic quantities: values
of the zeta function with the class number, regulator, and discriminant of a number field.
The main theorem is the following.

IAvailable online at http://www.math.polytechnique.fr/~chenevier/MAT552/barry_
mazur.pdf
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Theorem 23.0.1 (Analytic class number formula). Let K be a number field. Then

2" (2m)2h Re
Resey Cx(8) = 2\ ‘)A |f; o (23.4)
K K

where hy is the class number, Regy is the regulator, wy is the number of roots of
unity in K, Ak is the discriminant, and ry,2ry are the number of real and complex
embeddings of K.

0.2 Road map

Our plan is the following. First, we grok what’s going on by looking at the class number
formula for quadratic fields, which already show all the different types of behavior. To prove
the theorem for general K we need to get reacquainted with the embedding o : O — R"xC*.
Second, we’ll massage our formula into nicer forms for quadratic fields and for cyclotomic
fields, and see what algebraic information we can milk out from the class number formula.

How does this formula come about?? (x(s) is a sum over ideals of O where the ideals
are weighted depending on their norm; we are “counting ideals” with appropriate weight.
The growth of (x near s = 1 depends on estimates for the number of ideals with norm
< r. An expression for the analytic quantitiy Res,—; (x(s) then comes from combining the
following geometric and algebraic information.

1. Geometric: We count algebraic integers in K. Geometrically (using the embedding o),
they form a lattice in R" x C®. We can estimate the number of points in a given region
around the origin. This depends on the embedding, on the volume of a fundamental
parallelotope of the lattice. This is how we get the quantity®

21 (27)72
Ag|

2. Algebraic: Note (x(s) is a sum over ideals, not over numbers in Ok. So we need to
multiply by a factor that tells us what we’re off by in considering numbers rather than
ideals; we can do this because of the multiplicative structure of Ok. This will depend
on the units (the fundamental units and the roots of unity) and the class number. This
is how we get the factor

hK RegK
Wg .

2We follow the discussion in http://math.stackexchange.com/questions/292104/
how-to-derive-the-class—number-formula.

3The grouping of the 27 is actually a little misleading: volume calculation gives the 7”2 (think circles);
think of the 2" as grouped with the \/|Agk].

408


http://math.stackexchange.com/questions/292104/how-to-derive-the-class-number-formula 
http://math.stackexchange.com/questions/292104/how-to-derive-the-class-number-formula 

Number Theory, §23.0

0.3 First explorations

Make sure you remember the following.

1. How to show Ress—1 ((s) = 1. (We used a “summation by parts” argument;
see (21.3). This was the argument that analytically continued ((s) from Rs > 1
to Rs > 0.)

2. The embeddings used to prove the finiteness of the class group and find the
rank of the unit group. The definition of the regulator.

Problem 23.0.2: Recall that the zeta function for Q can be defined as

1

o= T (1- 1) -

S
prime p p

> 1

s
n=1 n

for s > 1. How do we modify this definition to define the zeta function for an arbitrary
finite extension K/Q?

The identity above relied on unique factorization. In general we only have unique factor-
ization of ideals, and we measure the size of an ideal with the norm. So we define

and find by unique factorization of ideals that it equals? [Tpcox prime (1 — m;,,).

First we explore the class number formula for quadratic number fields.

4We always restrict to nonzero ideals
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Problem 23.0.3: 1. Consider the zeta function for K = Q(¢). When we expand
out (x(s) = >, %=, what do the coefficients a,, represent?

2. Evaluate Res,—1 (k(s) (recall how we evaluated Ress—; ((s)), using some area
calculations.

3. Can you write (x(s) in terms of L-functions you are familiar with? De-
rive (23.1).

4. Do the same for Z[v/—2], Z [%‘73] and Z[v/—5]. What’s different about the
last case?

5. Do the same for Z[v/2] and Z {%‘F’} (The argument is more complicated, but
make a guess.) Derive (23.2) and (23.3).

6. Conjecture the general class number formula (we already told you, but don’t
look back). Try to generalize your arguments for quadratic fields to prove it.

7. We saw that in (23.1) through (23.3) that we can evaluate in closed form series
of the form :I:% (where the + are periodic). Can you do this in general?

Given a character x : Z/N — {—1, 1}, evaluate in closed form

5 x(n)

n

in 2 ways: algebraically, as in (23.1) through (23.3), and analytically (without
mentioning algebraic quantities). Try to simplify your formula as much as
possible. What happens when you equate these two?

Hint for the analytic expression: (a) power series are nice, (b) 3 + reminds us

of logarithms. However we seem to have nasty sums such as Y= (mod p) ni
What’s the technique?

For a leisurely account of the class number formula for quadratic fields (assuming few pre-
requisites) see the PROMYS notes [Wei].> We will discuss 1-5 in Section 1, 6 in Section 1.1,
and 7 in Section 2.

5 Available at http://math.uchicago.edu/~chonoles/expository—notes/promys/
promys20l2-analyticclassnumberformulanotes.pdf
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1 The analytic class number formula

1.1 Quadratic fields

This section will be mostly to build intution for the general case; we will give a self-contained
proof of the general case in the next section.

1. We have Cx(s) = Yaerx qur = Yot 22 where

a, = the number of ideals of norm n.

Now we specialize to the case K = Q(i). Every ideal is principal, of the form (a + bi),
and its norm is a® + b%. So does a, count the number of solutions to a? + > = n?
Almost: multiplying by a root of unity gives the same ideal. (a + bi), (i(a + bi)),
(*(a + bi)), (i*(a + bi)) represent the same ideal, so a, is 1 the number of solutions.

We can think of this another way: each ideal is of the form (a + bi) for a unique pair
(a,b) € Z* with a > 0 and b > 0 (“in the first quadrant”). Hence a,, counts the number
of solutions

anz|{(a,b)€Z2,a>0,620:a2+b2:n}|‘

2. We don’t have a nice expression for a,, that we can work with analytically, but we can
work with >°}'_; a,: it counts the number of solutions

Zak=|{(a,b)€Z2,a>0,l)20:<12+l)2§n}|7
k=1

i.e., the points inside the circle of radius y/n in the first quadrant.

This suggests that we use summation by parts on (- (this is valid as (n+1)7° 7, ax
converges to 0 by the estimate below, (23.5))

Crels) = 2 ann”™
= ni (é ak> (n—=(n+1)7%

0 n n+1 1
= ay 3/ x5 dx.
k=1 n

n=1
Now we need to estimate Y 7_; ax. It is approximately the area of the circle of radius
V/n in the first quadrant, so

> = Zn + e, where e, = O(v/n). (23.5)
k=1
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(The standard argument is to consider a square for each lattice point; these squares ex-
actly cover the sector except possibly for a strip near the boundary of area proportional
to the circumference, ~ y/n.) Putting this in, we have for s > 1,

Ck(s)=s i::l (%n + en> /nH v N da (23.6)

n

writing n = (n — z) + x,

il n+1 _s ntl —s—1 it —s—1
:524(/” T d:z:+/n T (n—x)dac%—en/n T )dx

00 o) n+1 n+1

— zs/ v dr + s > (/ x5 o —n)dr + en/ x5! dz)
4 1 4 n=1 n n
T s

n n

n+1 n+1
/ 5 Nz —n)dr +e, / 5! d:c)

O(n=>"1%)

since e, = O(n2). The last sum converges for Rs > + to an analytic function, so
we obtain an analytic continuation for (x to fs > % (We have s > % rather than

fes > 0 as for ¢ because of the error term.) Breaking up ;%5 =1+ 5_% and reading off
the coefficient of ﬁ, we see

™

Ress—1 (k(s) = Il

Summarizing, the 7 comes from an area calculation, and the 4 comes from the fact
there are 4 roots of unity in Q(7).

3. We'd like to write (x(s) =[], (1 — ﬁ) in terms of primes over p. In a quadratic field,
a prime p in Z either

(a) is inert in K, i.e., is a prime of norm p? in K
(b) splits into 2 primes of norm p, or

(c) ramifies.

For a field of discriminant D, these cases happen when (%) =1, (%) =—1l,and p| D,
respectively. We get

e ) )
" p inert 1 _p72s p splits 1 _pis p ramifies 1 _pis

Wi () 1 ()
l;Il_pspjillrt 1+p78 pglits 1_pis
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(8) = COL(s.x),  x= (i) | (23.7)

(The L function encodes the splitting law for primes in K.)® Consider K = Q(i). Here

1 =1 d4
x(n)=14" " (mod 4) Now we know Res;((x) = 1, so we must have
—1, n=3 (mod 4).

x(n) 1 1 1
— 14— 4.
ns 375 77

:L<S>X):Z

N

Incidentally, note that the identity (23.7) gives (via expanding the Dirichlet series) the
formula
| {(a,b) € Z* : > + b* = n} = 4(dy(n) — d3(n))

where d;(n) is the number of divisors of n that are = j (mod 4).
4. For v/—2, what changes in the above calculations?

(a) We now count instead the solutions to z? + 2y* < n. Alternatively, keeping
the shape the same, we're counting the lattice points inside the circle where the
lattice is generated by 1 and /2i (each rectangle has area v/2; in general it has

area 1/ %). The number of points is approximately v/2mn.

(b) There are only 2 roots of unity, so we would count points in the whole upper part
of the circle/ellipse, and divide by 2 instead of 4.

6We note that x is a homomorphism modulo D. I show this using a case analysis (not sure if there is a

cleaner way...). In the following we use the notation (a if P) to mean a is P is true and 1 otherwise. First
note that D is squarefree except possibly for 4 (and either 20,22, or 23||D); by multiplicativity of (;) and
quadratic reciprocity,

ORCERIOME Uy

q|D,q#2

p—1 p2—1 p— _
- ((_1)T if D < 0) (-1)*=" if 8| D)- H P .(_1)71|{p—4k+1|D}|
q|D,q#2 q
S0
(a) if 8 | D, then y is a primitive character modulo 8 [Ipipprap =D,
(b) if 4 | D, so that D is divisible by an odd number of 4k + 3 primes (so that (—1)%71\{P:4k+1|D}| —

(71)%1) and D > 0, or D is divisible by an even number of 4k + 3 primes and D < 0, then y is a
primitive character modulo 4 Hp|D7p¢2 p=D,

(¢) if 4+ D, so that D is divisible by an even number of 4k + 3 primes and D > 0, or D is divisible by an
odd number of 4k + 3 primes and D < 0, then x is a primitive character modulo IIpppr2p=D. To

see this in the second case, note we have the factors (—1)17771 (—1)1)2;1 =1.
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Similarly for «/—3 we get @Wn and we divide by 6. We get

™

Res Corvan (8) = 735

. 1 1+1+1 1 1+1_%
N 3 5 7 9 11 13 15
T
Res Govan (8) = 5
26
. 1+1 1 1 1+
N 5 7 11 13 17

For /=5, the problem is that the class number is > 1: a prime can now split into
nonprincipal ideals, so we can’t simply count the number of solutions to z? + 5y? = 1.
We'll do this rigorously later, but it makes sense that since there are 2 ideal classes,
we’ll only capture half the sum in this way, and we’ll have to multiply by 2.

In general, if K is a imaginary quadratic field with discriminant Dy, then

27ThK

VIDx|lwi

), for any prime p = j (mod D). [Here Dg < 0.]

L(1,x) = Ress=1 (i (s) = (23.8)

Dk
p

where x(j) = (

5. Recall the embedding we use in order to apply geometry to K = @(\/8) with d positive:
z4+yVd— (x+yVd,x —yVd) =: (2',y). The area of the fundamental parallelogram
of this lattice L is \/|Agk].

The norm is different now; it is 2y’ = 22 — d*y. Again we have a factor hyx. We now
count lattice points under the hyperbola z’y’ < n in the first and second quadrant.
However, now associates can differ not just by a root of unity (—1), but also by a unit,
which must be some power £" of the fundamental unit ¢ (which is sent to the lattice
point (e, %)) Drawing a picture, we see that each  +y+v/d with norm at most n has an
associate in the region bounded by z’y’ = n and the lines joining the origin and (1, 1),
and the origin and (e, %), or the rotation of this region by 90°. The area of these slices

can be calculated to be 2Ine. Thus we expect around —22E- lattice points. We obtain
vV |AK]

the following;:
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If d is a real quadratic field and ¢ a fundamental unit, then (note wx = 2)

2hiIne
| D]

L(1,x) = Ress=1 (k (s) = (23.9)

where x(j) = (%), for any prime p = j (mod D). [Here Dy > 0.]

In the case of v/5, the discriminant is 5, the character is y(n) = (%), and the funda-

mental unit is 1+‘[ , SO
11 1 1 21n (1575)
=g -gtgte = Remlys(9) = — 72—

1.2 Proof in general

We now prove Theorem 23.0.1 in 4 steps. Note that both (23.8) and (23.9) are special cases
of (23.4): in the first case there is 1 pair of complex embeddings, hence the factor of 7; in
the second there are 2 real embeddings, hence the factor of 2. The group of units of a real
quadratic field is 1-dimensional, so the regulator is simply the logarithm of the fundament
unit.

In general the area of a fundamental parallelotope is \/|Ax|27" (Proposition 3.3.1).

1.2.1 Reduce to sum over principal ideals
We reduce (x(s) to a sum over numbers in Ok, not ideals. We separate the sum by ideal
classes:

Ck(s) = Z mlas

-3 S

[I ECIK ue[]

where the sum [/] € Clg is over ideal classes.
Now for each [I] choose by € [1]7!

= 2 2 Fraps M)

[I1eClk a€[I]

=2 X

[1eClg (a),a€b; ( )

ab;

br)® (23.10)

since a — ab; is a bijection from the ideals in [I] to principal ideals that are divisible by b,
i.e., principal ideals in the form («), o € b. If we manage to show each of the inner sums is
2'1(25)"2 Rege , then we’ll be done.

VIAkwK
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1.2.2 Reduce to sum over numbers

The sums are now over principal ideals, but we’d like them to be over elements. The
obstruction is that many elements will give the same ideal, so we’d like a canonical way of
choosing a generator of (). We'd like a region such that every set of associated elements
has exactly one element in that region, a kind of fundamental domain.

Any two generators will differ by a product (ef* - - - e, where ( is a root of unity and
€1,...,Er1s—1 are the fundamental units.

If we have a vector space, and we say 2 elements are equivalent if they differ by an element
of a lattice, we know what a fundamental domain would look like—a parallelotope. We have
here a product rather than a Z-linear combination, so we’ll have to embed and then take
logs.

Recall the embedding and the log map from Proposition 5.2.2:

0=(01,,071 +r5) n|-|,...,ln|-[In2||,...In2[-|)

L:OF R y R7HT2,

(The kernel of this map is the roots of unity.) Recall that L(Ug) is the hyperplane H
with 1 + -+ + 2,4, = 0, i.e. the hyperplane with x - (1,...,1) = 0. Given a principal
ideal we choose a generator « such that the projection of L(a) onto this subspace is in the

fundamental parallelotope made by the L(ey),..., L(g/4s-1), i.6. We require
L(Oé) € ([07 1]L<61> +ooet [07 1]L(5r1+r2—1>> +R(17 s 1) (2311)
=P

(For a set S of scalars and a vector v we let Sv = {sv:s € S}.) Taking the inverse image
under L and noting the kernel is the roots of unity (Proposition 5.2.2), we have the following.

e For any o € Ok, there are exactly wy associates 3 of a such that”

L(B) e P+R(1,...,1).

Combining with (23.10),

Chl(s) = — 3 Moy’ >

(23.12)
WK [11ec1x a€L-1(P+R(1,...,1))Nb;

N(a)*

1.2.3 Reduce to a volume calculation

Now we show how the sums in (23.12) reduce to a volume calculation. We claim the following.

"Le., a is unique up to multiplication by a root of unity. To make o unique, we can require that o have
argument in [0, 112)—7;()
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Lemma 23.1.1. Let L be a lattice in R™, and let A(L) denote the volume of its fundamental
parallelotope.® Let V' be a bounded, measurable set containing the origin that the points
B(0V,¢) at a distance of at most ¢ from the boundary satisfy
Vol[B(OV,¢)] Zet"

(There aren’t too many points near the surface.)’ Then

1. The number of points inside tV satisfies
Vol(V)
A(L)
2. Suppose [0,1]V = V. Let N(z) = (inf {¢ > 0: 2 € cV})" (the norm associated to V,

made homogeneous of degree m). The function

fls) =23

zeL

[tV N L= t" 4+ Oo@™

1
N(z)®

is meromorphic for Rs > 1 — = with Res,_1 f(s) = VA"E(LV))

Proof. 1. Take a fundamental parallelotope and place one at each point in tV N L; now
bound the difference between this area and the area of tV, cf. (23.5).

2. This is exactly as in (23.6). Noting that the number of z € L with N(z) < n is

Vzl((]j/))n + e, for some e, = O(n"=),

fls)=s i (VAOI((LV)>n + en) /n+1 v 5 da

n=1 n

writing n = (n — x) + x,

B o) VOI(V) n+1 s n+1 et n+1 —s1
=5) AL (/n x dx+/n x (:)s—n)das+en/n x )d:p

n=1
1 00 1 > n+1 n+1
- svo ) /1 x % dr + VAO((LV)) sy (/ v Yo —n)dx + en/n ! dx)

A(L)

= VA01(([‘//)) ; i 1 + VAOI(%) S i ( nnH 5 N —n)dr + e, /nnJrl 5! dx)

since e,, = O(an_l) The last sum converges for s > 1 — % to an analytic function,
so we obtain an analytic continuation for (x to s > 1 — % (We have s > 1 — %
rather than Rs > 0 for { because of the error term.) Reading off the coefficient of S_%,

we see

Vol(V)
Ress—1 f(s) = . O
s=1 f( ) A(L)
8Distinguish this from Ag; the relationship between Ax and A(L) is given by A(L) = \/|Ax|2772; see

Proposition 3.3.1.
9See also VI.§2 in Lang [?]. His Theorem 2 is phrased in terms of (n — 1)-Lipschitz parametrizable
boundaries.
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1.2.4 Calculate the volume

We will apply Lemma 23.1.1 to
V= (P [0,00)(L,..., 1) = [0, (P), L=t

where P is asin (23.11). The norm on V' is exactly the norm we want: N(x) = |21+ Ty 41y
on [0,00)V CR™ x C™.

e
N T F

€

Figure 23.1: The light blue and gray regions comprise [0, 1]¢~1(P). The light blue region is
[0, 1]e?”. (In this example, P is 1-dimensional.)

We calculate the volume of V: We want to evaluate (note z; € R or C)

Vol(V) = / / dry ...... ity 0,
[0,1]¢-1(P)CR"1 xC"2

/ /[0,1].({—1,1} ..... {(~1,1},D,...D)-c82E0 1.3 5IP CRry s or2

. 2" (2m) 2 e dr, ... dz
\/[Ojl]ediag(l ,,,,, 1,%,.4.%)PQRT1+T2 ( ) r1+1 r1+r2 1 r1+12

where
e diag(1l,...,1,2,...,2) is the map sending

(.231, s Ty Ty 41 - - 7x7'1+1”2) — (.231, s 7xr172xr1+17 s 72xr1+r2)7

e D={2€C:|z|=1}.
e multiplication and exponentiation is coordinatewise.

When we take the inverse image ¢~'(P), we not only get [0,1]ed8(L3--3)P; the real
coordinates also have the freedom of being positive or negative and the complex coordi-
nates also have the freedom of varying by |z| = 1. We know the area of P, so we change
coordinates to make the integral over P. Change coordinates via the map ¢ (so z; =
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x! ;
e 1 S v S 1 . . . / ro / 2
{ 7 ) which has determinant of Jacobian 27"2¢%1 - - - ere@r1/2 ... ¢"ritrs/

ex§/2, r1<i1<7r14+179
to get

ces oL () 2eTr41/2 . L T /2(97 2T L e/ ot !
[ oy 22 ( e

_ Or1,.-Tr2 x! z! / /
=2"g" [ ... e et dat L. dxy)
P_[07OO)(1 7777 1)
1

/

setting y = —— (2 + - + 2

m 1 ri1+ro
:2”7?"2//0 YVt dy dx
P J—-x

); the integral / in the hyperplane of P
P

1
:2T17Tr2/ —dx
P A\/T1 +7‘2
1
=2"71"2Vol(P) ——
( >\/T1+7‘2

=2"71" Regy

where the last line follows from Proposition 23.4.1. Now each sum in (23.12) has, by
Lemma 23.1.1, residue equal to

1 Vol(V)
Resg—1 Z N(a)s  A(o(by))

a€RE-1(P)Nb;
22 R,
= T8k by Prop. 3.3.1
| A |27720(by)

— Res_1 Cie(s) = i Z MNb; <R€Ss:l Z m(la)s>

YK [1ecix a€RE-1(P)Nb;
1 27"1 'I'QR
WK [1eCly |Ag|27m291(by)
_ 2(27m)" Regy
wicy/|Ak]

This finishes the proof of Theorem 23.0.1.

2 Special values of L-functions

2.1 Evaluating L(1,y) for quadratic characters

We were able to find closed forms for the sums (23.1)-(23.3). The same method works in
general.
We now evaluate L(1,x) for quadratic characters in 2 ways.
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1. First, we found that we have an algebraic expression for it. If x(p) = (%), then

letting K be the field with discriminant D, we can use the formula for Res,—; (x(s),
either (23.8) or (23.9). 1°

2. Second, we find an closed form for it analytically (Theorem 2.1).

Equating these two will give us a way to calculate the class number analytically. There are
4 cases, depending on whether D is positive or negative, and whether x is odd or even. We
won’t write these all out, but note when D = £p, in 2 of the cases, the identity will give us
information on quadratic residues and nonresidues.

Theorem 23.2.1 (Formulas for L-functions). Let x be a character modulo m. Let 7(x)
denote the Gauss sum Y jem) X(7)x(J) where xT(j) = {7 is the additive character. We
have

— k
L(1,x) = —T(X) x(k) In sinw—, X even (23.13)
ke(Z/m)> m
T S
L(l,y) = m(ZX) Xk, X odd. (23.14)
(Z/m)>

(In [BS66], this is Theorem 3, p. 336 and Theorem 1, p. 344.)

Proof. We write L(1,x) as a sum over residues modulo n, and then write the nasty sum
> n=m ni (a partial zeta function) in terms of nice sums using characters. We have

lxzijj ZZX(k) > L

kEZ/m n=Fk (mod oy

=Y x(k) X ZC(” k)i orthogonality of characters

kEZ/m jEZ/m

Ly oy cﬂfzw-

kEZ/mJEZ/m n=1 "

The inner sum is just the Taylor series of a logarithm. We have!!

Zcm = —In(1 —¢%).

OFEvery quadratic character is in this form. To use a sledgehammer, this follows by class field theory since
quadratic characters are in bijection with the nontrivial elements of Galois groups of quadratic extensions.
From first principles, note that x is a continuous homomorphism on 7= 1, Zp, and for p # 2, 1+ pZ, C Z
for p =2, 1+ 8Zy C Z2, so x must be 1 on these subgroups. Thus y is a primitive character modulo D for
some D | 8 1,2 p, and corresponds to the field with discriminant D or —D.

'We use the fact that if 307 e?"a,, converges, then lim, ;- r"e*"a,, equals that sum.
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Letting X;“(n) = (", we find the sum equals (using Proposition 6.2.2)

1

Lx)=—= Y > x(k)¢7*In(1-¢)
JEL/m kEL/m
1 J
:—mjg/:m S In(1—¢7)

_ ™ s S - ¢)

M je@im)

where the Gauss sum is 0 for 7 £ m. (Proof: let j' be smallest nonzero so that jj’ = 0
(mod m). We can group the terms in the sum as 37— (x (k) +x (k45") 4+ - -+ x(k-+p—3j'))¢ ¥
Now note x(k) + x(k+j')+---+x(k+p—Jj") = x(k)(x(1) +x(1+5) +- - +x(L+p—J)),
and because x is primitive, it is nontrivial on the subgroup (1 + j'Z)/mZ, so x(1) + x(1 +
i+ +x(1+p—7) =0.) We want to express this sum in terms of In of real values. We
use a standard trick: match up 7 and —j in the sum. We consider two cases.

1. x is even, i.e., x(j) = x(—J). Then the sum equals

1 , , 1 — i i
WL A - o) - ) =T S G - ¢
ML je@/m M2 je@im
— _T) (Zz/m)x x(5) In (2 sin Ti)
— _T) (Zz/;n)x x(5) In (sm Z)
where the 2 came out as a In2 and we use Y jc(z/m)x x(j) = 0.
2. x is odd, i.e., x(—j) = —x(j). Then the sum equals
1 j —j T(x)1 = j
I ED DI ( TERC) BEMC Il BACCE S Sy MIS)
Je(Z/m)> JE(Z/m)*
T(x) 1 G (2””>
M2 je(tfm) m
miT(x) -
= X(5)3- O
M e
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2.2 The class number counts quadratic residues/nonresidues

Note that Theorem 2.1 can give information on quadratic residues modulo p when x(k) =

(%) When does this happen? We note

Yot (@) = (p) - (q) (—1)5 %5 = (i) when p=1 (mod 4). (23.15)

q p
e = (1) =05 (B) = (1) (23.16)
- (Z) 155 when p=3  (mod 4). (23.17)

Hence when p = 1 (mod 4) we consider Q(,/p), and when p = 3 (mod 4) we consider

Q(v/=p)-

2.2.1 p=1 (mod4)

In the case p = 1 (mod 4), we find an identity involving the fundamental unit, the class
number, and quadratic residues/nonresidues. There is no explicit formula for the fundamen-
tal unit, but we can find an explicit formula that gives a power of the fundamental unit. The
class number appears as the exponent.

Theorem 23.2.2. Let K be a real quadratic field with discriminant D and character x.

Then
n:= H (sin %) X

alD0<a<Z

1s a unit and if € > 1 is the fundamental unit,

el =m.

ma

In particular, if p =1 (mod 4), then H( )=-1 sin%b > H(E):1 sin 7.

b
For p =1 (mod 4), think of the last statement as saying that quadratic residues mod p

cluster at the beginning of (0, p/2) (where sin 7* is small) and the quadratic residues mod p
cluster at the end.

Proof. Note y is even. Let h = hx. We equate (23.9) with (23.13) to get

2hlne 7(x) — . Tk
=L(l,x)=—-——2> >  x(k)Insin—.
VD D ewipy~ D
1 — mk

ln sin —.

— Y. x(k)
VD 7 D

422



Number Theory, §23.2

where, because x is even, by Theorem 23.4.2, 7(x) = v/D. We get (matching up x(z) =
X(—x))

(Ine)h = > lnsinﬁ(—x(x))
xlD0<z<L D
—x(a)
eh = H (sin %) . O
alD,0<a<Z

2.2.2 p=3 (mod 4)

In the imaginary quadratic case, we have an explicit formula for the class number that
depends just on calculating quadratic residues, and not on any anything analytic (In, sin,...).

Theorem 23.2.3. Let p = 3 (mod 4), p # 3 and let R, N be the number of quadratic
residues and nonresidues in (0,5). Then the class number of Q(y/=p) is

(mod 8)

B %(R—N), =3
h_{ 7 (mod 8).

R—N,

In particular, R > N.

Proof. Let K = Q(y/—p). Note y is odd, because it equals (;) by (23.17), and p = 3
(mod 4). Let h = hx. We equate (23.8) with (23.14) to get

21h miT(x) —
= L(Lx) = > x(k)k
VPWK P’ wezin
-

— > x(k)E,

p\/z_? ke(Z/p)¥

where, because x is odd, 7(x) = i/p by Theorem 23.4.2, and we note wg = 2 for p # 3.
Now we proceed in two steps.

1. Because x is odd, we can pair up x(k) and x(p — k) = —x(k) to get

=—= Z X(k)E 4 (=x(k))(p — k)

p0<k<”
== Z x(B)E+ Y x(k). (23.18)
p 0<k<?® 0<k<
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2. We use a trick to get rid of the sum of x(k)k. We get another expression for h by first
flipping some of the k into m — k, so that we hit exactly the multiples of 2, and then
take out a y(2):

1

h = D Z x(k)k
ke(Z/p)*
1
1 G SRR (OLE S SRP(rY
ke (Z/p)* ke (Z/p)*
k even k odd
1
— —5( > Wkt Y —x(m— k)
ke (Z/p)* ke (Z/p)*
k even k odd
1
- = ks X —xtkm—k)
ke (Z/p)* ke (Z/p)*
k even k even
= > x(2k)((2k) + (2k —m))
0<k<Zf
1
— hx(2) =—= > x(k)(4k —m)
p0<k<§
4
=— Y x(B)k+ > x(k). (23.19)
p0<k<§ 0<k<?t

Now multiply (23.18) by 2 and subtract (23.19) to get
h(2=x(@2) = > x(k).
0<k<%

2

Noting x(k) = (5> : (3) = (—1)pr1 gives the result. O

p p

Note that there does not seem to be an “elementary” proof of R > N for p =3 (mod 8).
See http://mathoverflow.net/questions/25707/intuition-for—-a-formula—-that—-exp
for a discussion.

3 For further study

e See [BS66, §5.5] or [Was82, Chapter 4] for the application of L-series to class numbers
of cyclotomic fields.

e The conjectural analogue of the analytic class number formula for elliptic curves is the
Birch-and-Swinnerton Dyer conjecture.
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Conjecture 23.3.1 (Strong Birch and Swinnerton-Dyer conjecture). We have

hm(s _ ]_)1‘amkEL(‘E.7 S) _ QERegEi%iin(EéQﬂ Hp Cp )

s—1
where ¢, = [E(Q,) : Eo(Q,)] is the Tamagawa number of E/Q,. Here

- E(Q)/E(Q)tors = <P17 ce
— RegE(Q) = det([P;, Pj))ij=1,..,r where [P,Q] = B(P +Q) — P — Q. The requlator
measures the volume of a fundamental domain of the associated lattice.

o _ dx
Qp = fE(R) 12y+a1+as]
strass equation.

, P,y comes with a quadratic form (canonical height)

where ay are the coefficients of a globally minimal Weier-

4 Appendix

Proposition 23.4.1: Let P be the fundamental parallelogram of L(Uk), and let Vol be the
(rq + 2 — 1)-dimensional area. Then

Regy =

Proof. The regulator is defined by deleting any column of the matrix with rows L(g;), i.e.,
it calculated by taking a fundamental parallelotope, projecting it to any hyperplane x; = 0,
and then taking the area. (The proof will show these projections have the same area.)

Let t = ry + 1. Let L(e;) = (aj1,.--,ai4-1,—a;1 — -+ — a;4—1). (Recall that the
coordinates sum to 0.) To find the volume within the hyperplane, we note that (%, o %)
is a unit vector perpendicular to the hyperplane, and evaluate

aii 1.2 Q1,t—1 —Q11 —A12 — - — A1p-1
az 1 2.2 a2t—1 —Q21 —Ag2 — - — A2¢—1
Ag—11 Ag—12 Qg—1¢—-1 —QAQg—1,1 — Qg—12 — >+ — Qg—1¢—1
1 1 1 1
Vit Vit Vit Vit

Take the cofactor expansion along the bottom row. The ith term, for i < ¢, is

1,1 1,2 a1t—1
) 1 | a21 a2 9 a2t—1
(_ 1)271 \/Z
Ag—11 Gr—1,2 Ar—1t—1

425



Number Theory, §.0

but with the 7th column deleted and the column (—a;1 —- -+ —a;+-1)1<i<t—1 added as the last
column. Add the first ¢ — 2 columns to this column (which doesn’t change the determinant);
permute the columns with the permutation ¢t — 1 — ¢ — ¢+ 1 — ---, which has sign
ay Qro2 v A1p—1
(=1)7"71; and take out a —1 to get (—1)"*1L e G (Incidentally
' Vil : - : '
Qt—11 Gr—12 - A—14-1

this shows that deleting any column gives the same absolute value of determinant, so that
the regulator is well-defined.) Adding these all up gives

ay arz 0 A1g—1
1 a2 1 Qg2 +++  A24-1
Vol(P) = tw = VtRegy .
Qg—11 Qr—12 - Ag—14-1

]

A character (of the multiplicative group) is quadratic if y* = y, and primitive modulo
m if y is not a character modulo m’ for any 1 # m’ | m.

Theorem 23.4.2. Let x be a primitive quadratic character modulo m. Then the Gauss sum
T(x) satisfies
fvm i is even (x(~1) = 1),
00 = ivm if x is odd (x(—1) = —1).

Proof. This is somewhat involved. See [BS66, §5.5, Theorem 7]. (See Theorem ?7?) O
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Multiplication modulo n

1 Introduction

In Chapter ?? you learned how modular arithmetic works: you fix a number n, and then
compute by taking all integers modulo n, that is, you throw away all information except the
remainder when dividing by n. This system obeys all the “rules” we expect it to, and is
especially well-behaved when n is a prime.

There is a lot of similarity between addition and multiplication modulo n, but it seems
multiplication is less “transparent.” Compare the following.

1. We saw how we could use modular arithmetic to solve problems such as: what is the
last digit of 7-20117 What is the last digit of 720117

You probably see immediately the first answer is 7. To solve the second problem we
looked for a repeating pattern in the powers of 7 modulo 10: 1, 7, 9, 3, ... We have
7* = 1 (mod 10), so the “cycle” repeats after every 4 times, and 720! = 73 = 3
(mod 10).

Making an analogy, note that if look at the sequence 7,2-7,3-7,... we get back to 0
after 10 steps, while in the sequence 7,72, 73 we get back to 1 after 4 steps. It’s easy to
understand how the cycle repeats when we add repeatedly (i.e., multiply), but what
about when we multiply repeatedly (i.e., take powers)?

In general, given a (mod n), how many times do we have to multiply a by itself to get
back to 1 (what is the “order” of a modulo n)? How does this depend on a and n? Is
there some general rule that determines the order?

2. We have the notion of inverses. For instance, what is the additive inverse of 7 modulo
19, i.e., what do we add to 7 to get 0 modulo 197 It is simply —7 = 12 (mod 19),
because

7+12=0 (mod 19).

What is the multiplicative inverse of 7 modulo 19, i.e., what do we multiply 7 by to
get 1 modulo 197 You might have to think a bit more on this one—it is 11 (mod 19),
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because
7-11=77=1 (mod 19).

In this chapter you will learn to completely determine the multiplicative structure of
the integers modulo n. In Section 2, we will make formalize the notion of the order of an
element: how many times we have to multiply a number to get back to 1 modulo n. We
will develop a toolbox of basic theorems: Euler’s Theorem and Fermat’s Little Theorem in
Section 3 and Wilson’s Theorem in Section 8. FEuler’s Theorem will give us m such that
a™ =1 (mod n).

We will use these theorems to solve a variety of problems in Section 4. For instance
(keepin in the theme of repeating patterns) we will explain why the period of the repeating
decimals ﬁ and % are 16 and 18:

117 = . 0588235294117647

16

119 = .052631578947368421 .
18

At this point we find that a lot of the stuff we’ve been doing works in a much more abstract
setting, that of groups. In Section 5 we recast all the theorems in the language of group
theory, and in this way give a way think about the similarities behind addition and multi-
plication modulo n. With the language of group theory, we give a complete characterization
of the multiplicative structure of Z/nZ in Sections 6 and 7.

Finally we give two applications, to primality testing (Section ??) and basic cryptography
(Section ?7).

2 Order of an element

We’ve seen that the values taken by a powers of an element modulo n form a repeating
pattern, and under certain relative primality conditions, start each cycle at 1. For example,

3=1 (mod 5)
3'=3 (mod 5)
3*=4 (mod 5)
3=2 (mod 5)
3*=1 (mod 5)
3°=3 (mod 5),

so the powers of 3 cycle 1, 3, 4, 2, ... modulo 5. In particular, we get back to 1 in 4 steps:
3* =1 (mod 5). Hence we call 4 the order of 3:
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Definition 1.2.1: Let n > 1 and let a be an integer relatively prime to a. The order of a
modulo n is the smallest positive integer m such that a™ =1 (mod n). In symbols,

ord,(a) =min{m e N:a™ =1 (modn)}.

For example,
OI‘d5(3) =4.

Note that we place the modulus as an
Note that the order is well-defined for all a relatively prime to n: Indeed, there are only a
finite number of residues modulo n, so two powers of @ must be equal modulo n. So suppose

0 < my < me and

mi ma2

a™ =a (mod n).

Since a is relatively prime to n, we can take inverses to find a2~ =1 (mod n).

Our first result is that the set of all positive integers k for which a* = 1 (mod m) is
completely determined by its smallest element, i.e. the order. In the case above, the set of
all m such that 3™ =1 (mod 5) is exactly the set of multiples of 4.

Proposition 1.2.2: Let n > 1 and a L n.

1. The set of m such that a™ =1 (mod n) is exactly the set of multiples of ord,(a). In
other words,
a™ =1 (modn) <= ord,(a) | m.

2. The numbers
l,a,... ,aord”(a)_l

are all distinct, and every power of a is congruent to one of these.
Proof. Let d = ord,(a).
1. The reverse direction is easy: If d | m, then write m = dk. We have

a"=()=1"=1 (modn).

Conversely, suppose that @™ = 1 (mod n). We use the same technique as [ged?],
noting that we picked ord,(a) to be the least positive integer with this property. Using
division with remainder, write

m=dk+r,0<r<m.

We have

r m—dk

a =a —ad"a * =g =1

(mod n).

Since d is the least positive integer for which a¢ = 1 (mod n), and 0 < r < d, we must
have r = 0. Hence d | m.!

'For another way to phrase this proof, see Problem C.1.
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2. For the second part, writing m = dk + r as above we note that
a™ = (a)*a" = a"  (mod n).

If 0 <r <ry <ordy(a), then 0 < ro —ry < ord,(a) implies ™~ # 1 (mod n) and
hence a™ # a™ (mod n). O

Now we have an abstract description of the numbers m such that «™ =1 (mod n). We
know there is some positive integer with this property, and that all others are multiples of
that number. But we would like something more concrete: is there some m depending on n,
so that we will always have @™ =1 (mod n)? The next section will answer that question.

3 Euler’s theorem and Fermat’s little theorem

Theorem 1.3.1 (Euler’s theorem). Let n > 1 be an integer. For any integer a relatively
prime to n, ord,(a) | p(n) and
a?™ =1 (mod n).

Corollary 1.3.2 (Fermat’s little theorem). Let p be a prime. For any integer a,

a’? =a (mod p).

If a #0 (mod p), then
a?'=1 (mod p).

Let G be the set of invertible residues modulo n. We present two proofs.
Proof 1. Let m, denote the function G — G defined by
ma(g) = ag.
Note that this is an invertible function as its inverse is
mg'(g) =alyg.

Hence it is a bijection G — (. This means that the elements ag, g € G are an reordering of
the elements of G. Hence

[Tag=]1]9 (modn).

geG geG

Dividing both sides by [[,ec ¢ and noting |G| = ¢(n) gives
a?™ =1 (mod n). O
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Proof 2. The main idea is that there are ¢(n) possible invertible residues modulo n, and
so the number of elements in the set H := {a”™ mod n : m € N} must be a divisor of ¢(n).
To show this we show that “translates” of this set cover all ¢(n) nonzero residues without
overlap. The fact that H has nice multiplicative structure will be essential.

First note the following facts.

1. 1 € H. (This is because 1 = a".)
2. If h€ H then h™' € H. (If h=a™ (mod n) then h™* =a™™ (mod n).)
3. If hy, hy € H then hyhy € H. (If h; = @™ (mod n) then hihy = a™ 1™ (mod n).)

Given two nonzero residues b, ¢ modulo p, we write b ~ c if % € H. We claim that ~ is an
equivalence relation. We check the following.

1. b ~ b: This holds by item 1 above, since % =1

2. If b ~ ¢ then ¢ ~ b: This holds by item 2 above, since & = €.

c b

C

3. If b~ c and ¢ ~ d then b ~ d: This holds by item 3 above since & = e

d

ols

Thus G is split into equivalence classes. If C' is an equivalence class and c¢ is any element in
C, then we have

C:{d:dwc}:{d:ieH}:{ch:heH}.

Since multiplication by c is invertible, C' has |H| elements. (It is the RHS that suggests the
sets C' are “translates” of H.)
Thus, letting [G : H] denote the number of equivalence classes, we have

G| =[G : H][H]|.
Hence |H| divides |G| = ¢(n). But by Proposition 1.2.2(2), |H| = ord,(a). Since ord,(a) |
©(n), by Proposition 1.2.2(1), we get
a?™ =1 (mod n). u

Although the first proof is shorter, the first reveals hints at some important ideas with
broad generalizations, which we will discuss in Section 5.

Proof of Corollary 1.3.2. Since ¢p(p) = p— 1 and the invertible residues modulo p are exactly
the nonzero residues, we get
a?'=1 (mod p)

for a # 0 (mod p). Multiplying by a gives the first statement for a # 0 (mod p). If a =0
(mod p) the first statement obviously holds. O

Remark 1.3.3: The converse of Fermat’s little theorem is not true: if a”? = a (mod p) for
all a, then p is not necessarily prime. For example, 2!13! =2 mod 11-31, but 1131 is not
a prime. Indeed, there are certain numbers n such that for all integers a, we have a" = a
mod n with n not a prime. Such numbers are called Carmichael numbers, and the first few

are given by n = 561, 1105, 1729, 2465.
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4 Examples

4.1 Using Euler’s theorem

Without further ado, we give some applications of Fermat’s little theorem and Euler’s theo-

rem. The first, most popular application is in finding large powers modulo a certain number.

While before, we had to evaluate a, a?, a?,. .. until we got back to 1, our work is now shorter.

Example 1.4.1: Find 3'% (mod 2012).
The prime factorization of 2012 is 22503, so ©(2012) = 2502 = 1004. As 3 is relatively
prime to 2012, by Euler’s Theorem

310 =32=9 (mod 2012).

“Find big power modulo n problem”
“Tower of exponents problem”
Remark about “thinking backwards”

Example 1.4.2: Show that for all primes p > 7, the number 11---1 is divisible by p.
1
i

Solution. The key to this problem is writing an algebraic expression for 11---1. By the

p—1
geometric series formula,

10071 -1

11---1=14+104+..-+10P2 =
9

p—1
Because p 1 10, by Fermat’s little theorem 1.3.2 we have
10" '=1 modp = p|10° ' —1.

Because ged (9, p) = 1, we have (10P7! —1)/9 =0 mod p as desired.

4.2 Computing the order
The following proposition gives practical ways to compute the order of an element.

Proposition 1.4.3: Let n > 1, let a be an integer relatively prime to n, and set d = ord,,(a).

1. (Power of the base)

d
ky —
ord,(a") = ccd (A R)’

2. (Multiplying the base) Let d = ord,(a),c = ord, (b). If ged (d, c) = 1, then ord, (ab) =
dc.
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3. (Multiplying the modulus) Let the prime factorization of n be n = p{'p5? - - - pp*. Let
d; = ord ei(a). Then
d= lcm(dl, dg, e ,dk)

Warning: It is not necessarily true that ord, (ab) = lem(ord,(a), ord, (b)).

Proof. 1. Set m = ged (d, k). Write d = mdy, k = mky, where ged (dy, k1) = 1. Set
t = ord, (a*). Then we have

(¥ = a™h = (¢ =1 mod n.

Hence t < d;. On the other hand, a* = (a*)! =1 mod n. Then we have d | kt, hence
dy | kit. As dy, ky are relatively prime, we have d; | t, hence d; < t. It follows that
t = d; as desired.

2. Set e = ord,(ab). Then we have (ab)® = 1 mod n. Hence (a®)(b®) = a®(b%)° =
a®® =1 mod n. Hence d | ce. As ged (d,c) = 1, we have d | e. Analogously, we have
(a?)(b%) = (a?)*b% = b% = 1 mod n. Hence c | de, so ¢ | e. As ged(d,c) =1, we
have dc | e. However, we have (ab)% = (a?)*(b°)* =1-1 =1 mod n. Hence dc = ¢ as
desired.

3. Set e = ord,(ab). Then we have (ab)® = 1 mod n. Hence (a®)(b*) = a®(b°)° =
a®® =1 mod n. Hence d | ce. As ged (d,c) = 1, we have d | e. Analogously, we have
(a?)(b%) = (a?)*b% = b% = 1 mod n. Hence c | de, so ¢ | e. As ged(d,c) = 1, we
have dc | e. However, we have (ab)% = (a?)¢(b°)*=1-1=1 mod n. Hence dc = e as
desired.

[
Problem 1.4.4: Let a > 1 and n be positive integers. Show that n divides ¢(a™ — 1).

Proof. We have that the order of @ modulo a” — 1 is n. But we have ord,»_;(a) | ¢(a™ — 1),
hence n | p(a™ — 1) as desired. O

Note that trying to use the formula for ¢(m) in terms of the prime factorization of m
doesn’t work for this problem.

Problem 1.4.5: Determine all positive integers n such that n divides 2™ — 1.

Proof. We shall show that n = 1 is the only solution. Suppose that n | 2" — 1 for n > 1.
Then n must be odd. Let p be the least prime divisor of n; then 2" = 1 mod p. Write
d = ord,(2). Thend > 1 and d | n. Hence p < d since p is the least prime divisor (and hence
least divisor greater than 1) of n. But by Fermat’s little theorem, 2°~! =1 mod p. Hence
d|p—1-thatis, d <p—1. Hence p <p— 1. Contradiction; hence no such n exist. [

Problem 1.4.6: Let a be a positive integer, and let p,q > 2 be primes with ¢ =1 mod gq.
Prove that either ¢ | a — 1 or ¢ = 1 4 2kp for some positive integer k.
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Proof. Obviously we have ged (a,q) = 1. Write d = ord,(a). Then we have d | p, so d =1
ord=p Ifd=1,thena=1 modgq,soq|a—1. If d=p, then we have p | p(q¢) = ¢ — 1,
so ¢ = 1 + np for some integer n. But as ¢ > 2 is a prime, ¢ must be odd. As p is odd, we
must have n even for ¢ to be odd. Writing n = 2k, we find ¢ = 1 + 2kp as desired. O

Problem 1.4.7: Let p, g be primes with a4+ a?2+---4+a+1=0 mod ¢q. Prove that
either g=por ¢g=1 mod p.

Proof. If p = 2 then either ¢ =2 =p or ¢ is odd and ¢ =1 mod p. The case p > 2, ¢ =2
is impossible since the left-hand expression is odd. Now we have the case where p and q
are odd. Then we have a? — 1 = (a — 1)(a? ' +a’" 2+ ---+a+ 1), hence a? =1 mod q.
Thus either ¢ = 1 modpor g | a—1. If ¢ | a — 1, then we have a = 1 mod ¢, hence
P14+ 172 ... +14+1=p=0 mod g, from which it follows that p = q. O

Problem 1.4.8: Let n be an odd positive integer. Prove that if n | 3" + 1 then n = 1.

Proof. Obviously n is not divisible by 3. Suppose that n > 1 and let p be the least prime
divisor of n; then p > 5. Write d = ord,(3). As 3" = —1 mod n, we have 3** =1 mod p,
sod|2n. As 3! =1 mod p, we have also d | p — 1. If d is odd, then we have d | n. As
p is the least divisor of n greater than 1, we must have thus d = 1. Hence 3 = 1 mod p,
implying p = 2. But p > 5; contradiction. Hence d must be even. Write d = 2k; then k | n,
and if £ > 1 then we have 1 < k < d < p, contradicting the fact that p is the minimal
divisor of n greater than 1. Hence d = 2 and 32 =1 mod p, so p = 2. Contradiction; hence
n=1. O

Problem 1.4.9: Let ged (a,b) = 1 with b odd. Show that ged (n® + 1,n* — 1) < 2 for any
natural number n.

Proof. Write | = ged (n® + 1,n° — 1), and suppose that [ > 1. Write d = ord;(n). Then we

have n® =1 mod [, so d | b. Hence d is odd. But then as n® = —1 mod [, we have d | 2a.
Hence d | a. If d > 1 then we have d | a,b, so ged (a,b) > 1. Contradiction; hence d = 1.
Thus n® =1 mod [, hence 1 =1 mod [. Hence [ =1 or [ = 2 as desired. O

Problem 1.4.10 (IMO 1990/3): Determine all positive integers n such that n? divides
2" 4 1.

Proof. Clearly n = 1 is a solution. Suppose that n > 1; then n is odd. Let p be the least
prime divisor of n, and write d = ord,(2). As 2*" =1 mod p we have d | 2n. As 21 =1
mod p we have d | p — 1. If d > 2, then let ¢ be a prime greater than 2 dividing d. Then
q | 2n and ¢ | p — 1, contradicting the fact that p is the minimal prime dividing n. But we
have d > 1, hence d = 2 so p = 3.

Write n = 3*m, with s,m > 1 and 31 m. Suppose that s > 1. Then we have

3% | (2% 4+ 1) (2¥(m=) 93 m=2) 93" 4 1),
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But since 2*° = —1 mod 3, we have 23°(m=1) _23°(m=2) L. _ 93 L 1 =14 14+...4+1=m %0
mod 3. Hence 3% | 23" + 1.
We claim that for all s, we have 372§ 23" + 1. We may write

2¥ +1= <33S — (31)33” - @)3332 — <333_ 2)32+ <333_ 1)31 — 1) + 1.

But then we have 3°*2 divides all terms in this expansion except <3§j1)31; hence 3512 23" +1.

As we have 3% | 23" + 1, we have thus 2s < s+ 2. Hence s = 1, so n = 3m. Suppose that
m > 1. Let ¢ be the least prime divisor of m; then ¢ > 5. Write e = ord,(2); then as we
have 22" =1 mod ¢, we have e | 2n = 6m. As 297! =1 mod ¢, we have also that [ | ¢ — 1.
Hence we cannot have [ | n, as this would contradict the fact that ¢ is the smallest prime
divisor of n. Thus as ¢ > 5 we have [ = 3 or [ = 6, meaning that ¢ = 7. But in this case
we have 7 | 2" + 1; however, as n = 3m, we have 2" +1 = (2" +1=1"+1=2 mod 7.
Contradiction; hence m = 1, so n = 3. Thus n = 1, 3 are our only solutions. O

Example 1.4.11: Let p, q,r be distinct primes such that
pq |’ +r
Prove that either p or ¢ equals 2.

Solution Suppose the relation holds but p # 2,q # 2. By Fermat’s Little Theorem,
r? =r (mod p) and r? = r (mod ¢). Then since r is relatively prime to p, g,
P +r7=0 (modp) =
' =1 (mod p)
P +r?=0 (modq) =
P! =—-1 (mod q)

Since —1 #Z 1 (mod p, q), we get

ord,(r){q—1,ord,(r)tp— 1. (A.1)
Since
r2@=D =1 (mod p)
PPV =1 (mod g),
we get
ordy(r) | 2(q — 1), ordy(r) [ 2(p — 1). (A.2)

For an integer n let v5(n) denote the highest power of 2 dividing n. Let & = vy(ord,(r)) and
y = va(ord,(r)). From relations in (A.1) and (A.2),

r=v3(2(q—1)) =wva(qg—1)+1
y=1uvs(p—1)+1. (A.3)
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By Fermat’s Little Theorem, ord,(r) | p — 1 and ord,(r) | ¢ — 1. Hence

r<wvy(p—1)
y<wv(q—1) (A4)

Putting (A.3) and (A.4) together, we get x <y — 1,y < x — 1, contradiction.

5 Groups

For the moment, it is helpful to “forget” where our set comes from and just work from the
basic axioms that it satisfies.

Definition 1.5.1: A group is a set G together with a binary operation o, satisfying the
following properties:

1. (Associative law) For any a,b,c € G,
(aob)oc=ao(boc).

2. (Identity) There exists an element id, called the identity, such that for all a,
idoa=aoid = a.

3. (Inverses) For any a there exists an element a/, called the inverse of a, such that
aod =d oa=id.

G is called an abelian group if additionally it satisfies the following.
4. (Commutativity) For all a,b € G, aob=boa.
We will be dealing exclusively with abelian groups.

Define order, exponent. Largest order IS the exponent (for abelian groups)

6 Primitive roots

We now know that a?™ =1 (mod n) for all a relatively prime to n, and that ord,(a) | ¢(n).
We can ask, does there exist a for which ord,(a) is exactly n?

Equivalently, by the second part of Proposition 1.2.2, since there are ¢(n) possible in-
vertible residues modulo n, this says that the powers of a achieve every possible invertible
residue modulo n.

Definition 1.6.1: A primitive root modulo n is an integer a such that
ord,(a) = p(n).
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For example, 3 is a primitive root modulo 5, as ords(3) = 4.

Theorem 1.6.2. Primitive roots exist modulo n if and only if n = 2, 4, p*, or 2p* for p an
odd prime.

Moreover, if g is a primitive root modulo p?, then it is a primitive root modulo p* and
20" for any k.

Proof. We will prove the “if” part of the theorem. The “only if” part will fall out from
Theorem 1.7.1 in the next section.
For n =2 or 4, we see that 1 and 3 are primitive roots, respectively.

Part 1: Now suppose n = p is prime. We note that by Fermat’s little theorem 1.3.2 that
' —~1=0 (mod p)

for all nonzero residues x modulo p.

Note that if there is are elements of order dy,...,d, then there is an element of order
lem(dy, ..., dy) (Proposition 77). Hence if d is the maximal order of an element in (Z/nZ)*,
then all orders must divide d. Hence

z~1=0 (mod p).
Now we need the following lemma.
Lemma 1.6.3. A nonzero polynomial f(X) € Z/pZ|X] of degree d has at most d roots.
Proof. We induct on the degree. If d = 0 the assertion is clear. If f(X) has a root, then
f(X) = (X —a)g(X)  (mod p)

for some ¢(X) € Z/pZ|X]| of degree d — 1. Now f(X) =0 (mod p) implies that one of the
factors X — a or g(X) is 0 modulo p: this is because there are no zerodivisors modulo p.
Hence the roots are a and the roots of g(X); the latter total at most d — 1 by the induction
hypothesis. O]

Now ¢ — 1 = 0 can have at most d roots modulo p, but we know all p — 1 invertible
residues are roots. Hence d > p — 1. But we know that the order of any element divides
p—1,s0d|p—1and we get d=p— 1.

Part 2: Now we prove the theorem for p*.
We first show that there is a primitive root modulo p?. Take a primitive root  modulo
p; suppose it is not primitive modulo p?. Now

p—1=ordy(x) | ordy(z) | p(p — 1)
where the right-hand divisibility is strict. Hence ord,(z) = p — 1. Now note

ord2(p+ 1) = p,
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since (1 +p)¥ =1+ kp (mod p?) and this is 1 modulo p? for the first time when k = p. By
Proposition 77(2),

ord2 (z(p+ 1)) = p(p — 1) = o(p*)

so x(p + 1) is a primitive root modulo p?.

Now suppose o € Z is a primitive root modulo p?. It attains every residue modulo p? so a
fortiori it attains every residue modulo p, i.e. is primitive modulo p. We show by induction
that

2P 1) pkj +1 (A.5)

for some j not a multiple of p. For the case k = 1, this is since x is a primitive root modulo
p, but 2771 £ 1 (mod p?). Suppose it proved for k; then

k(o . P . P . . .
2P (p 1):<pkj+1)p:1+ <1>pkj+ <2>p2k.7+"':1+pk+1(]—|—pj’)

for some j'. This shows the claim for k + 1. Since
p—1=ordy(z) | ordu(x) | P lp—1)

we know ord,(z) must be in the form p?~'(p — 1) for some j. Equation (A.5) shows that
j=k.

Part 3: Note that ¢©(2p*) = ¢(p*). Thus any primitive root modulo p* is automatically a
primitive root modulo 2p*. [

Remark 1.6.4: Note the existence of a primitive root modulo n is equivalent to the fact
that (Z/nZ)* is generated by one element, i.e. is the cyclic group Cy,). Hence if there are
primitive roots modulo p* for all k, then the quotient maps

s (Z/p3Z)>< . (Z/p2Z)>< s (Z/pZ)x

correspond to maps

- Cpr(p-1) = Cpp-1) = Cp1.

Let gr be a generator for Cpr-1(,_1); the kernel of the map Cpr-1¢,_1) = Cpr—2(,_1) must be
the cyclic group of order p generated by ¢ “~1)_ Writing z = gi (mod p*), the conditions
that x mod p? generates (Z/p*Z)* translates into the fact that j is relatively prime to both
p(p — 1), and hence that z is a primitive root modulo p*.

This rationalizes the last statement of the theorem, and suggests that it should be used
to prove the existence of primitive roots.

Remark 1.6.5: The proof of the first part can be generalized to the fact that all finite fields
have a primitive root. See Proposition 77.77(2).
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7 Multiplicative structure of Z/nZ

Theorem 1.7.1.
1. Suppose p # 2 is prime. Then

(Z/p"2)" = Cp-ipa)-

2. For the case p =2, for n > 2 we have
(Z)2"72)* = Cy x Con—2.

Moreover, (Z/2"Z)* is generated by —1, which has order 2, and 3, which has order
2"=2. The isomorphism is given by (—1)?3% <= (a, b).

3. In general,

(Z/p3* - -pyr2)* = 112/ ).

Proof. The first follows from existence of primitive roots modulo p".
For the second, we show by induction that for every k& > 1,

32k — ok+2 Ji+1
for some odd j. This is true for k = 1 as 32 = 8 + 1. Suppose the above holds; then

2k:+1

37 = (2FE L 12 1 =23 (5 2R ) 1 1

showing the induction step.

Note ordye(3) must divide |[(Z/2"Z)*| = 2"~!. The above then shows that orda.(3) =
272 Finally, note that for n > 3, no power of 3 is equal to —1 modulo 2": if so, then
by Theorem ??, 32"" = 3291922 = _1 (mod 2"). However, 32" =1 (mod 2"7') by the
above, so it is not congruent to —1 modulo 2.

The last follows from the Chinese Remainder Theorem. O

8 Wilson’s theorem

Wilson’s theorem is a multiplicative congruence of a slightly different kind.

Theorem 1.8.1 (Wilson’s theorem). A positive integer p is prime if and only if
(p—1!=-1 (mod p).
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Proof. We may easily verify that the theorem is true for p = 2,3,4. Suppose that p > 51is a
prime; consider the set S = {2,3,--- ,p —2}. We will show that for any s € S there exists
some s’ € S with ss’ =1 mod p. Indeed, given such s we set s’ = s?~2. Then we have that

ss' =sP"1 =1 mod p. Now if ' ¢ S, then we have either s =1 mod por s = —1 mod p.
If ¢ =1 mod p, then s =1 mod p. This is obviously impossible. Similarly, if s’ = —1
mod p, then s = —1 mod p. This is similarly impossible; hence we have ' € S. Similarly,

if we have s,t € S with ¢ = t/, then s = t. We may see that ss’ —tt' = (s —t)s’ =0 mod p.
As s 0 mod p, we must have p | s —t. As |s —t| < p, we thus have |s —t| = 0 as desired.
Finally, s # s; if s = &, then we have ss’ = s> = 1 mod p, implying that p | s — 1 or
p | s+ 1. This cannot be true, as s Z £1 mod p; it follows that s # s'.

Now we are ready to prove Wilson’s theorem. As p is odd, and as |S| = p — 3, there are
an even number of elements in S. We pair these elements up into disjoint 2-element sets
{s1.81} {s2: 80}, -+ {S(p-3)/2 S(p_3)/2}- These sets must contain all elements of S exactly
once. Furthermore, when we take the product s;s}sss) -+ 5—3) /25’(])73) /o we will obtain 1,
as the product of each pair is congruent to 1 modulo p. Hence we have

(p—D!=1-2---p—1=1-518158y 54325, 32 P—1=1-1-—1=~-1 mod p
exactly as desired. O

Problem 1.8.2: Let p be a prime of the form 4k + 3, and let a;, as, - - , a,—1 be consecutive
positive integers. Prove that these numbers cannot be partitioned into two sets such that
the products of the elements of the two sets are equal.

Proof. Suppose for a contradiction that there do exist sets X = {zy,z9, -+ ,2,},Y =
{y1,92, -+ ,yn} such that the product of the elements of X (denoted P(X)) and the product
of the elements of Y (denoted P(Y)) are equal. If any of the a; are divisible by p, then
exactly one of the a; may be divisible by p. In this case we have p dividing exactly one of
P(X), P(Y), so these products cannot be equal.

Now if pta; fori=1,2,--- ,p— 1, then a; =4 mod p. Hence

[P(X))?=P(X)P(Y) =2102 - Tp¥1¥2 - - * Yn =aiay---a,1 =1-2---p—1 mod p.

But from this we immediately have [P(X)]? = (p—1)! = —1 mod p; hence we have [P(X)]*+
1 =0 mod p, so p | [P(X)]?+ 12 As p is of the form 4k + 3, we have thus p | P(X) and
p | 1. Contradiction; hence these numbers cannot be so partitioned. O

Problem 1.8.3: Let p be a prime. Prove that the congruence 22 = —1 mod p has a
solution if and only if p = 2 or p is of the form 4k + 1.

Proof. If p = 2, the conclusion is clear. If p is of the form 4k 4 3 and there does exist such
an z, then we have p| 22+ 1, so p | z,p| 1. Contradiction; hence there are no solutions for
p =4k + 3. Now if p = 4k + 1, then set U = (2k)!. We claim that U> = —1 mod p. We
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write
U?=1-2---(2k)-(2k)- (2k—1)---1
=1-2---(2k) - (p = 2k)(=1)(p — 2k = 1))(=1)--- (p = 1)(=1) mod p
=1-2---(2k)- 2k +1) - (2k +2)--- (4k) - (—=1)*
=(p-1!'=-1 modp
Hence there does exist some z = U with 22 = —1 mod p. 0

Problem 1.8.4: Determine all positive integers p, m such that
(p—DI+1=pm.

Proof. Note that if p < 5, then we have the solutions (p,m) = (2,1),(3,1),(5,2). Now
suppose that p > 5. Then Wilson’s theorem gives the result that p must be a prime. We
have 2 < (p —1)/2 < p—1, hence (p — 1)* | (p — 1)!. Hence (p —1)% | p™ — 1, so
p—1]p™t4+p™2+...+p+1. It follows from work in previous lectures that p — 1 | m,
hence m > p — 1. Hence

pPrEpt>2-2:34-(p=2)-(p—1) =20p - > (p-1+1,

hence there are no solutions for p > 5. Thus the solutions given above are the only such
D, m. O

Problem 1.8.5: Let p be an odd prime, and let A = {ay, a9, -+ ,ap—1}, B = {b1,b2,- -+ ,by_1}
be complete sets of nonzero residue classes modulo p - that is, if for some n we have p 1 n,

then there exist 7, j with n = a; = b;. Show that the set {aiby, - ,a,_1b,_1} is not a
complete set of nonzero residue classes.

Proof. We have
aay---ap 1 =1-2---p—1=(p—-1)=-1 modp.
Similarly, b1by - - - b,—1 = —1 mod p. Wilson’s theorem implies that if any set S is a complete

set of nonzero residue classes, then the product of all of its elements must be congruent to
—1 modulo p. But we have

(Cllbl)((lgbg) s (Cl,p_lbp_l) = (a1a2 s &p_l)(blbg s bp—l) = (—1) . (—1) =1 mod p.

As p > 2, we have 1 # —1 mod p. Hence {a1b;,--- ,a,-1b,-1} cannot be a complete set of
nonzero residue classes modulo p. O
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9 Problems

Some challenging problems on order.

(ISL 2000/N4) Find all solutions to a™ + 1| (a + 1)™.

(IMO 2000/5) Does there exist an integer n with 2000 prime divisors such that n | 2"+ 17
~+variant with squarefree

(IMO 1999/4) Solve: p prime, x < 2p, 2P~' | (p — 1)* + 1.

(ISL 1997) Let b > 1,m # n. If b™ — 1 and b" — 1 have the same prime divisors then
b+ 1 is a power of 2. (In fact, stronger thing.)

(TST 2003/3) Find all ordered triples of primes (p,q,r) such that p | ¢"+ 1, ¢ | 7?4+ 1,
and r | p? + 1.

(IMO 2003/6) Prove that for any prime p there is a prime number ¢ that does not divide
any of the numbers n? — p with n > 1.

(MOSP 2007/5.4) Given positive integers a and ¢ and integer b, prove that there exists
a positive integer x such that a® +x = b (mod c).

1. Let p be a prime number. Find all natural numbers n such that p divides ¢(n) and

such that n divides a » — 1 for all positive integers a relatively prime to n.
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Quadratic residues

1 Quadratic residues

Definition 2.1.1: Let p > 2 be a prime and a an integer. The Legendre symbol (%) is
defined as follows.

1, if a is a square modulo p and p{a
a
<> = ¢ —1, if ais not a square modulo p (B.1)
p .
0, if pla.

Note (%) is pronounced “a on p.” If a is a square modulo p we also say a is a quadratic
residue modulo p.

Note that (%) depends only on the residue of a modulo p, so we may think of (;) as a
map

<;> L ZpZ — {+1).

The following offers a theoretical, although impractical, way to calculate (%)

(CL) =a"T (mod p).

p

Lemma 2.1.2. Forp > 2,

Note this gives the actual value of (%) since —1 # 1 (mod p).

Proof. The lemma clearly holds for a = 0 (mod p). Now suppose a Z 0 (mod p). Note that

p—1

a"7 = £1, since ("7 )2 =1 (mod p) by Fermat’s Little Theorem.
First suppose a is a square modulo p. Write a = b* (mod p). Then

az =b"1'=1 (modp)

by Fermat’s Little Theorem.

443



Number Theory, §B.2

Now suppose a'= = 1. Let ¢ be a primitive root modulo p. Then we can write a = ¢*
(mod p) for some integer k. The hypothesis gives

k(p—1) p—1

g 2z =az =1 (modp).

Since g is a primitive root, this implies p — Hw, i.e. kiseven. Then a = (b§)2 is a square

modulo p. ! O

As a corollary of the preceding lemma, we obtain the following multiplicative property.

Proposition 2.1.3: For any integers a and b and any prime p > 2,
(5)-G)G)
p p/\p/

(2): @y - ()

In other words,
is a group homomorphism.

(2)- v () ()

The second statement follows from the first and the fact that (%) =1. ]

Proof. By Lemma 2.1.2,

This means that to calculate (%), we can factor a into primes

ol o7
a_ql qn”

(0)- () (3"

so it remains to find an easy way to evaluate % where both p and ¢ are prime. We do this in
the next section.

and find that

I Alternatively, we can avoid the use of primitive roots as follows. In the first part we’ve shown that
{a\ T =1 (mod p)} C (Z/pZ)**.

The set on the LHS has % elements. Indeed, zP~! — 1 = 0 splits completely modulo p and has distinct
roots, namely 1,...,p— 1 by Fermat’s little theorem. Then 25T — 1, as a factor of P~ — 1, must have %
distinct roots.
It suffices to show the set on the RHS has at most 1’2;1 elements. This is true since for every a, a
E)Q
) -

2 and

(—a)? are equal. Hence there are at most 25* nonzero squares modulo p, namely 12,.. ., (
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2 Quadratic reciprocity

Quadratic reciprocity relates (%) with (%), i.e., it gives a relationship between whether p is
a square modulo ¢ and whether ¢ is a square modulo p. (See example. ADD.)

Theorem 2.2.1 (Quadratic reciprocity). Let p # q be odd primes. Then

(-
(q>:{_(§)= p=q=3 (mod4)

D (%) , otherwise.

In other words,

For the prime 2, or when p = —1, we use the following instead.

Theorem 2.2.2 (Complement to quadratic reciprocity). Let p be an odd prime. Then

()=

In other words,

()-{ nzh e

(2) _J1,  p=+#£1 (mod 8)
p) |-1, p=+3 (mod 8).
q

We know (5) = qq%l (mod p) by Lemma 2.1.2. To prove quadratic reciprocity, we first
1

find an alternate way to express ¢'z .

Lemma 2.2.3 (Gauss’s lemma). For an integer a and an odd prime p, define the least
restdue of a modulo p, denoted LR,(a), to be the element b € (—g, g) such that

a=b (mod p).
(In other words, LR,(a) is the integer of smallest absolute value congruent to a modulo p.)

Let 11 be the number of elements of {ka|1 < k < &1} such that LR,(a) < 0. Then

a?z =(-1)» (mod p)

Hence,
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Proof. We calculate the product

modulo p in two ways.
First, combining powers of a we get

a2 (;9;1 : a) =a"7 (p;l>! (mod a). (B.2)

Secondly, reducing each factor to the least residue first gives

p—1
2

a.2a...

-a=LRy(a) - LR,(2a) - - LR, (29;1>

(~1)*|LR,(a)] - - 'LRp (p;l>'
(=1)* <p;1), (mod p). ©.3

In the last step we used the fact that |[LR,(a)|,. .., |LR, (%)’ is a permutation of 1, ..., %.
To see this, note —LR,(m) = LR,(—m), so
-1
{iLRp(k:a) 1<k< 7’2} = {+LR,(ka) : 1 <k <p—1}
-1 -1
- {—p,...,—1,1,...,p}.
2 2
Hence {j:LRp(k;a) 1<k < %} must contain one element from each pair £1, ..., i%, as
needed.
Equating (B.2) and (B.3) and cancelling (%)! gives the desired result.
The second statement follows because 1 £ —1 (mod p). ]

Now we prove quadratic reciprocity.
Proof of Theorem 2.2.1. The strategy is as follows.

1. Establish a correspondence between x € (O, %) such that LR,(zq) < 0, with lattice
points in a certain region (B.10). Similarly establish such a correspondence with y €
(O, g) such that LR,(yp) < 0. By Lemma 2.2.3, (ﬁ) <£) is the total number of lattice

p q

points in this region.

2. Pair up the points in the region. We will find that there is an odd point out exactly
when p = ¢ =3 (mod 4).
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Let
= fre (0.8) tren)
va=[foe (o) vt
By Lemma 2.2.3, <p> (q> (D) (1) = (1)t (B.4)
q p

We would like to know the parity of iy + po.

Claim 2.2.4. There is a bijection between integers x € (0, %) satisfying LR,(xp) < 0 and
lattice points (z,y) satisfying

1
0<az< q‘g (B.5)

1
O<y< p; (B.6)
4 <xp—yq <0. (B.7)

2

Proof. If (x,y) satisfies the above inequalities, then inequality (B.7) gives that the the least
residue of zp is in (—%, 0).

Conversely, given such a x, choose y so that yq is the closest multiple of ¢ to xp. Then
LR,(xp) = zp — yq, so inequality (B.7) follows. Moreover, this is the only value of y that
will satisfy (B.7). Then (B.6) follows since (B.7) gives

0<§x<y<§x+;<§-g+;zp—;l.
[l
Note (B.7) is equivalent to
Py < y < Py 1 (B.8)

q q 2
Applying the claim with p and ¢ switched, and x and y switched, inequality (B.7) becomes
—5 < yq — xp <0, which rearranges to

p p p
—r——<y<-ux. B.9
¢ 2 q (B9)
Noting that there are no points on the line y = %aj in the following region, we see that iy + o
equals the number of lattice points in the region R defined by
1
O<zr< a+-
2
1
0<y< p;L (B.10)
1
Ex—£<y<gw+f.
q  2q q 2
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This region is symmetric around the point (%, p:—l). Indeed, making the change of variables
_ +1 _ +1
v=x—-%-andy =y — -, we get
1 1
p+1 , p+1
1 VS
p, (p 1 P, (P 1
=+ )<y <= —+—].
¢ <4q+4> Yoy +<4q+4>

Hence we can pair up the lattice points in R by matching (z,y) with (q;—l -, % — y)
(this corresponds to (z/,y') <> (—a’, —y')). The only point which would not be paired up is
(%1, %), but this is an integer if and only if p = ¢ = 3 (mod 4). Thus u; + us is odd iff

p=q=3 (mod 4). In light of (B.4), this proves the theorem. ]

Proof of Theorem 2.2.2. The fact that (%) = (—1)%l comes directly from Proposition 2.1.2.
To calculate (%), we can use Lemma 2.2.3 directly. In this case p is the number of

elements in the set {2,4,...,p — 1} in the interval (g,p). By casework, this is even when
p =41 (mod 8) and odd when p = £3 (mod 8). O
Problems

1. (IMO 1996/4) The positive integers a, b are such that 15a+ 16b and 16a — 15b are both
squares of positive integers. What is the least possible value that can be taken by the
smaller of these two squares?

3 Jacobi symbol
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Unique factorization

1 Unique factorization domains

MOTIVATION

First, we define what exactly unique factorization means. Let R be an integral domain.

Definition 3.1.1: An element a € R is irreducible if it is not a unit, and its only factors
are units and associates. A unit is an invertible element in R, while an associate of a is a
unit times a.

For the positive integers we often just say a is irreducible if a # 1, and its only factors
are 1 and itself. However, if we work with the integers, then there will also be the factors
—1 and —a, and we don’t want to view these as different. For example, 5 is irreducible over
the integers because its only factors are units, =1, and associates, +5.

Definition 3.1.2: A unique factorization domain (UFD) is a integral domain where
factoring terminates and every nonzero, nonunit element factors uniquely into irreducible
elements. That is, if

a=P1---Pm =4q1---Gn;
and py,...,Pm,q1,---,q, are irreducible elements, then m = n and we can reorder the ¢;’s
so that p; is an associate of ¢;, for each 1.

For example, we regard 6 = 2 -3 = —2 - —3 as the same factorization.
Unique factorization doesn’t hold for all domains—for example, consider Z[/—5]|, that
is, numbers of the form a + by/—5. Then

(1+vV=5)(1—V=5)=6=2-3

are two factorizations of 6 into irreducible elements.

The notion of a prime is related to that of an irreducible element. People use them as
synonyms in elementary math—because they coincide for the integers—but the distinction
between them will be quite important for us.
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Definition 3.1.3: A prime in R is an element p, not a unit, such that if p|ab then pla or
plb.

This tells us that if a prime p divides a, then no matter how we factor a, we can’t
avoid p dividing one element of a. The connection between primes, irreducibles, and unique
factorization is given by the following.

Lemma 3.1.4. If R is a ring where factoring terminates, and every irreducible element is
prime, then R is a UFD. Conversely, in a UFD, every irreducible element is prime.

Proof. Suppose a = p1...pm = q1...q, are two factorizations into irreducible elements.
Since p; is irreducible, it is prime, and hence must divide one of the ¢;. Since g; is irreducible,
its only factors are units and associates, so p; must be associated with ¢;. Then we can cancel
them, leaving a unit. Repeating this process, every factor in the left factorization is paired
with one in the right factorization.

For the converse, suppose p is irreducible and p|ab. Then pd = ab for some d. Factoring
a, b, and d shows that p must divide one of the factors of a or b by unique factorizaton. [J

(Note that primes are always irreducible, because if p = ab were a proper factorization,
then pta and ptb.)
The main strategy for proving unique factorization is the following.

1. Show that the ring R in question (here, K[z]) admits division with remainder, with
some measure of size so that the remainder is smaller than the quotient.

2. Show that if we have division of remainder, then greatest common divisors exist,
and moreover that they have the nice property given by Bézout’s Theorem.

3. Show that this implies that all irreducible elements are prime, and hence R is a UFD.

The advantage of such an abstract approach lies in the fact that it works for a variety of
different number systems. In particular, once we’ve shown items 2 and 3, then given any
ring, we only have to show that we can have division with remainder, and it will follow
that it is a UFD. This simultaneously shows unique factorization for Z, K[z]|, and even
Z[i) = {a + bila,b € Z}.!

In the language of abstract algebra, the above steps are phrased as follows:

1. R is an Fuclidean domain.
2. An Euclidean domain is a principal ideal domain.
3. A principal ideal domain is a unique factorization domain.

We now carry out this program.

IThe converse is not true; a UFD is not necessarily a PID or Euclidean domain. For example 7[* 163 V2_163]

is a UFD but not an Euclidean domain.
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1.1 Step 1: Euclidean domains

Definition 3.1.5: An integral domain R is an Euclidean domain if there is a function
|- | : R — Ny (called the norm) such that the following hold.

1. |la] =0iff a = 0.
2. For any nonzero a,b € R there exist ¢, € R such that b = ag+ r and |r| < |al.

Note that both the integers Z and K [z] are Euclidean domains. The norm on Z is simply
the absolute value, while the norm on K[xz] is the degree of the polynomial. Theorem 4.2.1
shows that K[z] is an Euclidean domain.

1.2 Step 2: Euclidean domain — PID

We’d like to prove Bézout’s Theorem for an FEuclidean domain, that given a,b in R there
exists a greatest common divisor g and s, t so that as+ bt = g. Rather than thinking of this
as an equation in variables s, ¢, we can think of it as an equation in sets (a) and (b), where
(x) denotes the set of multiples of . For two sets S, T we define S+7T = {s+t|s € S,t € T'};
then it turns out what we want is

(See Lemma 3.1.8 below.)

Definition 3.1.6: An ideal in a ring R is a subset [ such that if a,b € [ then ra,a+b € I
for any » € R. A principal ideal is an ideal generated by one element, that is, there is a a
such that I = {ra|r € R}. We write I = (a).

A principal ideal domain (PID) is a integral domain where every ideal is principal.

Theorem 3.1.7. An Euclidean domain is a PID.

Proof. Let R be an Euclidean domain, I C R and ideal, and b be the nonzero element of
smallest norm in /. Suppose a € I. Then we can write a = gb+r with 0 < r < |b], but since
b has minimal nonzero norm, r = 0 and bla. Thus I = (b) is principal. H

Lemma 3.1.8. A PID satisfies Bézout’s Theorem.

Proof. Let R be a PID. Since every ideal in R is principal, for every a,b (not both 0) we
have (a) + (b) = (d) for some d € R. (Note the sum of two ideals is an ideal—check this for
yourself.) This says there exist s,t € R such that

as + bt = d.

From this, any divisor of a,b must divide d. Furthermore, d must divide both a and b since
a=a+0and b= 0+b are both in (a)+ (b) = (d). In other words, d is the greatest common
divisor of a, b. O
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1.3 Step 3: PID — UFD
Theorem 3.1.9. A PID is a UFD.

Proof. Suppose p is irreducible; we show p is prime. Suppose plab but p does not divide
a. Then using Bezout’s Theorem and the fact that a and p are relatively prime, we get
as + pt = 1 for some s,t. Multiply by b to get

abs + ptb = b.

Since p|ablabs, p|ptb, we have p|b. This shows that irreducible elements are prime in Z.

It remains to show factoring terminates.? Otherwise, there would be an infinite sequence
of nonassociated elements ay, as, ... € R such that a;1|a;. Then (a;) C (az) C ---. However,
Ui>1(a;) is an ideal, so it is principal, say generated by b. Then b € (a;) for some i; this
implies that (b) = (a;). Hence (a;) = (a;+1) = - - -, a contradiction.

Since irreducible elements are prime and every nonzero element of R factors into irre-

ducibles, R is a UFD. O

Corollary 3.1.10. Z and Klz] are UFDs.

2 Example: 2+ 3> =n

Theorem 3.2.1. Let n be a positive integer. Then the equation

has a solution in integers iff every prime p =3 (mod 4) appears in n with even exponent.
Ifn = 20p% .. ~p2’“q{1 -~ qym where p; and q; are primes congruent to 1, 8 modulo 4, then
the equation 2% + y* = n has

Ay +1) - (b + 1)

solutions in integers.

Proof. Each solution to 22 + y* = n corresponds to a factoring (x + yi)(x — yi) = n over the
Gaussian integers Z[i]. Thus the number of solutions is the number of z such that zZ = n,
or 4 times the number of nonassociated z € Z[i| such that 2z = n. (Two Gaussian numbers
are associated if they differ by a unit +1, +7, so x4+ yi, —y + i, —x — yi, y — xi are considered
the same.)

Now factor n = 29p% ... pzk qi" - - - qor where p; and ¢; are primes congruent to 1, 3 modulo
4, respectively. From knowledge of factoring in Z[i] we know that

1. 2 ramifies in Z[i], that is, it is the product of two associated primes 1+ 1,1 — 3.

2 This argument is not needed for our purposes: Both Z and K|x] are Euclidean domains, and factoring
must terminate for them because factors always have smaller norm (absolute value and degree, respectively).
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2. The p; =1 (mod 4) split, that is, p; = z;Z; where z is prime in Z[i] and not associated
to z.

3. The ¢; =3 (mod 4) remain prime.

Now if 2z = n and a Gaussian prime divides z, then its conjugate must divide z. Thus,
since we have unique factorization in Z[i], each such z, up to multiplication by associates,
corresponds to a way of splitting the prime factors of n into complex conjugate pairs. We
note the following:

1. The factors g; are their own conjugates, so z and z must each get q?j /2 1f one of the
¢; is odd there is no solution. So we suppose they are all even.

2. It doesn’t matter how the prime factors of 2 are split since they are all associates.

3. There are b;+1 ways to split the factors of q?j , since we can have either z;-)j , Or z;’j Zjye..

or Z?j divide z. Thus there are (by +1)--- (b + 1) solutions to zZ = n up to associates.
[

A similar argument works for the equations 2% + 2y? = n and 2% + 2y + y? = n.

3 Problems

1. (The power of ideals) We rephrase some earlier results that used the “division with
remainder arguement” in terms of ideals.

(a) Let n > 1 and a be relatively prime to n. Show that
{m:a™ =1 (modn)}

is an ideal.

(b) Conclude Proposition A.1.2.2.

2. For which n does 2% + 2y? = n have a solution? How many solutions are there? How
about x? + zy + y* = n?
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Appendix D

Polynomials

1 Gauss’s argument

We've shown that Klz| is a UFD, but the argument above does not show that Z[z] is a
UFD, because division with remainder fails for Z[x]. We will need a further argument. The
basic idea is that a polynomial factors in Z[x] the same way it does in Q[z], except with its
factors adjusted by constants so the coefficients are in Z.

Let R be a UFD and let K be the field of fractions of R. That is, K consists of the
numbers ¢ where a,b € R and b # 0, and we say 3 = § iff ad = bc. For example, Q is the
field of fractions for Z.

Definition 4.1.1: A nonzero polynomial f € Rxz] is said to be primitive if all its coeffi-
cients do not have a common proper divisor; equivalently, there does not exist a prime p € R
such that p|f.

Lemma 4.1.2. If R is an integral domain, then so is R|x].

Proof. Take any p,q € R[x] not equal to 0. We can write
p= Zaixi, A 7 0
i=0
q= szxla bn 3& 0
i=0

Then the leading coefficient of pq is a,,b,z™ ™. It is nonzero because since R is an integral
domain, a,,,b, # 0 imply that a,,b, # 0. Hence pg # 0. This shows that R[z] is an integral
domain. n

Lemma 4.1.3 (Gauss’s lemma). (4) An element of R is prime in R[x] iff it is a prime in
R. Hence if a prime p of R divides a product fg of polynomials in Rlx|, then p|f or plg.
(B) The product of primitive polynomials in R[x] is primitive.
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Proof. 1f p € R is nonzero, and a prime in R[z], then it is a prime in the subring R.

Conversely, let p be any prime element in R. Then R/(p) is an integral domain
lemma 4.1.2, R/(p)[z] is an integral domain.

Suppose p|fg for f,g € R[x]. Then in R/(p)[x], fg = fg = 0. Since R/(p)[z] is an
integral domain, either f = 0 or g = 0. In other words, either p|f or p|g in R[z]. Thus p is
a prime in R|x].

If f,g are primitive, then p t f and p t ¢ for all primes p € R. Since p is also prime in
R[z], pt fg. Hence fg is not divisible by any prime in R, and it is primitive. O

1 50 by

Lemma 4.1.4. Every nonconstant polynomial f € K[z] can be written uniquely (up to
multiplication by units) in the form f = cfy, where ¢ € K and fy is a primitive polynomial
in R[z].

Proof. Each coefficient a; of f is in the form %, where p;,q; € R. We can find a nonzero
t € R such that t is divisible by each denominator (for, example, take ¢ to be the product of
the denominators). Then we can write

tf = fi,

where f; € R[z]. Let s € R be a greatest common divisor of the coefficients of f;. Then we
have

f=h

in K[x] where fy € R[z] and the coefficients of f, have no common divisor. This gives the
desired representation.
Next we check uniqueness. Suppose

f = CfO = C/f[ga

where ¢, € K and fy, f{ € R[z| are primitive. Multiply by an element of R to “clear
denominators,” to reduce to the case where ¢,¢ € R. Now take any prime p|c. Since p is
prime in R[z], p|¢ or p|fi. The second is impossible since f is primitive. Hence p|¢/, and
we can cancel p. Continuing in this way, we get that ¢ and ¢’ share the same prime factors
with the same multiplicities. Hence ¢, ¢’ are associates. O

Lemma 4.1.5. Let fy be a primitive polynomial and let g € R[z]. If fo|g in K[z] then folg
in R[x].

LIf I is an ideal, then R/I is the quotient ring: Two elements a,b in R are considered to be the same in
R/I if they differ by an element in I. Keep in mind the example R = Z; then R/(p) is simply the integers
modulo p.

Now R/(p) is an integral domain, because if ab = 0 in R/(p), then ab € (p), i.e. p divides one of a,b. But
since p is prime either pla or p|b, which translates back into a =0 or b =0 in R/(p).
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Proof. 1f fy|g in K[z], then we can write g = foh where h € K[x]. We need to show h € R[z].
By lemma 4.1.4, we can write h = chg, where ¢ € K and hy is primitive. Then g = cfyhy.
By lemma 4.1.3, the product fyhg of primitive polynomials is primitive. We can write ¢ = 2,
where s,t € R have no common factors. If a prime p in R divides the denominator ¢ then
p 1 s so p|foho, contradicting the fact that fohg is primitive. Hence ¢ is a unit, and ¢ € R.
Then h = chy € R[z], so folg in R[z].

0

Lemma 4.1.6. Let f be a nonzero element of R[x|. Then f is an irreducible element of
Rz] iff it is an irreducible element of R or a primitive irreducible polynomial in K|z].

Proof. It f € R, then the only factors of f in R[z] are in R, so f is irreducible in R iff it is
irreducible in R[x]. This proves the lemma for f € R. Now suppose f ¢ R.

If f € R[x] is a primitive polynomial irreducible in K[z], then it is irreducible in R[z].

If f € Rz] is not primitive, then it is reducible in R[z]. Thus it suffices to show if
[ € R[z] is reducible in K[x], then it is reducible in R[z]. Suppose f € R[z], and f = gh
is a proper factorization of f in K[z]. We can write g = cgo, h = 'hg where ¢, € K and
9o, ho are primitive. Since go and hq are both primitive, so is goho. Then f = c¢c/(goho), so by
uniqueness in lemma 4.1.4, ¢¢’ must be in R (and is the ged of the coefficients of f). Thus
f = (c)goho is a proper factorization of f in R[x] as well, as needed. O

Theorem 4.1.7. The ring R[z] is a unique factorization domain.

Proof. 1t suffices to show that every irreducible element f of R[z] is a prime element, and that
factoring terminates. By Lemma 4.1.6, f is either irreducible in R or a primitive irreducible
polynomial in K[z]. In the first case f is prime in R (R is a UFD) and hence prime in R[x]
by Lemma 4.1.3.

In the second case, f is primitive irreducible in K[x], thus a prime in K[x], since K|[z]
is a UFD. Hence f|g or f|h in K[z]. By Lemma 4.1.5, f|g or f|h in R[z]. This shows f is
prime.

A polynomial f € R[z] can only be the product of at most deg(f) many polynomials p;
of positive degree in R[z] because the sum of the degrees of the p; must equal deg(f). Factor
terminates for the factors of f in R because factoring terminates in the UFD R, and the
primes in R dividing f are the primes dividing every coefficient of f.

Hence R[z] is a UFD. O

Corollary 4.1.8. Z[x] is a UFD.
If R is a UFD then R[zy,...,x,] is a UFD.

Proof. Since Z is a UFD, so is Z[z]|. The second statement follows from Theorem 4.1.7 by
induction. []

1.1 More Proofs

Theorem 4.1.9 (Chinese Remainder Theorem). If polynomials Q1, ..., Q, € K|x] are pair-
wise relatively prime, then the system P = R; (mod Q;),1 < i < n has a unique solution

modulo Q1 -+ Q.

457



Number Theory, §D.1

Proof. Let Q = Q1---Q,. Note Q; and QQ are relatively prime. Hence by Bézout’s Theorem
there exist f; and g; so that

0.9 _
szz"’ngi 1.

Now

(1 - qifi)Ri = Rz'gz‘gi

is congruent to R; modulo );, and zero modulo @, for j # i. Hence
P = Z(l —qifi) R

=1

is the desired polynomial.
For uniqueness, suppose P; and P, satisfy the conditions of the problem. Then P, — P; is
zero modulo @;. Since the Q; are pairwise relatively prime, P, — P, =0 (mod Q1 --- Q). U

Theorem 4.1.10 (Rational Roots Theorem). Suppose that R is a UFD and K its fraction
field. (For instance, take R = 7Z and K = Q.) Suppose f(x) = a,a™ + -+ + ap € R[z]| and
an, # 0. Then all roots of f in K are in the form

factor of ag
factor of a,,

In particular, if a, = £1, then all roots of f in K are actually in R.
Proof. Write x = % in simplest terms. Then multiplying through by s" gives
r\" T
an<7> + -4+ <*)+CLO:O
s s
A" = —5(ap 17" b ars™ E +ags™ ).

Since s and r have no common factor, s must divide a,. (This uses the fact that R is a
UFD—how?). Rewriting as

aps™ = —r(a,r" T+ ags" )
makes it clear r divides ayg. ]
Remark 4.1.11: In particular, if a,, = 1, then all roots of f in K are in R. A ring is said
to be normal if whenever ¢ € K is a root of a monic polynomial in R[z], then ¢ € R. Thus

the above shows that UFDs are normal.
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1.2 Problems

1. (Bézout bound) Let f(x,y),g(z,y) € Clz,y]. Prove that either f,g have a constant
nonzero factor, or they have finitely many zeros (z,y) in common. (Hard: They have
at most deg(f)deg(g) common zeros.)

2. For a field K, let K(x) be the field of rational functions, that is,

K@) = {2 |pa e Klal}.

Let f and g be rational functions such that f(g(x)) = z. Prove that f and g are both

in the form ‘C’;“”j:s with ad # bc.

In many ways, polynomials are similar to integers. Like integers, polynomials admit
division with remainder, existence of greatest common divisors, and unique factorization.

2 Main Theorems

In this section K will stand for C (the complex numbers), R (the real numbers), Q (the
rational numbers), or Z/pZ (the integers modulo p), while R will stand for any one of the
before sets or Z (the integers). Note that the sets we label with K all have multiplicative
inverses, i.e. are fields.

Our first result is that when we divide polynomials, we can be assured to get a remainder
with degree smaller than our divisor.

Theorem 4.2.1 (Division with remainder). If f,g € K[x], then there exist polynomials
q,r € K[z] such that degr < degg and

f=qg+r.

If f,g € Z[z] and g is monic, then there exist q,r € Z|x] such that degr < degg and

f=g9q+r

Proof. This is the division algorithm familiar from high school algebra class. Namely, if f
has leading term az" and g has leading term bx™ with n > m, then f — 2" has degree
less than f. Thus we can keep subtracting multiples of g from f until the result has degree
less than deg g.

If g is monic, then b = 1 so at each stage we subtracted an integer polynomial multiple
of g, and both the quotient ¢ and the remainder r will have integer coefficients. O

Theorem 4.2.2 (Bézout). Given f, g € Rz, there exists a polynomial h, called the greatest
common divisor and denoted ged(f, g), such that the following hold:

1. h divides both f and g.
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2. If p divides both f and g then p divides h.
Let f,g € K[x]. There exist polynomials u,v € K[z| so that uf + vg = ged(f,g).

(Note that h is only determined up to a unit. We’ll “sweep this under the rug” and allow
any choice of h up to that constant.)

To calculate the ged, we often use the Euclidean algorithm. Given polynomials f and g,
for any polynomial ¢ we have

ged(f,9) = ged(g, f — q9).

Supposing deg f > deg g, take g so that f —qg = r has degree less than g, as in the division
algorithm; this reduces the degree of f. Repeating this process decreases the degrees of the
polynomials; we eventually get to ged(h,0) in which case the answer is seen to be h.

Theorem 4.2.3 (Unique factorization). Every polynomial in R[x] factors uniquely in R[z],
up to constants. In fact, every polynomial in R[xy,...,x,| factors uniquely in R[xq, ..., x,],
up to constants.

We give two more useful results.

Theorem 4.2.4 (Chinese Remainder Theorem). If polynomials Q1, ..., Q, € K|x] are pair-
wise relatively prime, then the system P = R; (mod Q;),1 < i < n has a unique solution

modulo Q1 -+ - Q.

Theorem 4.2.5 (Rational Roots Theorem). Suppose f(x) = a,z™+---+ag is a polynomial
with integer coefficients and with a, # 0. Then all rational roots of f are in the form

factor of ag
factor of a,,

In particular, if a, = 1, then all rational roots of f are integers.

Here’s a cute application of Bézout’s Theorem:

Example 4.2.6: Let f,g be polynomials with integer coefficients and with no common
factor. Prove that ged(f(n),g(n)),n € Z can only attain a finite number of values.

Solution. By Bézout’s Theorem, we have u(z)f(x) + v(z)g(z) = 1 for some u,v € Q[z]
and nonzero. Clearing denominators of u and v, we get u/(z)f(z) + v'(x)g(x) = k for some
u',v" € Z[z] and nonzero k € Z. Hence ged(f(n),g(n)) | k.

2.1 Problems

1. [1] Show by example we cannot always carry out division with remainder in Z[z] and
that Bézout’s Theorem does not hold for Z[x].
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2.

10.

11.

[1] Compute the greatest common divisors in Z[z]:

(a) ged(a® —a® — 22 +1,2% — 222 + 22 — 1).
(b) ged(x? — 1,28+ 1).

Find the greatest common divisor in Z[x]:

(a) 2] ged(z™ — 1,2™ —1).
(b) [2.5] ged(z"™ +1,2™ +1).

Are your answers the same if we work in (Z/pZ)[x]?

[1.5] Let n > 0 be an integer. Find the remainder upon division of ™ + 2" 1 + ... 4+ 1
by:

(a) z2 + 1.

(b) x*> +x + 1.

(c) 22 —x + 1.
[2.5] Let f, g be relatively prime polynomials with integer coefficients. Prove that there

exist nonzero polynomials u, v with integer coefficients such that uf +vg = k where k
is a nonzero integer.

Suppose that u; f+v1g = ko and uy, vy are integer polynomials with u; = Y7 a;2", v =
n o bixt, deg(uy) < deg(g), ged(ag, - - -, am, by, - - -, b,) = 1. Prove that ko | k.

3] Let f: Q — Q@ satisty f(f(f(2))) +2f(f(x)) + f(z) = 4z. and f(f(--- f(2))) = =
where f is taken 2009 times. Prove that f(z) = x.

(3] (BAMO 2004) Find all polynomials f with integer coefficients taking irrationals to
irrationals.

[5] (USAMO 1997/3) Prove that for any integer n, there exists a unique polynomial ¢
with coefficients in {0, 1,...,9} such that Q(—2) = Q(—5) = n.

n341000

i ?
——o an integer:’

[2] For how many integers n is

[2] Suppose that f and g are integer polynomials such that f(n)/g(n) is an integer for
infinitely many n € Z. Show that as polynomials, g(z) divides f(z).

[5] (IMO 2002/3) Find all pairs of integers m > 2, n > 2 such that there are infinitely
many positive integers a for which a™ + a? — 1 divides a™ +a — 1.
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3 Arithmetic Properties

In this section we concentrate on polynomials with integer coefficients. The following is a
simple but very useful idea.

Theorem 4.3.1. If P has integer coefficients, then a — b | P(a) — P(b) for all integers a,b.
Proof. Let m = a—b. Then a =b (mod m). Let P = ¢,2" + -+ + ¢z + ¢o. Then

a" + - Faat+cg=cpb" 4+ -+ b+ (mod m)
giving P(a) = P(b) (mod m), as needed.

Here is a typical application. Note the use of the extremal principle.

Example 4.3.2 (USAMO 1974/1): P(z) is a polynomial with integral coefficients. If a, b, ¢
are integers so that P(a) = b, P(b) = ¢, P(c) = a, prove that a = b = c.

Proof. 1f not, then no two are equal. Without loss of generality, assume that c is between a
and b. Then
|P(a) = P(b)] = [c = b < |b—al.

However, b — a | P(b) — P(a), a contradiction. O

Example 4.3.3: Let P be a nonconstant polynomial with integer coefficients. Prove that
there is an integer x so that P(z) is composite.

Proof. Take n so that P(n) is nonzero. Suppose it is prime. For all k € Z, we have
P(n) | P(n+ kP(n)) — P(n), and hence P(n) | P(n+ kP(n)) . If P(x) is not composite for
any integer x, then P(n+ kP(n)) is £P(n) or 0 for all k € Z. P attains one of these values
infinitely many times, so must be constant, a contradiction. O

One question we could ask is what values a polynomial can take modulo a given integer
m as x ranges over the residues modulo m. (From Theorem 4.3.1 we know that the value
modulo m depends only on  modulo m.) We know by the Lagrange Interpolation formula
that we can manufacture a polynomial taking arbitrary values at a given set of points if we’re
allowed to divide—so it works for R, Q, and even Z/pZ. However Lagrange Interpolation
will not work modulo m for m composite because in general we cannot divide modulo m
(for example, 2 has no inverse modulo 4). For instance, Theorem 4.3.1 already tells us that
given P(z), P(z + p) cannot be any residue modulo p?; it can only be those residues that
are congruent to x modulo p.

Example 4.3.4 (TST 2007/6): For a polynomial P(z) with integer coefficients, r(2i — 1)
(for i = 1,2,3,...,512) is the remainder obtained when P(2i — 1) is divided by 1024. The
sequence

(r(1),7(3),...,7(1023))
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is called the remainder sequence of P(z). A remainder sequence is called complete if it is a
permutation of (1,3,5,...,1023). Prove that there are no more than 2% different complete
remainder sequences.

Solution. Step 1
For 2 € N, let

Pe) = [L (@~ (2%~ 1).
k=1
(Define Py(x) = 1.) By Problem 7, any polynomial with integer coefficients can be written
in the form Y o<;<, ¢; Pi(2).

Step 2

Let a; = Y32, bikJ We claim that 2% | P;(z) for all i € N and all odd z. For a prime p
and n € Z, denote by v,(n) the exponent of the highest power of p dividing n (by convention
v,(0) = 00). For given odd x let f(«) be the number of values of k£ (0 < k < i — 1) where
2% | x — 1 —2k. Then

i—1 00
wP() = el = 1-2) = Y f(0)
k=0 a=1
since each k with 2% || z — 1 — 2k is counted « times in either sum.
Since any set of 27! consecutive even integers has one divisible by 2%, any set of ¢
consecutive even integers has at least bof,lJ integers divisible by 2%. Hence f(«) > LﬁJ,

and ve(P;(z)) > 32, LLJ as desired.

2(1
Note ag =0,a1 = 1,a, = 3,a3 =4,a4 = 7,a5 = 8, and a; > 10 for ¢ > 6.

Step 3

Next, we claim that if P(z) = Yo<i<n ¢;Pi(x) has a complete remainder sequence then
c¢1 is odd. (co obviously needs to be odd.) We have 4 | P(4k 4 i) — P(i) for any integer i;
hence r(4k +1) = r(1) (mod 4) and r(4k + 3) = r(3) (mod 4) for each k. In order for the
remainder sequence to be complete, we need r(1) #Z r(3) (mod 4). But noting that a; > 2
and P;(z) =0 (mod 4) for odd = and i > 2, we have P(3) — P(1) = 1 (P1(3) — Pi(1)) = 2¢4
(mod 4). Hence ¢; is odd.

Step 4

Since for any odd z, P;(x) is divisible by 2% if we mod out ¢; by 2!197%  and delete the
terms with P; for ¢ > 6 (where a; > 10), we get a polynomial with the same remainder
sequence as P;. If P(z) gives a complete remainder sequence, then ¢y is odd, so there are 2°
choices for it; ¢; is odd, so there are at most 2® choices for ¢; (mod 29) (a; = 1); for2 <i <5
there are at most 2'°7% choices for ¢; (mod 2'°7%). Hence the number of complete remainder
sequences is at most

29'28'ﬁ2107a¢:29_28_27_26_23‘22:235.
1=2
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OJ

Rather than ask about polynomials with integer coefficients, we could ask about polyno-
mials with integer values, that is P such that P(n) is an integer whenever n is an integer.
It turns out that there is a nice description of such polynomials, as the following example
shows.

Theorem 4.3.5. Let f(x) € Clz]. Then the following are equivalent:
a. For every x € Z, f(x) € Z.

b. For n+1 consecutive integers x, where n is the degree of f, f(zx) € Z.

c. There are ag,ay,...,a, € Z with

f(x) Zan@) +an_1<nf1> +---+a0<g>.

Here (i) is defined as
2 zx—1)...(x—(n—1))

n! n!
Proof. The assertions (a) = (b) and (¢) = (a) are clear ((f) are integers for all integers x
and nonnegative integers i, by combinatorial argument).
Suppose (b) holds. First assume that f(z) takes on integer values at 0,1,...,n. We

inductively build the sequence ag, ay, ... so that the polynomial
x x x
P, = Um m— t
(.%) a <m>+a 1(m_1>+ +CL0<O>
matches the value of f(x) at z = 0,...,m. Define ag = f(0); once ay,...,a, have been
defined, let

mi1 = f(m+1) = Pu(m+1).

Noting that (mil) equals 1 at x = m + 1 and 0 for 0 < x < m, this gives P,11(z) = f(x)
for x = 0,1,...,m 4+ 1. Now P,(z) is a degree n polynomial that agrees with f(x) at
xr=20,1,...,n, so they must be the same polynomial.

Now if f takes on integer values for any n + 1 consecutive values m, ..., m + n, then by
the argument above on f(z —m), f(x) takes on integer values for all x; in particular, for

x=0,1,...,n. Use the above argument to get the desired representation in (c). O

The key idea here in both examples that once we know that P(z) = R(z) at some points
T1,...,T,, then we can write

Pz)=R(x)+ (x —z1) - (x — 2,)Q(x). (D.1)

When we're working over Q or R, (D.1) doesn’t put a restriction on other values of P, but
when we're working over Z or Z/mZ, then it does. For instance, if we’re working over Z
and z1,...,x, are integers, then we know P(z) and R(z) have to differ by a multiple of

(x —x1) - (x — p).
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3.1

1.

Problems

[1] Suppose P is a polynomial with integer coefficients such that P(0) and P(1) are
both odd. Show that P has no integer root.

[2] (Schur) Let P be a nonconstant polynomial with integer coefficients. Prove that
the set of primes dividing P(n) for some integer n is infinite.

2] Polynomial P(z) has integer coefficients, and satisfies P(2) = 18 and P(3) = 20.
Find all possible integer roots of P(x) = 0.

[3] (Putnam 2008) Let p be prime. Let h(x) be a polynomial with integer coefficients
such that 1(0), h(1), ..., h(p?—1) are distinct modulo p?. Show that i(0), h(1),. .., h(p>—
1) are distinct modulo p3.

[4] (IMO 2006/5) Let P(x) be a polynomial of degree n > 1 with integer coefficients
and let k be a positive integer. Consider the polynomial

k times

Prove that there are at most n integers such that Q(t) = t.

[4] (MOSP 2001) Let f be a polynomial with rational coefficients such that f(n) € Z
for all n € Z. Prove that for any integers m, n, the number

lem[1,2, ..., deg(f)] - W

is an integer.

2] (Helpful for the next few problems) Let f(z) € R[x], and let py, p1,. .. be a sequence
of polynomials whose leading coefficients wug,uy,... are units (i.e. invertible), and
deg(p;) = i. Show that f can be uniquely written in the form

f(x) = anpn(x) + ... + ar1p1(z) + aopo(z).
In particular, this is true for p;(z) = 2t =z(z — 1) -+ (x — i + 1).

[2.5] How many polynomials of degree at most 5 with integer coefficients satisfy 0 <
P(z) <120 for z = 0,1,2,3,4,5?

[4] (USAMO 1995/4) Suppose qo, ¢1, G2, - - - is an infinite sequence of integers satisfying
the following two conditions:

(a) m —n divides ¢, — g, for m >n >0,

(b) there is a polynomial P such that |g,| < P(n) for all n.
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Prove that there is a polynomial @) such that ¢, = Q(n) for each n.

10. [5] (TST 2008/9) Let n be a positive integer. Given an integer coefficient polynomial
f(z) define its signature modulo n to be the ordered sequence f(1),..., f(n) modulo
n. Of the n" such n-term sequences of integers modulo n, how many are the signature
of some polynomial f(x) if n is a positive integer not divisible by the cube of a prime?
(Easier variant: if n is not divisible hy the square of a prime)

11. [5] (variant of TST 2005/3) For a positive integer n, let S denote the set of polynomials
P(z) of degree n with positive integer coefficients not exceeding n!. A polynomial P(x)
in set S is called fine if for any positive integer k, the sequence P(1), P(2), P(3),...
contains infinitely many integers relatively prime to k. Prove that the proportion of

fine polynomials is at most
1
m(-5)
prime p<n pp

(Original statement: Prove that between 71% and 75% of the polynomials in the set
S are fine.)

12. [5] Suppose f(z) is a polynomial of degree d taking integer values such that
m—mn| f(m)— f(n)
for all pairs of integers (m,n) satisfying 0 < m,n < d. Is it necessarily true that
m—n| f(m) = f(n)

for all pairs of integers (m,n)?

4 Polynomials in Number Theory

We give an interesting application of polynomials to number theory. Recall the following.

Theorem 4.4.1 (Vieta’s Theorem). Let ry,...,r, be the roots of Y1 a;x', and let

S; = Z ri1"'rij-

1<i1<...<ij<n

Then s; = (—1)7%2=L.

an

Theorem 4.4.2 (Wolstenholme). Prove that (g‘;) = (‘;) (mod p?) for prime p > 5.

Proof. By Fermat’s Little Theorem, z?~! =1 (mod p). Thus in Z/pZ,
p—1
' —1=][(z—1i) (mod p). (D.2)

=1
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Write (z — 1)2=2 = ") a;z*. Then matching coefficients on both sides of (D.2) gives
a; =0 (modp)forall<i<p-—1. (D.3)

Since p > 5, letting © = p gives
p—2 '
(p—D'=(x—1)L=prt ¢ <Z aip2> +aip+ (p—1)!
i=2
since (—1)(=2)---(—p+1) = (=1)P"}(p—1)! = (p—1)!. Subtracting (p —1)! on both sides,
p—2 ]
0=p" '+ (Z al-pl> + ap.
j=2

Using (D.3), p? | a;p’ for 2 < i < p — 1. Hence, since p > 5, p* | p?~' + P2 a;p’. Since p?
divides the LHS, p? | a;p and p* | a;. Now p? | (kp)P~! + (zfj a;(kp)') as well and we get

(kp — 1)E = (v — 1)E|x=pk

= (kp)P~' + (pi ai(k‘p)i> + arkp + (p — 1)!
=(p—1)! (mod p*). (D.4)

Now,

[T g1 [(P2) (P — 1)P=]
[T [(pi) (pi — 1)2=]

[ [plita—b)— 1
~ [H (i = (B:5)

By (D.4), [p(i +a—b) — 1]2=L = (pi — 1)2=L (mod p*). Hence (D.5) becomes (}) modulo p?,
as needed. 0

Theorem 4.4.3 (Lucas’s Theorem). Suppose that the base p expansions of m and n are

m = (my ... mimg)p,

n = (nk c. nlno)p.

()= (o) G G
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Proof. We have the identity
(1+ X)™ = (1+ X)™" o (14 X)™P(1 4 X)™
Now take both sides modulo p and use the fact that (1+ X)?" =1+ X?" (mod p) to obtain
(1+X)" = (14 X)™ - (1+XP)™(1+X)™ (mod p).

Now match the coefficients of X™ on each side. The coefficient on the left hand side is (:f)

For the right hand side, note the only way to get the term X™ is by choosing X 7’ from the
term (1 + X7 )™ simply by uniqueness of base p representation; the coefficient of X™? is
(;Z) Hence the coefficient of X™ on the right hand side is (7::) e (’:11)( ) Equating the
coefficients gives the desired result. O]

Corollary 4.4.4. Let n be a positive integer, and let B(n) be the number of 1’s in the binary
expansion of n. Then the number of odd entries in the nth row of Pascal’s triangle is 25

4.1 Problems

1. [3] Prove that for prime p > 5,

1 1
2
- (14+=+-4+—].
p|(p )( 2 p—l)

2. [3.5] (APMO 2006/3) Prove that for prime p > 5, (’;}2) = p (mod p°).

3. [3.5] (ISL 2005/N3) Let a,b,c,d, e, f be positive integers. Suppose that the sum S =
a+b+c+d+e+ f divides both abc + def and ab+ bc + ca — de — ef — fd. Prove
that S is composite.

4. [5] (China TST 2009/3) Prove that for any odd prime p, the number of positive integers
n satisfying p | n! 4+ 1 is less than or equal to cpg, where c is a constant independent
of p.2

5. [4-5] (T'ST 2002/2) Let p be a prime number greater than 5. For any positive integer
x, define

Z:: px—l—k

Prove that for all positive integers « and y the numerator of f,(z)— f,(y), when written
in lowest terms, is divisible by p3.

2Hint: A polynomial of degree n over a field (such as Z/pZ) can have at most n zeros.
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(MOSP 2007/2.2) Let d be a positive integer. Integers ti,ts,...,tq and real numbers
ai,...,aq are given such that ' ' '

art] + agth + -+ + aqt),
is an integer for all integers j with 0 < j < d. Prove that

alt‘f + agtg + e+ adtg

is also an integer.

5 Resultant

Definition 4.5.1: Let R be a UFD, and let A(x) = a,,2™+- - -+ap and B(z) = b,x"+- - -+by
be in R[z]|. Define

ag v v e Ay 0 0]
0 0
0 0 aq Am
M(A, B) = bo -~ b, 0 0 O
0 0 O
0 0 . . . 0
(0 0 0 by -+ - by

where the first n rows contain the a; and the last m rows contain the b;. The resultant of
A and B is
Res(A, B) = det(M (A, B)).

Note that Res(A, B) is homogeneous of degree n in aq, ..., a, and homogeneous of de-
gree m in by, ...,b,. The main use of the resultant is that considering it as a function of
ag, -« - A, bo, ..., by, it tells us when A and B have a common factor.

For homogeneous polynomails, we write A(x,y) = apnX™ + -+ + apY™ and B(z,y) =
b X™ + -+ boY™ and define the resultant the same way.

Proposition 4.5.2:

1. Res(A, B) =0 if and only if A and B have a common factor, i.e. have a common zero

in K.
2. If amb, # 0, and A = a,, [T721 (X — @), B = b, [T7—1 (X — i), then

Res(A, B) = apb" ﬁ ﬁ(aj — Bk)-

Jj=1k=1
3. There exist polynomials F,G € Rlay, ..., b,][X] such that
FA+GB = Res(4, B).
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Proof.

1.

3.

A and B have a common factor in K[X] if and only if there exist polynomials nonzero
polynomials C(x) = ¢, 1 X™ '+ 4+ ¢y and D(z) = dpy 1 X" ' + -+ + dp is K[X]
such that AC = BD and degC < m — 1 and deg(D) < n — 1. Multiplying out
AC = BD and treating it as a system of linear equations in the c¢; and d;, we get
that the determinant of the coefficient matrix is + Res(A, B). Thus there is a nonzero
solution if and only if Res(A, B) = 0.

. First assume a,, = b, = 1. We considering the coefficients ay, by and Res(A, B) as

functions of the roots, ay,...,am, B1,...,0,. By Vieta’s formulas, a,,_; is homoge-
neous of degree k in ay, ..., «a,, and b,_; is homogeneous of degree k in f3,...,b,. The
“big formula” for the determinant says that Res(A, B) is the sum of entries of the form
HZL:JTL Mk’g(k), where M = M(A, B)

o For 1 <k <n, My, is either a polynomial of degree o(k) — & in the a; or zero,
and

o For 1 <k <m, Myt om+r) is a polynomial of degree o(n + k) — k in the 3;.

Hence if TT74" My o1y 7 0, then it has degree

§<a<k>—k>+§<g<m+k>_k>:1§" o(m + 1) i kik:

Now when «; = f, then by part 1, Res(A, B) = 0. Hence «; — i, divides Res(A, B).
By comparing degrees, we must have

Res(A, B) HH(O{,—
j=1k=1

To compute C, note that there is exactly one term in the determinant that gives
al = (a1 -+ ay)", so C = 1. By scaling, the desired result holds for a,,, b, # 0.

We have
X" 1A
Xm+n—1 .
, | A4
M(A7 B) . - Xm—lB
1 .
B
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Let C denote the cofactor matrix of M (A, B). Multiplying by CT on both sides gives

X" 1A
Xm+n—1 .
: T A
RGS(A, B) . =C Xm1pB
1
B

Let the coefficients of F,G be given by the bottom row of C?. Then multiplying out
the matrices and looking at the bottommost entry gives the desired conclusion. O]
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Appendix E

Galois Theory

1 Galois groups and Galois extensions

Definition 5.1.1: The Galois group of an extension L/K, denoted
Gal(L/K)=G(L/K)

is the group of field automorphisms of L fixing K.

Definition 5.1.2: A Galois extension of K is a normal, separable extension.

Theorem 5.1.3. Suppose L/K is a finite field extension. L/K is a Galois extension if and

only if
|G(L/K)| = [L: K].

2 Fixed fields

Definition 5.2.1: Let H be a group of automorphisms of a field K. The fixed field of H,
K™ is the set of elements of K fixed by every group element.

K% ={ac K :o(a)=aforeveryocc H}.

The following relationship between H and K will be instrumental in proving the Fun-
damental Theorem of Galois Theory.

Theorem 5.2.2 (Fixed field theorem). 1. [K : K#] = |H|: The degree of K over Kt is
the order of the group.

2. H=G(K/K"): K is a Galois extension of K with Galois group H.

Proof. ]
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3 Splitting fields

Definition 5.3.1: A splitting field of f € K[X] over K is an extension L/K such that
1. f splits completely in K: f= (X —ay)--- (X — ), o € K.
2. L=K(ag,...,an).

A splitting field is a finite extension, and every finite extension is contained in a splitting
field.

The following shows that the splitting property of a splitting field is in a sense independent
of the polynomial chosen. This will help us relate splitting fields to Galois extensions.

Definition 5.3.2: A field extension L/K is normal if every polynomial g(X) € K[X] with
one root in K splits completely in K.

Theorem 5.3.3 (Splitting theorem). The normal extensions L/K are exactly the splitting
fields of polynomials in K[X].

Proof. Suppose g(X) has theroot 5 € K. Then py(ay,...,qa,) = Bforsomep; € K[X1,...,X,].
Let p1, ..., px be the orbit of p; under the symmetric group. Then [T, (X —pi(ay, ..., ay)) €
K[X] by symmetry so it is divisible by g(X), the irreducible polynomial of . O

The order of G = G(L/K) divides [L : K], since

[L:K]=[L:LYL": K].
&l

Theorem 5.3.4 (Characteristic properties of Galois extensions). For a finite extension L/ K,
the following are equivalent.

1. L/K is a Galois extension.
2. LEWEK) = L.
3. L is a splitting field over K.

Proof. (1) <= (2): By the Fixed Field Theorem, |G| = [L : L%].

(1) <= (3): Let 71 be a primitive element for L with irreducible polynomial f. Let
Y1, ..., be the roots of f in L. There is a unique K-automorphism o; sending v, — ;
for each ¢ and these make up the group G(L/K). Thus the order of G(L/K) is equal to the
number of conjugates of v, in L. Hence we get the following chain of equivalences.

1. L/K Galois

2. |G| = [L : L]
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3. f splits completely in K
4. K is a splitting field.
O

Proposition 5.3.5 (Properties of the Galois group): If L/K is a Galois extension, and
g € K[X] splits completely in L with roots 1, ..., ., then

1. G operates on the set of roots [;.
2. G operates faithfully if L is a splitting field of g over K.
3. G operates transitively if ¢ is irreducible over K.

4. If L is the splitting field of irreducible g, then G embeds as a transitive subgroup of
Sy

4 Fundamental theorem of Galois theory

Theorem 5.4.1 (Fundamental theorem of Galois theory). Let L/ K be a finite Galois exten-
sion and let G = G(L/K). Then there is a bijection between subgroups of G and intermediate
fields, defined by

H— K"
G(L/K') ++ K.

Moreover, letting K' = K¥, K'/K is a Galois extension iff H is a normal subgroup of G.
If so, then G(K'/K) = G/H. [Diagram here.]

Proof. Let ~; be a primitive element for K'/K and g the irreducible polynomial for +; over
K. Let the roots of g in K be vy,...,7,.. For ¢ € G, o(y1) = 71, the stabilizer of ~; is
oHo™t. Thus cHo ' = H if and only if v; € K’ = K. H is normal iff all v; € L iff K’/ K
Galois. Restricting o to L gives a homomorphism ¢ : G — G(K'/K) with kernel H. O

Definition 5.4.2: A normal basis of a Galois extension L/K is a basis in the form

{o(8) -0 € G(L/K)}

for some € L.

Theorem 5.4.3 (Normal basis theorem). Every Galois extension has a normal basis.

Proof. Write G(L/K) = {o1,...,0,}. Consider two cases.

Case 1: K is infinite. We show the following.
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Lemma 5.4.4. If f € K[Xy,...,X,] is such that f(o1cv,...,0na) =0 for all « € E, then
f=0.

Proof. Let X = (X1,...,X,n)7; we write f(X) for f(Xy,...,X,). Let Y = (Y,...,Y,,),
and define

o1y 0104,
g¥V)y=g( =+ -~ X

Om@y1 *+ OOy

Then by assumption g(a) = 0 for each o € K. Since K is infinite g is the zero polynomial.

o1 v O1Qm

Note the matrix S ) is invertible (this is corollary of indep. of char - ). Hence
OmQ1  OmQm

f must also be the zero polynomial. O]

Let A be the matrix with X}, in entry (¢, j) if 0; 0 0; = 0y. Let
f(Xl, ce ,Xm) = det(A)

Note f(1,0,...,0) is the determinant of a permutation matrix (since given any g¢,h in a
group, there is exactly one element k& and one element [ so that lg = gk = h), so equals +1.
This shows f is not the zero polynomial. Therefore, by Lemma 5.4.4, there exists a € K
such that f(o1q,...,0,a) # 0. Suppose that ay,...,a, € K and

Z akak(a) =0.
k=1

Then
Z axoiop(a) =0
k=1

for all 7. Think of this as a system in the a;. The matrix corresponding to this system is
det(A) # 0, so all the a; = 0. This shows that oy (a) are linearly independent.

Case 2: K is a finite field. Then the Galois group is cyclic (Theorem ?7?); say G = (o). By
independence of characters, I, 0, ...,0" ! are linearly independent so the minimal polynomial
of o is X™ — 1. Consider L as a K[o] = K[X]|/(X"™ — 1)-module. By the structure theorem
for modules, we have

L2 K[X]/(p) @ @ K[X]/(pm)

for some polynomials (p;) dividing X™ — 1 with py | - -+ | ppm. Since the minimal polynomial
of 0 is X™ — 1, we must have p,, = X" — 1. But [L: K] =nsom =1and L & K[X].! This
means there exists an element « such that o, oq, ..., 0" o generate L over K. O

!Compare this to the proof of primitive elements in finite fields.
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5 Cubic and quartic equations

6 Quintic equations

Theorem 5.6.1 (Quintic impossibility theorem).

7 Inverse limits and profinite groups

To study infinite Galois groups, it is fruitful to view them as the “limit” of finite Galois
groups. Thus we first introduce the notion of an inverse limit. This gives infinite Galois
groups the structure of a profinite group, and its topology becomes important.

7.1 Limits

We will eventually care about limits not just for abelian groups but also topological groups,
modules, and so forth. To take care of all this in one fell swoop, we introduce a bit of
abstraction, via category theory.

Definition 5.7.1: A category C is a collection of objects and morphisms (or maps).
Each morphism ¢ has a source and target object A and B; let Hom¢ (A, B) be the set of
morphisms from A to B. There is a composition law

HOIIlc(A, B) X HOch(B, C) — HOIﬂc(A, C)
(a,B) = Boa

satisfying the following:

1. For each object B there exists an identity morphism 1z € Hom¢(B, B) such that
lgpoa =« for any a € Home(A, B) and fo 1 = § for any 5 € Home (B, C).

2. Composition is associative:
Yo (Boa)=(yoh)oa
for any o« € Home (A, B), f € Home (B, C'), and v € Home(C, D).

A morphism « € Hom¢ (A, B) is an isomorphism if there exists 5 € Home(B, A) such
that foa =14 and ao 8 = 15.

Example 5.7.2: 2 We can often think of the objects as sets, possibly endowed with extra
structure, and morphisms as maps between them preserving the structure.

2We have to be careful about the word “sets”... See [Mac71] for all the stuff we're sweeping under the
rug.
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1. ((Sets)) Objects: sets. Morphisms: functions.

2. ((Rings)) Objects: rings. Morphisms: ring homomorphisms.

3. ((R-mod)), where R is a ring. Objects: R-modules. Morphisms: ring homomorphisms.
4. ((Groups)) Objects: groups. Morphisms: group homomorphisms.

(a) ((Ab Groups)) Objects: abelian groups. Morphisms: group homomorphisms.

5. ((Top)) Objects: topological spaces. Morphisms: Continuous maps.

6. ((Top Groups)) Objects: topological groups.> Morphisms: Continuous homomor-
phisms.

However, objects in categories do not have to be sets. For instance, any poset S can be
turned into a category, by letting the elements be the objects, and declaring a morphism (pé
whenever ¢,j € S and ¢ < 7.

Definition 5.7.3: Let C be a category. Let {A4;} and {¢!} be a set of objects in C and
homomorphisms between them.* We say that ({4;},{y’}) form a inverse (or projective)
system if the following two conditions are satisfied.

1. For every A; # A; there exists Ay, such that there are morphisms ¢F : Ay — A; and

gpf : Ak — Aj.
A,
o
Ay,
N
A

2. For every pair of maps ¢}, : A; — Ay, and ¢} : A; — Ay there exists a map® ol Ap —
Aj such that ¢}, 0 @} = gy 0 ¢},

In our applications there will only ever be one map A; — A;, so the second condition is
empty.
Finally, we define the notion of inverse limit.

3Groups endowed with a topology such that multiplication is continuous on G x G and taking the inverse
is continuous.

“We're allowed to have different maps between A; and A;; however in our examples we usually won'’t.

Scalled the equalizer
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Definition 5.7.4: Let {A;} and {¢}} be a set of objects in C and homomorphisms between
them. Suppose that {gpz} is closed under composition.® We say a sequence of maps a; : A —
A; is compatible if for every map 90; : A; — Aj in our set of maps,

Ozj = ()0; O ;.
The inverse limit

is the unique object in C (up to isomorphism) with compatible maps «;, satisfying the
following universal mapping property (UMP): For every object B with compatible maps £;,
there is a map ¢ : B — A such that 8; = a; o ¢ for every ¢, i.e. the following commutes:

(E.1)

This is a very abstract definition, but we will be able to construct A explicitly in the
cases we care about. Uniqueness follows from the UMP; the inverse limit exists for all inverse
systems if and only if C has products and equalizers. (See 18.705 notes.)

Theorem 5.7.5. Suppose C is ((Sets)), ((Groups)), ((R-mod)), or ((R-alg)). If ({A:}, {©}})
18 an inverse system, then T&nAi can be realized as the set of all sequences

{(a;) : a; € A, ¢ (a;) = a; for all np;} :
with the natural module or algebra structure, as applicable.
Proof. Just verify that the UMP is satisfied. n

Example 5.7.6: The ring of p-adic integers
Ly = l&nZ/ "7

is defined the inverse limit of ({Z/p"Z}nez, ¢l) where ¢ @ Z/p"Z — Z/p"Z, for n > m,
are the natural projection maps. An element of Z, can be thought of as a number modulo
arbitrarily high powers of p. We have an injective map Z — Z,, but there are elements of
Z, not in Z (think this through).

We will explore p-adics in depth in Chapter 7.

SEquivalently, the A; and <p§- are indexed by a category, i.e. there is a functor from a small category into

C.
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Example 5.7.7: Define
Z=1lmZ/nZ

as the inverse limit of ({Z/nZ},ez, ¢r,), where the maps ¢, : Z/nZ — 7Z/mZ with m | n
are given by projection.

In the next section we will interpret these limits not just as limit of groups, but of
topological groups.

7.2 Profinite groups

We assume knowledge of topology (continuous maps, compactness, separation axioms, con-
nectedness, product topology, Tychonoff’s theorem).

Definition 5.7.8: A profinite group is a inverse limit l'gliE ; G, of finite discrete topological
groups G;.
Suppose that ¢; : G — G; are all surjective. The order #G of G is the formal product

Hpmaxz‘el up(|Gil)
p

In other words it is the “least common multiple” of the |G,].

We know that if we only consider the G; as groups, then by Theorem 5.7.5, the inverse
limit can be described as the the set of tuples (g;);e; such that 90;( g;) = g, for every transition
map ¢; : G; — G;. But we need to show that the inverse limit is well-defined when the G;
are topological groups. We give a topology on the inverse limit of groups, l'mie ; G, so that it
satisfies the UMP for the inverse limit of topological groups. (In the category of topological
groups, homomorphisms must be continuous.)

Proposition 5.7.9: Give
groups
the following topology: Equip each finite group G; with the discrete topology and [[;c; G;
with the product topology. Then G = @ie s G; is the closed subspace of [[;c; G; of compat-
ible sequences; give it the subspace topology.
Then

top. group

Proof. We show that G satisfies the UMP.

First, note that the maps ¢; : G — G; are continuous. Indeed for any open U; € Gj,
letting m; be the projection map [[;e; Gi, m; *(U;) is open. Hence o; 1(U;) = 7; 1(U;) N G is
open in G.
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Now let H be a topological group with compatible maps 3; : H — G;. In order for E.1
to commute, we must define
¢(h) = (Bi(h)):.

This is a continuous map f3; : H — [[; G; because it is the product of continuous maps; it is
also a homomorphism. Its image is in G C []; G; because the ; are compatible. Since G is
given the subspace topology, 3 is continuous, as desired. O

The following characterizes the topology of profinite groups.

Proposition 5.7.10: A topological group G is profinite iff it is compact, Hausdorff, and
totally disconnected.

Proof. First suppose G = @ie ; (5; is profinite.

1. [Lier Gi is compact by Tychonoft’s Theorem (an arbitrary product of compact spaces
is compact) so the closed subspace G is compact.

2. Given g = (g;) and h = (h;), suppose g; # h;. Partition G; into two sets A and B
containing g; and h;, respectively. Then a;*(g;) and Oéj_l(gj) are disjoint clopen (open
and closed) sets containing g and h, respectively. This shows that G is Hausdorff and
totally disconnected.

The converse is left as an exercise (we won’t need it). ]

Profinite groups can be constructed from arbitrary abelian groups as follows.

Definition 5.7.11: Let G be a group. Define the profinite completion of G to be

G = Jim G/N

N normal of finite index

with the natural projection maps.

Example 5.7.12: This agrees with our definition of Z in Example 5.7.7. In the profinite
topology of Z, the subsets nZ form a neighborhood base of 0.

8 Infinite (Galois theory

Let Q/K be an infinite Galois extension. We equip G(€2/K) with a topology by interpreting
it as a profinite group, as follows.

Proposition 5.8.1:
GQ/K)= lim G(L/K),
L/K finite

where the limit is with respect to the quotient maps G(M/K) — G(L/K).
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Proof. Identify the right side with compatible elements of []./x G(L/K) and send o €
G(Q2/K) to (o|r)r. This is a bijection because any element of € is in a finite extension over
K, so specifying a map €2 — ) is the same as specifying a compatible sequence of maps
L — L for every finite Galois extension. O

Now we give G(§2/K) the profinite topology. Equivalently, it is the topology such that a
neighborhood base of 1 is

G(S)={ce€G(Q/K):0s=sforall se€ S}, S finite.

We next show surjectivity of the quotient map.

Proposition 5.8.2: Every homomorphism o : L — ) extends to a homomorphism €2 — €.
If L/K is Galois, then the restriction map G(Q2/K) — G(L/K) is surjective.

Proof. Use Zorn’s lemma, as follows. Define a poset P whose elements are pairs (M, @),
where M is a field with L € M C Q and ), is a homomorphism M — . Introduce a
partial ordering by saying
(M790M> < <N7<10N)
if M C N and on|y = pur. If (M, pa) is a chain (totally ordered subset), then it has a
maximal element in P, namely,
(i)

where ¢ is defined as ¢(x) = @;(z) if x € M;. Thus by Zorn’s lemma P has a maximal
element (M, par).

For any element o € €, by finite Galois theory (ref) we can extend (M, ¢ar) to (M (), ©rr(a))-
By maximiality of M, M = M(«), i.e. M = Q.

The second part follows directly. O]

The following is the analogue of the fixed field theorem. Note that topology now plays a
role.

Theorem 5.8.3 (Fixed field theorem, infinite extensions). Suppose Q/K is Galois and
G=G(Q/K).

1. G(Q/L) is closed, and QF1) = L,
2. For every subgroup H C G, G(Q/Q7) = H.

Proof. 1. The sets G(S) are open of finite index, hence closed. Hence G(£2/L) = Nnite scz G(5)
is closed.

For the second part, note that for every finite Galois extension M /L, we know
QEM/L M = L.

Since this is true for every such M/L, and G(Q/L) — G(M/L) is surjective, the result
follows.
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2. Tt is clear that G(Q2/Qf) D H. By part 1, G(2/Qf) is closed, so it contains H.
FINISH...
[l

Theorem 5.8.4 (Fundamental theorem of infinite Galois theory). There is a bijection be-
tween closed subgroups of G and intermediate fields L with K C L C Q.

Hw— Qf
G(Q/L) < L.

We have the following.
1. This map is inclusion-reversing.
2. H is open if and only if [Q7 : K] < co. Then |G : H] = [QF : K].

3. cHo™ ! corresponds to oM, so H is normal if and only if Q% /K is Galois. Then
GO /K)~G/H.

Note given closed, open iff of finite index.
Example 5.8.5: We have
G(F,/F,) = lim G(Q/F,) = imZ/nZ == Z.

Example 5.8.6: Let
Q(¢) == Q({¢n : n € N}).

Then
G(Q(x)/Q) = lim G(Q(G)/Q) = lim(Z/nZ)* = 7"

neN

(Note that, by the Kronecker-Weber Theorem 11,11.7.2, Q({y) = Q*".)
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Appendix F

Arithmetic over Finite Fields

Our main goal in this chapter is to find a way to find the number of solutions for equations
over finite fields. One problem we will look at in detail is, for a fixed b, how many solutions
are there to

b=yi+ -+,
over a finite field? We encapsulate the number of representations as a sum of n dth powers

in a sum of orthonormal functions on [, called the additive characters x. We consider the
product

(Zx(yd)> = > x4ty (F.1)

y€Fg

(The additive characters have the nice property that x(a + b) = x(a)x(b).) Note (F.1) is
true for all characters. To extract out the coefficient of x(b), we multiply by x(b), average
over all distinct characters y, and take advantage of orthonormality to get

raa(b) = -3 { < 5 X(yd)> X(b)} | (F.2)

q X y€lFy

In the next section we will give define and give properties of characters that help us esti-
mate (F.2).

1 Characters

To evaluate (F.2) it would be helpful if x(y?) = x(y)?. However, this cannot hold as we
defined x so that it would preserve additive structure, not multiplicative structure. Thus to
evaluate (F.2) we would like to rewrite it as a sum of functions ¢ such that 1(ab) = 1 (a)(b),
and such that the set of ¢) are orthonormal. Thus we will need both the concepts of additive
and multiplicative characters. We make this precise below.
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Definition 6.1.1: Let G be an abelian group. A character of GG is a homomorphism from
G to C*. A character is trivial if it is identically 1. We denote the trivial character by x, or

Yo.

Definition 6.1.2: Let R be a given finite ring. An additive character y : R* — C is a
character x with R considered as an additive group. A multiplicative character ¢ : R* — C
is a character with R*, the units of R, considered as a multiplicative group.

The two cases we will be working with are R = Z/NZ (Section 1.1), and R = F,
(Section 1.2). We extend multiplicative characters ¢ to R by defining ¢(z) = 0 for z € R\ R*,
except we follow the convention of setting 1o(0) = 1 when R = [F,. Note that in any case
the extended 9 still preserves multiplication.

We proceed to give an explicit description of characters for abelian groups. First, recall
the following theorem.

Theorem 6.1.3 (Structure Theorem for Abelian Groups). Let G be a finite abelian group.
Then there exist positive integers my, ..., my so that

G=Z/mZ X - X L/ myZ.

Theorem 6.1.4 (Characters of abelian groups). The group G = Z/m\Z X - - - X Z/myZ has
|G| characters and each is given by an element (r1,...,1) € Z/myZ X -+ X L/ myZ:

Moreover the set of characters G form a multiplicative group isomorphic to G.*

Proof. Use Theorem 6.1.3. It is easy to check that x = X, ., is @ homomorphism. Let e;
be the element in G with 1 in the jth coordinate and 0’s elsewhere. Since x(e;)™ = 1, we

27rm“]-

must have x(e;) =e ™ for some r;. Each element of G can be expressed as a combination
of the e;, so this shows all characters are in the above form.
This shows that (ry,...,7%) = Xy 18 surjective and hence an isomorphism. O

Corollary 6.1.5. Fvery finite abelian group G has |G| characters.

Theorem 6.1.6 (Orthogonality relations). Let G be a finite abelian group and x;, 1 < j <n
be all characters of G. Then

1. (Row orthogonality) (x;, Xx) = el S xi(9)xk(g) = { . _
| | geG 1a J = k
- — h
2. (Column orthogonality) > x;(g)x;(h) = 0, g# '
Jj=1 |G|7 g=nh

!This is a noncanonical isomorphism.
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Proof. Write G as Z/myZ X -+ - X Z/myZ. Let (rq,...,7) and (s1,..., %) be in G. Then

27ri(7‘j —s; )pj

k
<X7“1 ----- T X8150ees 5k> = Z H € ™ (FS)

(P1,-pK)EG =1

k—1 2mi(r;—s;5)P;

> ngm> S ewrk—%)pk]. (F.4)

(P1yePr—1)EG pe=0

If (r,...,7%) = (s1,...,sx) then (F.3) evaluates to |G|. Otherwise, we may assume without
loss of generality that 7y # si; then the inner sum in (F.4) evaluates to 0 by writing it as a
geometric series.

The proof for column orthogonality is similar. O

The most useful case of row orthogonality is when we set xx = Xo:

Corollary 6.1.7. If x is a character of G and x # xo then

> x(g) = 0.

geG

Having established the basic properties of characters of abelian groups, we now turn to
the specific cases Z/NZ and F,,.

1.1 Dirichlet characters

For our applications, it is helpful to think of consider characters on Z/NZ as functions on
Z. From Theorem 6.1.4, the additive characters are simply given by

2miag

Xa(g) =€ ¥ .

Next we consider multiplicative characters.

Definition 6.1.8: A Dirichlet character of level N is a function x : Z — C that induces
a group homomorphism
x:(Z/NZ)* — C,

and such that x(n) = 0 for any n sharing a common factor with N. In other words, it
induces a multiplicative character Z/N7Z — C.

We say x is principal if x(n) =1 for all (Z/NZ)*, and primitive if x does not induce
a group homomorphism (Z/MZ)* — C for any M < N.

We say x is even or odd if y(—1) = 1 or x(—1) = —1, respectively; we say x is real
when im(x) C R and say it is nonreal otherwise.

Any character can be written uniquely as a product of a primitive character y; of level
M | N and the principal character of level N:

X = X1Xo-
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1.2 Characters on finite fields

We give the additive and multiplicative characters on F, explicitly. We know that F is
cyclic; let & be a generator.

Theorem 6.1.9 (Multiplicative characters of F,). The multiplicative characters of F, are
given by

2mijn

¥ (§") = et
for0<j<q-—1.

Proof. By identifying £ € F;* with 1 € Z/(q — 1)Z, this follows directly from Theorem 6.1.4.
O

Describing the additive characters takes slightly more creativity, since it is inconvenient
to decompose IF;F into cyclic groups.

Theorem 6.1.10 (Additive characters of F,). Suppose ¢ = p" with p prime. The additive
characters of F, are given by

Xa(g) = €75 (@) (F.5)

2
for a € F, where
r—1

tr(g) =g+g"+ - +g"

Proof. The automorphisms of F, fixing I, are generated by the Frobenius automorphism o
sending g to ¢?. Since tr(g) is fixed under this operation, it must be in the ground field F,.
This makes (F.5) well-defined since only the value of tr(ag) modulo p matters in (F.5). The
fact that x, is a homomorphism comes directly from the fact that ¢ is a homomorphism.
Since x1(ag) = xa(9), if xa = x» then xi1(ag) = x1(bg) and x1((a — b)g) = 0. However,
X1 is not trivial (identically equal to 1) since there are at most p"~! values of g such that
g+ ---4¢” " =0. Thus a = b. This shows all characters in our list are distinct. Since we
have found |G| characters we have found all of them. O

Remark 6.1.11: In general, a n-dimensional complex representation of a group G is a
homomorphism p from G into GL,(C), and the character x of a representation is defined
by x(g) = tr(p(g)). This coincides with Definition 6.1.1 for abelian G, if we just consider
1-dimensional representations, since p is multiplication by a constant and x is just that
constant.

The general case of Corollary 6.1.5 is replaced by the following: every finite group has a
number of irreducible characters equal to the number of conjugacy classes. The orthogonality
relations hold when we consider just irreducible characters, and with |G| replaced by the size
of the centralizer of g in the equation for column orthogonality.

2For the general definition of trace see Definition 1.1.2.1.
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2 Gauss Sums

To relate additive characters to multiplicative characters, we need to evaluate sums in the

form
X)= > vy)x(y). (F.6)

yeERX

where 1) is a multiplicative character and x is an additive character.
Suppose we wanted to write an additive character on F, in terms of multiplicative char-
acters. By row orthogonality, q%l Zw = Y(y)Y(g) equals 1 1f y = ¢ and is 0 otherwise. This

allows us to introduce multiplicative characters as follows: for y € F,

x(y) = — Z x(g Z;zb(y)df(g)

Q

QGF PEFY
= Y vl X dox)
q - geFy
_ qil 5> G X)), (F.7)
S

The Gauss sums are the coefficients of the expansion of x in terms of multiplicative charac-
ters. The next theorem tells us how to calculate Gauss sums.

Theorem 6.2.1 (Magnitude of Gauss sums). Let 1y and xo denote the trivial multiplicative
and additive characters on F,, respectively. Then for multiplicative and additive characters
Y and x on F,, we have

qg—1, ¥ =10, Xx=xo
G(w7X) = _1a w :@DO»X?&XO
07 ¢)7é1p07Xf::;X0

and
GV, )| = Va, ¥ # o, X # Xo-

If ¥ 1s a nontrivial multiplicative character and x s a primitive additive character on

Z/NZ, then

Proof. The first case is trivial. For the second case,

G(vo, x) = > x(y <Z X(y)> —1=-1

yeFy S

by Corollary 6.1.7. The third case directly from Corollary 6.1.7 with ).

489



Number Theory, §F.3

Now we consider the case case when v is nontrivial, and either x # xo (in the case
R =TF,) or x is primitive (in the case R = Z/NZ), respectively. We have

G0 = >0 ¥(9)v(g2)x(91)x(92)

g1,92€R*

= > g g)x(g2 —g1)

=Y > Yh)x(ga(h-1)) setting h = g; ' g
heR* g€ R*

= > ¥(h) KZ X(g1(h — 1))) - > X(?J)}
heRX g1ER yER\RX

heRX GIER

= Z P(h) ( Z X(g1(h — 1))) by Corollary 6.1.7 with ¢

Now we note the following: when A = 1 all terms in the inner sum are 1, so it equals ¢ or
N, respectively. When h # 1, consider two cases.

1. R=TF, As g ranges over [, g;(h — 1) ranges over F,.

2. R=7/NZ: As g, ranges over Z/NZ, gi(h — 1) ranges over a subgroup H C Z/NZ,

hitting each element ‘—Z' times. Since y is primitive, x|z is nontrivial.

In either case, Corollary 6.1.7 gives the inner sum to be 0. Hence |G(¢, x)|* evaluates to
¥(1)g = q or Y(1)N = N, respectively. O

We will need the following fact later on.

Proposition 6.2.2 (Gauss sum dependence on additive character): Let R = F, or Z/NZ.
For a € R* and b € R,

G, Xab) = Y(a)G (1, xb)-

Proof. Using the fact that x.(g) = x1(cg),

G<waXab) - Z ¢<y>Xab<y)

= > Y y)y) replacing y — a”'y

=Ya)™ D V(y)xe(y)

yeERX

= (a)G (Y, xb) O

490



Number Theory, §F.3

3 Enumerating Solutions

We return to our original problem. Rather than just work with sums of dth powers, we work
with diagonal equations
aylt + -+ anypn = (F.8)

where a; € F and d; € N. First, note that because of the following lemma, we can restrict
to case where d;|q — 1.

Lemma 6.3.1. The multisets {y%|y € F,} and {y&4*V|y € F,} are equal.
Proof. Let £ be a generator for F, and write d = kged(d,q — 1) where ged(k,q — 1) = 1.

q’ .
Then removing the one occurrence of 0 in the two sets, we get {740 < j < ¢ — 1} and

{¢ieed(da=1)|0 < j < ¢ — 1}. The lemma follows from the fact that as multisets,

{jd (modg¢—-1)[0<j<qg—1}={jged(d,g—1) (modg—1)[0<j<g—1}

q—1

2ed(dg=T) times on both sides. n

Indeed, each multiple of ged(d, g — 1) appears

As (F.8) always has the trivial solution when b = 0, we just need to estimate the number
of solutions to (F.8) when b # 0.

Theorem 6.3.2. [?, 6.37] Fiz b # 0,d;|qg — 1 and let N be the number of solutions to (F.8)
when b # 0 is fived. Then

n—1

N =g < (= 1) (= 1) = (L= q )M (s, dy)]g"™T

where M(dy, ..., d,) is the number of n-tuples in the set

s::{(jl,...,jn)eZ”|1§ji§di—1 and ijeZ}-
i=1 %

Note that we would expect N to be close to ¢" !, because there are ¢" possible choices
for (y1,...,yn) and g possible values for their sum.

Proof. We use the idea mentioned in the introduction. We have

_ 1 _
N = p > x(ay® + -+ apyd)x(b) = . > x(ary) -+ x(anyi)x(b)
Y1, yn€Fq, xEFS Y1, yn€Fq, xEFS

since by row orthogonality the inner sum is 1 if a1y +- - -+ anyd® = b and 0 otherwise. Note
that xo contributes ¢" to the sum. Taking it out and factoring the remaining terms gives

n— 1 ~ . d;
N =g +6 AZ: (X(b) H Z x(a;y; )) (F.9)
XEFY x#x0 1=19;€Fq

We write the sums of additive characters as sums of multiplicative characters using the
following lemma.
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Lemma 6.3.3. Let x be a nontrivial additive character and X a multiplicative character of
order d dividing g — 1. Then

> x(ay!) = Z a)!G(N, x).

y€Fq J=1
Proof. Note that A exists since the group of multiplicative characters is isomorphic to Z/(q—
1)Z by Theorem 6.1.4. Suppose x = x.. We write x as a sum of multiplicative characters
using (F.7), get the Gauss sum to be independent of a by using Proposition 6.2.2, and take
out the exponent as we were hoping to do:

> x(ayh) =3 Xacy?)

y€ly IS
=1+ Z Xac(yd
yEFX
—1—1——2 > G, Xae)¥ (YY)
'(,ZJGJFX yGIF
1 _ _
=1+ ——= > ¥(a)G(¥. xc) Y () (F.10)
1 weﬁ; yelq

Z a) GV, x) (F.11)

:i QG Y) (F.12)

Note (F.11) follows since by Corollary 6.1.7, > yeF> ¥ (y)? = 0 unless ¥ is the trivial char-
acter, which is true iff ¢ is a power of X\. In that case, the inner sum in (F.10) is ¢ — 1.
In (F.12) we used G(tg, x) = —1 (Theorem 6.2.1). O

2mit

Using Lemma 6.3.3 and letting A; be the multiplicative character with \;({") =e % we
rewrite (F.9) as

_ 1 n d—
N —q" 1_6 Z ( HZ ajkG )>
XEFT X#x0 j=lk=1
1 B . . |
K XA (a1) -+ An " (@) G ) -+ GO, X)
! XEFF xtxo (FLrmhn) 1 Ski<di—1
1

== > XN () A () GO, o) - GO, xe)
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k1 ~kn

== > GM™, Xa) - GO Xa ) GOT 2™ X0)

where in (F.13) we used Proposition 6.2.2 twice, to get

W ~*

Now we apply Theorem 6.2.1 to get that |[G(AF, xa.)

= \/6 Note

(>\1k1 o /\nkn)(ﬁt) _ e(2m)<d1+ +dn>t
k

is the trivial character iff (k1,...,k,) € S. Hence |G()\71k1 o X)) = Lif (R,

and ,/q otherwise. Using this and the triangle inequality, (F.14) becomes
n— 1 n ntl
IN=¢"'[ < §[q2\51+q > ((dy = 1)+ (dn = 1) = |S])],
proving the theorem.

4 Applications to Waring’s Problem

i ; N ki i ; N ki ;
i (@) G xe) = N7 ()N (a)G A xa) = A (0)G(AM, xa,).

(F.14)

Now we derive Small’s bound for Waring’s constant g(d, ¢), the minimum n such that (F.8)
has a solution with d; = -+ - = d,, = d for all b. By Lemma 6.3.1, ¢g(d, q) = g(ged(d,q—1),q),

so it suffices to consider the case d|q — 1.

First, note that sufficient condition for Waring’s constant to exist is that the set {y?|y €
[F,} is not contained in a proper subfield of F,. Since this set is generated multiplicatively

"1
by €4, and any subfield is multiplicatively generated by & =1 for some k|d, writing ¢ = p"

with p prime we need

pr—1

1 td for every proper divisor k of r.
p —

Apply Theorem 6.3.2 (dropping the term with M(dy,...,d,)) to get
N>q¢" ' —(d— 1)"61%1
This is positive when

n—1 1
T > (d— 1) = g(lnq—2ln(d—1)) > %

Thus we obtain the following bound for ¢(d, q):
Theorem 6.4.1. Suppose d|q — 1 and q > (d —1)?. Then

Ingq

1.
Ing—2In(d—1) -

g9(d,q) <

(F.15)

(F.16)

(F.17)

Note that in particular, (F.17) for n = 2 allows us to make the “inverse” statement that
if ¢ > (d—1)* then the equation y{ + y§ = b has a solution for any b € F,. That is, for any
d, in any sufficiently large finite field every element can be written as a sum of 2 dth powers.
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